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U3 NPEJMCIOBUS K NMEPBOMY U3JAHWIO

B cBi3m ¢ noTpeGHOCTAMH HOBOH TeXHHMKH HHXEHEDHAad MpPaKTHKa
HalWMX AHe#d BCe yaille M Yalle BCTPEYaeTCs C MATEMaTHYECKUMH 3alayami,
TOYHOE pellleHHe KOTOPHX BecbMa CJ/OXHO HIH HeH3BecTHO. B 3THX
cayyadx OGBIYHO NPHOErarT K TeM HJIM HHLIM NPHOIMMNEHHBIM BBIYHMCIIE-
HusmM. BoT mouemy npuOivkeHHble H YHC/IEHHLIE METOJBl MAaTEMAaTHYECKOTO
aHa/nM3a MOJYYHJIH 3a MOC/eldHHe rFOAH LIHPOKOE Pa3BHTHe H NpuoOpenu
HUCKJHOUHTENBHO BaXKHOE 3HAayeHHe.

Poct mpousBomuTesbHbX CHJ B XX cTONeTHH 0GYC/IOBHI PELIHTeNbHbIH
nporpecc B 06/1aCTH BBIYHC/AHTENbHOM TeXHUKH, NMPUBEMIIHH K CO3JMaHHIO
COBpEMEHHbIX 3JIeKTPOHHBIX BEIYHCIUTENbHBIX MAIIHH C IPOrPAMMHBIM yIIpaB-
JeHueM. IDTO HEOTPAHHYEHHO DPACILHDPHJIO BBIYHC/AHTE/bHBHE BO3MOXHOCTH
MaTeMaTHKH: 3alayH, NS DellleHHss KOTOPHIX MPH pYydyHOM cyere Tpebo-
BaJAHCh TOXBl, cefiyac CMJOLIb H PSALOM PEMIAIOTCA 33 HECKOJbKO Yacos,
npuueM HENOCPeACTBEHHHI CYeT 3aHUMAEeT MUHYTHI.

B cBolo oyepelb, HOBble BHIYHC/JHTENbHBIE CPEACTBA BHI3BAJM Iepe-
OLleHKY HM3BECTHBIX METOJOB pelIeHHsl 3axay C TOYKH 3peHHsd Ilenecoob-
Pa3HOCTH HMX peajH3aliH Ha COBPEMEHHBIX BBHIYMC/AHMTE/bHBHIX MalIMHAX H
CTHMYJIHPOBaJH co3nanne 6osiee 3¢EeKTHBHBIX NPHEMOB,

Ymenoe npuMeHeHHe BBIYHCIHTEIbHOH TEXHHKH HEMBICAHMO 6e3 3HaHHA
BHIYHC/AHTENbHOH MaTeMaTHKH. B Hacrosimee Bpems TpyaHo cebe mpen-
CTaBUTh TBODYECKH DabOTAIOLIEro HHXEHepa-HCCAefoBaTeNsl MM CHelM-
a/lucTa MO SKOHOMHYECKOMY IJIaHHPOBAHMIO, He BJANEI0IIET0 MeTOdaMH
NpuG/AMKEHHOTO aHaau3a. MaccoBoe MOSIBIEHME BBIYHCIHTENBHBIX LIEHT-
POB, KaK CaMOCTOSITe/]bHHIX, TaK H NpPH psile yyeOHBIX M HAy4yHO-HUCCle-
IOBATE/NbCKUX HHCTHTYTOB, TaKxXe HeM30eXHO CTaBHT BOMPOC O HEOOXO-
AUMOCTH TIOBBILIEHHS] MaTeMaTHYeCKOH MOATOTOBKH HHXKEHEpPOB, B NEPBYIO
odepeab B 06/1aCTH NMPUGIHIKEHHBIX BHIYHCJEHHH,

YKasauHple BbIe OGCTOSITENbCTBA [He1al0T AKTYaJbHBIM HaMHCaHHE
yueOHBHIX MOCOGMH MO BBHIYMCAHTENBHOH MaTeMaTHKe JJS HMHXEHEpOB,
9KOHOMHCTOB H T. A.

Hacrosmasa xuura mocBduleHa M30paHHBIM BONPOCAM YHC/AEHHOTO aHa-
au3a: npubamkennio yHkuui u npubiamxeHHoMy pemenuio auddepen-
UHaJIbHBIX ypaBHeHHH (OOBLIKHOBEHHBIX H C YaCTHHIMH [POH3BOIHLIMH),
Takoit BeiGop maTepnana OGYCHIOBJIEH TEM, YTO BONPOCH, CBS3aHHBE C



H3 TNPEJHCJOBHSA K IEPBOMY HU3JAHHIO 7

pellenneM ajareGpaHyeckuX ypaBHEHHH M YMCJIEHHBIMH MeTOJaMH JHHEeHHOH
anre6psl U 1p., uMeroTcsl B Buimenmeii B 1960 r. xaure aBTopoB «OCHOBHI
BBIYMCIUTENbHOM MaTeMaTHKH» ¥).

Llenp 3TO! KHMTHM, KaK W yKasaHHOH BbIle, XaTh CHCTEMaTHYeCKOe
M COBpEMeHHOe M3J0XeHHe BaxkHeHIIHX NpHEeMOB NpPHOGIHMEHHOrO M YHC-
JIEHHOTO aHajau3a (B Ipejesax paccMaTpHBaeMbX TeM) Ha 6ase obuiero
BTY30BCKOTO Kypca BhbICIIeHl MaTeMaTHKH.

Ilnst pacliupeRnss MaTeMaTHYeCKOro KPyro3opa MHxeHepa 1aeTcst MOHs-
THE O HeTPAJMLHOHHHX MeTOAaX BhUHCAeHHH: MeTole Mourte-Kapio u
METOlEe MOAE/MPOBAHHUS.

Kak u B nepBoil KHHre, OCHOBHble METOHbl JOBEIEHH N0 YHCJEHHBbIX
NpHJIOKEHH ! JaHH pacyeTHble CXeMbl M NPHBEIEHH YHCJIOBHE NpPHMEpH!
C mompoOHEIM XOAOM pellenHs. B Ieasx A0XOAYHBOCTH GOJIBIIHHCTBO
NpPHMEPOB pAaccMaTPHBaeTCss B YNPOLLEHHOH TPaKTOBKE M HOCHT MJJIOCT-
paTHBHHIH Xapakxrep.

s NOHUMAHHS OCHOBHOT'O TeKCTa KHHIH JOCTATOYHO 3HAHUS BhICUIEH
MaTeMaTHKM B oGbeMe IBYX IIepBHIX KypPCOB BTY30B MaLIMHOCTPOHTEJb-
HeIX cnenuanbHocTelt. HeoGxommmble cBellenHs 110 MaTeMaTHKe, He BXO-
Asiude B OOLLYI0 NPOrpaMMy BTY30B, M3/1araloTcsi B COOTBETCTBYIOIHX
raaBax, McmoJsb3oBaHHast M NOMNOJIHHTE/NbHAs JHTEPATypa yKasaHna nocie
KaXIOH rJyaBhl,

Knura npensassayena jjs CTyAEHTOB BTY30B C NOBHILIEHHOH nporpam-
MOH 1o BHCLIeH MaTeMaTHKe H HHXEHepOB, 3aHUMAIOLIMXCH NPHK/IAAHLIMH
BOINPOCAMH, a TaKxe JAJs paGOTHHUKOB BHIYMCAHTENbHHX GIOPO M 1EHTPOB.
Kpome TOro, xHura okaxercs NOJe3HOH CTyZeHTaM (PH3HKO-MATEMAaTH-
YyecKHX (paKy/IbTeTOB NeNArOrMYeCKHX MHCTHTYTOB H CTyIEHTaM 9KOHOMH-
YeCKHX BY30B.

B 3ajauy aBTOpOB He BXOIMJIO H3JIOXKEHHE CBEJEHHH M0 TeXHHKe
pCLIEHUS] HHXEHEPHBIX 3alay HAa 3/1eKTPOHHLIX BLIYUC/HTE/bHbLIX MalIHHAX
H nporpammupoBaHnuio. [Io aTuM BompocaM cienyer oOpaTHTbCA K CHeElH-
aJIbHLIM PYKOBOJCTBAaM,

ABTropbl 1puHOCAT 6J/1aroJapHOCTh KOJUIEKTHBY Kadenpb Bbicilei
MaTeMaTHKH ApTHiiepuiickoll nnwenepnolt akamemun um, &, . [3epxun-
CKOro, IPHHHMABLIEMY Y4YacTHE B OGCYXAEHHH PYKONHCH. ABTOpH BHpaxa-
I0T TaKXe HCKPEHHIO MPHU3HATEeNbHOCTD 32 06CTOATE/bHbBIE PelleH3nH Npod.
Bb. M. JleButany u mpod. X. JI. CMOIHLKOMY, KPHTHYECKHe 3aMeyaHus
KOTOPbIX ObLJIM y4YTEeHHl IPH OKOHYATENbHOM PEeJaKTHPOBAHHH TeEKCTa.

*) Bropoe M TpeTbe H3JaHHS YKa3aHHOH KHHI'H BBHILJIM COOTBETCTBEHHO
B 1963 u 1966 rr.

Mocksa 1961 r, Asmopot



NMPEIUCIIOBUE KO BTOPOMY U3IAHULO

Bo BTOpOM M3maHUM HCOpaB/eHHN 3aMeyexHoie OWHMOkU u nobGasiexa
VII rnasa «Murerpanbusie ypasHenna». KpoMme Toro, B Kotxlle BBemeuus
u rnas IV u V caenaun HekoTOphie 3amevadus,

Mocksa, 1963 p. Asmopet

NMPEAUCIOBHUE K TPETBEMY U3JAHUIO

B TperbeM HW3JaHWH KHHra MOJBEpriach HEKOTOPOH mepepaboTke,
1enb KOTOpo#t — caesath ee GoJjiee NOCTYMHOK AAS /UL, UMEIOWHUX JHIb
BTy30Bckoe o6pasoBanue. N8 3TOro M3BLATH MM YaCTHYHO COKPAULEHBI
HEKOTOPHIE CJIOXHLIE TeOpeTHYeCKHe OGOCHOBAaHHSI METOIOB U YBE/lUYEHO
YHC/IO MPHMEPOB, HJVHOCTPHPYIOIUMX TEOPHIO.

HauGoabiine u3meneHus BHeceHn B rjaBy I, 3mech HamucaHb HaHOBO
§ 3 «VuTepnosupoBanne nepuoaHYecKux QyHKUMH C MOMOLLBIO TPUFOHO-
METPHYECKHX MOJHHOMOBY, § 5 «PyHKUHH, OPTOrOHAJIbHHIE HA TOYEYHOM
mHoxecTBey; uaMedHen § 6 «[lonmHomn YebwieBa, opToroHaabHbie Ha
cucTeMe PaBHOOTCTOSIMX TOYeK»; H3BAT naparpad «IlousitHe 0 mpu-
G/IKEHHOM TOCTPOEHHH NOJIHHOMA HAaMJyYylIero paBHOMEPHOro MPUG.u-
WeHus», B KOHIle KHHIH JIOMOJIHMTENBHO MOMEIEeHH NPHJIOWKEHUS U npen-
MEeTHBIl yKasaTelb,

AsTOph TPOCAT 4HMTaTeNell O BCEX CBOMX IOXENAHUAX M 3aMEYaHUAX
cooGumath no aapecy: MockBa, B-71, Jlennuckuit npocmext, 15, usga-
teabctBo «Hayka», T'naBHasm penakuus ¢u3MKO-MaTeMaTHYECKOH JuTe-
paTtyphl.

Mocksa, 1967 r. Asmopsi
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3Hauenne BHIYUCAHTE/IbHBIX MALIMH M FJAaBHHIM OGPa30M 3/1EKTPOHHLIX
BBLIYHC/IHUTE/BHHX MAaIUWH B Je/e TeXHHYECKOro Mporpecca Hauiefl CTpaubl
UCK/IIOYNTeNbHO Beanko. CoBpeMenHble 3/1eKTPOHHBIE LH(PPOBHE BbIYHC-
JINTE/bHbIE MALIMHB NPOU3BOMAT LECATKH ThHICAY apHPMETHYECKHUX W JIOCH-
YeCKHX onepaunit B CEeKyHAy M CNOCOGHH B HCKJ/IOYHTEIbHO KOPOTKHE
CPOKH JaBaTh peIUEHHsl CAOKHEHIIMX MaTeMaTHYeCKHX H TEeXHHYeCKHX
3a1a4, HeMLIC/IMMbIE NIPH Py4YHOM cyeTe.

OrpomHoe 6biCTPONeHCTBHE BRIYHCAHTE/bHbIX MAILIKH OTKPHIBAET HOBHIE
IUMPOKHE BO3MOHOCTH AJIS MPUMEHEeHHd OOLLHX MaTeMaTHYeCKHX METOA0B
HCC/AenoBaHUs B npobGieMax (H3MKH, MEXaHHKH, XHMHH, AacCTPOHOMHH,
TeXHHKH, SKOHOMHKHM M MHOTMX Apyrux o6Jjacrei.

lpununnuanbHoe OT/IHYHE OT MPEKHEro MO0JIOXeHHs Belled COCTOHT
B TOM, YTO CAOXHeHlIue TeXHHYeCKHe W SKOHOMHYECKHE BOMPOCH MOrYT
pewaTbCs B TOYHOH MOCTAHOBKE, HENOCTYMHOH A/ MajuX BBIYHC-
JUTENbHBIX MallliH U3-3a ype3amepHoro o6bema paboTh. B wyactHOCTH,
Hanpumep, NMpPeCTaBJSETCA MO-HOBOMY OPraHH3alHs Mpouecca TEXHHue-
CKOr0 MPOEKTHPOBAaHHA € OTKas3OM OT rpy6o OpPHEHTHPOBOYHLIX PAacyeTos.

HckmounTenbHoe 3nayeHHe HUMEIOT 3JEeKTPOHHBIE MaLIHHBI JJS aBTO-
MATHYECKOTO YMPaBJAeHHsi OLICTPO ABMXYLIMMHCH OGbEKTaMH, HampuMep
MEXM/JaHETHHIMK DAKEeTHHMH cHapsinamu. Besnka Takke poJib 3JIEKTPOH-
HbIX BBIYHC/AHTENbHBIX MAlUIMH A/ Pa3BUTHA caMOM MaTeMaTHKH, Mauuuu
UCNOJB3YIOTCA AJS MOJACYeTa MATEMATHYECKHX MOCTOSHHBIX; 1/ peuleHui
anre6panyecKnX, TPAHCUEHIACHTHBIX W AHddepeninanbHbIX ypaBHEHHUH;
IS pelleHHss CowHeHnx (PYHKUHOHAMbHLIX HepaBeHCTB H T. n. [losasu-
JIUCh HOBBIE CTaTHCTHYECKHME METOAH MAIIMHHOTO pelleHHs 3ajay Mare-
MaTHYecKOH (H3HKH, CTA/10 BO3MOXHBIM IKCIEPHMEHTA/NbHOE peLleHHe
JIOTHYECKHX 3aJa4 W MHOroe Jpyroe.

Takum oO6pasom, cosganue 9JEKTPOHHBLIX BBIYHCAHTENbHBIX MaIlHH
3HaMeHyeT pelnTe/NbHHH CKaYOK MO MyTH IPOrpecca TOYHHIX H TEXHH-
YeCKHX HAayK HALIEero BpeMeHH.

Bce aro cnmenano BecbMa aKTyalbHHM YyCOBEpLIEHCTBOBaHHE W pas-
BUTHE YHC/GHHLIX H NPHOMHMEHHBIX METONOB pelienus 3anady, [deno B Tom,
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YTO MalIHHA CNOCOOHA BLINOJHATH OuYeHb GOJBIIOE, HO KOHEYHOE YHCJIO
onepaunii. IloaToMy TouHble npeje/bHBiE MPOLECCH PpElUEHHs 3anay,
CBfi3aHHbIe C OECKOHEYHHIM YHCJOM oOnepauuii, npu paboTe HA MAlUHHE MO
HeOGXOMMMOCTH JO/MKHb OHTb 3aMEeHEeHH NPHOIUKEHHBIMH aJTOPUTMAMH,
COLEepPXAUIHMH JIKIIb KOHEYHOE Ync0 meficTuii. Hanpumep, npu Mamwmnnnom
BLIYHC/IEHHY OMNpeNe/eHHOr0 HHTerpasa nocaegHuii OObLIYHO 3aMeHseTcs
KOHEYHOM MHTerpajbHOM cymMoH, BMecTo auddepeHUHANbHOIO ypaBHe-
HHS PAcCMAaTpHBaeTCs KOHEYHAas CHCTeMa YpaBHEHHH B KOHEUYHHIX pas-
HocTax W T, n. Kpome Toro, MammuHa o6iafaer KOHEYHOH NAMATHIO
M MOXET ONEepHPOBATb C YHCJAMH JHIIb KOHeYyHOH muHH. ITosTomy
NPOMEXYTOYHbIE Ppe3yJbTaTH OKDYrAdIOTCH, B pe3yJbTaTe 4Yero Jaaxe
TOYHHH METON C KOHEYHHM YHCJOM JAeHCTBHH CTaHOBHUTCH npu6Jau-
JKEHHHIM,

B nacrosimee Bpems paspaGOTKa YHMCJEHHBIX M MPHOJHIKEHHBIX METO-
JIOB pelleRns 3a/1a4 B OCHOBHOM NNPOTEKAET B JBYX HANpPaB/IEHHAX! C OLHOK
CTOPOHHI, co3aalTc 6Gonee s¢ddexTHBHEE HETEePMHHUPOBAHHLIE CIOCOOH
pellieHusi 3ajJay, YYUTHBaLUMe crneuuduyecke OCOGEHHOCTH CYETHBIX
MalllHH; C JAPYrofl CTOPOHM, B NPaKTHKY YCMeLIHO BHEIPAIOTCH CTaTHC-
THYeCKHe HeIeTepDMHHHDOBAHHHIE METOHbl, OCHOBAHHBIE HA CJay4YaHHHIX
ncnutanuax (meron Monte-Kapno u mpyrue) [1], [2]).

Bhicokasi NpPOW3BOAMTE/NbHOCTh 3JIEKTPOHHBIX MAILMH CYLIECTBEHHBIM
06pa3oM M3MeHWIa MOIXOM K OlleHKe TOrO MJH HHOrO BHYHCIHTENbHOTO
mMertona. LleHHniM okashiBaeTcsi TOT METOX, KOTOpH siBasieTci HauGoJiee
yHHBepCa/bHHIM B KOTOPHH JONYyCKaeT MPOCTYI0 peajH3aliMi0 Ha MalIMHaX.
Hanporns, MerTol, OCHOBaHMBIH Ha YacTHHIX OCOGEHHOCTAX 3aha4H HJH
Ha MCKYCCTBE BBIYHC/IHMTENS, OKAa3blBaeTcd Tenepb Majo NPUTOLHBIM.
B cBsiau ¢ aTHM npousonina cBoeoGpasHas nepeolleHKa LEHHOCTel: MHO-
THe BLIYHCAUTE/NbHbIE METOIbl, NPHUBOIMBILHE K TPOMO3LKOMY CYeTy H
CYMTaBUIMECH paHblile, NPH PYYHOM CYeTe, HENMPAaKTHYHbLIMH, OKa3a/HuCh
ceiiyac BnoJase pabouuMH, B TO ke BpeMs YMCTO aHA/IMTHYECKHE KOHCT-
PYKUHH, Belylue K HeyAOOHBIM BHIYHC/AHTE/bHLIM aJrOPHTMaM, NOTepsJH
cBOIO Obinyl0 IleHHOCTb. BoT mouemy cefiyac Gosbluoe pacnpoCcTpaHeHHe
MOJy4HIH HTepaTHBHLIE, PAa3HOCTHHE, BapHAlHOHHbIe, BEPOSATHOCTHbIE
W T. I. METOAHl pelleHHs 3axay, Jomyckawouiue ynoOHble CXeMbl cyera
U MpUMEHHMLIE K LIHPOKOMY KPYry npobiem.

[Tpu npuOaMKEHHOM pellleHHH 3a4ay HeoOXO0AMMa OLCHKA NOrPeIHOCTH
fONy4eHHOrO pe3y/ibTaTa. 34ech NPH BHIYHCIEHHAX C GOJbIUIMM YHC/IOM
IaroB Mbl CTaJIKMBaeMCs C HOBOH BeCbMa BaxHOH npobieMoil — BONpPOCOM
yCTOHYMBOCTH BHIUHC/IHTEIbHOH cXeMbl. MOMXeT C/lyyHTbCs, YTO Hensbex-
Hble [IOTPELIHOCTH OKpyr/eHuH 6LICTPO HAKAMINBAIOTCH (HAaNpUMep, HMEIOT
nokasarteabHbiii poct). Takas BbuMCAMTeNbHAs cXemMa HeyCTOHYHBA W
HENpPUroAHa /s NpakTHKH. JonycTHMO noJb30BaThCS JHUIb YCTOMYHBBIMH
BLIYHCIUTENbHBIME  CXeMaMH, KOrJa TOTPelHOCTH OKPYI/eHHH B3aHMHO
KOMMEHCHPYIOTCSl U BhI3biBaeMasi MMH OIIMOKA pe3ysbTaTa 0CTaeTCd Masoi
IJIs BCEro npouecca BbYHCJEHHH,
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BriGupasi yHC/IeHHBHIt METOX CpPeld M3BeCTHHIX MeTOJOB MJHM pa3paba-
ThIBasi HOBBIA, Mbl JO/DKHBI, €CTECTBEHHO, YYHTHIBATb CHEUUDHUKY MALIMHH,
Ha KOTODOH NpeamoJiaraeTcs peuaTh 3anady.

Onucanve npHHUMMOB ycTpoiictBa DBM, a Takwe TeXHUKY peureHus
Ha HUX MAaTeMaTHYeCKWX 3aJay YUTATe1b HakmeT B CHEUHAJbHWX PYKO-
BoxcCTBax (cM., Hampumep, [3]—[10]).

JIMTEPATYPA K BBEJEHMHIO

n Ma'remamg(a,vee cojepxKaHue, MeToinl H 3Haueuue, Max. AH CCCP, 1956,
T. 2, ra. XIV.

[2l Bycaenko H. I, Tonenko Jd. U, Co6oar H. M., Cparos
Buu B. I'.,, Ilpefigep IO. A., Merog CTaTHCTHYECKHX HCHLITAHHI,
CMDbB, dusmarrus, 1962.

[ Tyrep P. C.,, OBuunckuit 6. B.,, Pesuukosckui II. T., Ipo-
rpaMMHpOBaHMe M BBIYUCJIHTEJbHast MaTemMaTuka, «Hayka», 1965.

[4l Kpuunukuit H. A, Mupounos I A, ®pomos I'. ., Ilpo-
rpammupoBanue, CMB, ®usmarrus, 1961.

[l Tuepnenko b. B.,, Kopoawxk B. C, IOmenko E. JI., daementst
nporpammupoBanus, dusmarrus, 1961.

[6] Pruapnc P. K., DuneMeHTH ¥ cXeMmbl HH(PDPOBHIX BHIYHCJIHTEJNbHHIX Ma-
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u lllypa-Bypa M. P., ®uamarrus, 1961.

[8] Mwoctepuuk JI. A,, A6pamon A. A,, lllectakos B. U, lllypa:
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[10] JTan Léeo mw K., IlpakTHueckue MeTOZbl NPHKJaAHOro aHaau3a, Pusmar:
ru3, 1961.



TTABA 1
NPUBJIIVKEHUE SYHKLIMHA

§ 1. MocranoBka 3amauu 0 npuGaMmKenuu QyHkuni

Ilycts Ha nekoTOpoM MHOXeCTBe 3ajaHa cucTeMa QyHKUHH @ (X),
P (X)), ..., @, (%), ..., KOTOpbE B AaibHeHnieM OGyneM CUHTATh AOCTa-
TOYHO TJIAJKHMM (Hanpumep, HenpepniBHO AHGGEpeHunpyeMbIMH) GYHK-
uusmu. HasoBem 3Ty cucreMy ocHO8HOI.

dynkunu BHIa

Qm ()C) = CO(PO (.’C) ]‘ Clq)l (x) + L + C,,,(Pm (J&’), (1)

rae ¢y, €y, ..., C,—HOCTOSAHHbIE KOIGDOHUIHEHTH, Ha3bIBAIOTCH 0606ueH-
Holmu noaunomamu (0606UeHHbIMIL MHOZO4AeHamu) nopanka m., B vact-
HOCTH, €CJM OCHOBHas CHCTeMa COCTOUT M3 UE/NbX HEOTPHLATENbHHIX
CTeI]SlHel’l NepeMeHHol X, T. €. Qo (x)=1, @ (X)=x, ..., @,(x)=
=x" ..., TO

Qux)=cot+cyx+ ... Fc,x"

eCTb OObIYHLIII MOJIHHOM CTEINEHH m.

Ecmn @ (x)=1, @ (x)=cosx, @,(x)=sinxy, ..., @y, ,(x)=
=cosmx, @,,(x)=sinmx, ..., TO

Qn(x)=ag+a,cos x+bysinx+...+a,cosmx+b,sinmx

HA3LIBACTCS TPUSOHOMETDUHECKUM NOAUHOMOM (HIH TPUSOHOMETPUYECKUM
MHO204ACHOM) nopadka m.

3anaya 0 npubaKenuH (QyHKUMH CTaBUTCH CaeaylowuM oGpasom:
pannylo  ¢ywskuuio f(x) TpeGyercss 3aMeHHTb OOOGILEHHHIM TOJHHO-
MoM @, (X) 3alanHOro nopsnka m TaK, 4TOGH OTKJOHEHHE (B H3BECTHOM
cmbicne) dyskuun f(x) or o6o6uiensoro noauHoMa Q. (X) Ha yKa3aHHOM
MuoxecTBe X ={x} Obio Haumenpwnm. IIpn 3ToM mosmmnoM Q,, (x)
B O6lIeM Clyuae Ha3blBAETCS GNAPOKCUMUPYIOUWUM.

Ecan mHOMXecTBO X COCTOMT M3 OTHAENbHHIX TOYEK X, X1, y4+y X
TO npubiiKenne HasbiBaeTcsi Todeunoim., Ecim ke X ectb OTpe3ox
a< x< b, To npubMIKEHHE HABLIBACTCS UHTE2PANbHLLM,
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Jns mpakTHKM BecbMa BaxHBIM siBasercs npubnmxenne Qyuxuui
OOLIYHBIMM M TPUCOHOMETPHYECKUMH MOJMHOMAaMH.

YT1o Kacaercs TepMHHA OTKJOHEeHHEe NBYX GyHKIUHH, TO OH
B 32BHCHMOCTH OT OGCTOATE/NbCTB MOHHMAeTCs Nno-pa3noMy. [Ipu sToM Mu
noJ/lyyaeM pa3/M4HWE THOB 3a4a4 TEOPHH NPUOIMKEHHH: MHTepPNOoJHPO-
BaHHe, CpeIHeKBaJIpaTHYHOe MNPHO/IMKEHHe, PaBHOMEpPHOe mNpUOIMKeHne
u T, 1, B caenymuux naparpagax ocTaHOBHMCS MOAPOGHO HA HEKOTOPBHIX
U3 3THX 3ajad.

§ 2. Uurepmonnposanne yHxunit

Bynem cuutath Aannyio dyskuuo f(x) u nomuuoM Q, (xX)=a,+
+ax+a,x24...4+a,x™ 6GAU3KHMH, eciM OHH COBMAZAOT HA
3aJ]aHHOH CHCTEMe TOYEK Xg, Xy, ..., X,. DTH TOUKH Ha3bIBAIOTCH Y31aMU
UHTepROAUpPOBaHUs WM y3ramu UnTepnoasyuu. Takum oGpa3oM, MBI
NPHXOAUM K CJeNyiolledl 3ajavde WHTEPIOJHPOBAHUA: I NAHHOH QYHK-
uun f(x) Haittu nosuHoM Q,(X) BOSMOWHO Hu3IIeH cTenmeHd m, NpH-
HUMAOWHH B 3aJaHHBIX Toukax x; (i=0,1,2, ..., m X;7= X, npH
I 5~ j) Te xe 3navenud, Y10 H f(x), T. e. TakoH, yTO

Qm(xi)=f(xi) (l=0t 1)2: ...,fl).
Taxo#t noauHoM Q,, (X) HA3LIBACTCA UHTEPROAAYUOHHOLM.

Kak wussectro [1], cyuiecTByer eIMHCTBEHHHIH MNOJMHOM CTEMeHH He
BHlie 71, MPHHHMAIOWHHA B TOYKAX Xy, Xy, ..., X, 3aJaHHBIE 3HAYCHHT.
[lostomy mowHO nonowuth m=n. Kospduuuenrs a; nomuuoma Q, (x)
MOXHO OIpeNe/HTh M3 CHCTEMbl YypaBHEHHH

@+ ay Xy +apXo+ .. +a, x5 =y,,
aytax,+axi+ ... +a,xt=y,,

(0
o+ 8%, + g X3+ ... +a,x0=y,, )
rae y;=f(x;) ({=0,1,2, ..., n). Onpeneantenp 3T0H CHUCTEMH €CTh
TaK Ha3uiBaeMull onpedeautess Bandepmonda (1]
T x, 2 ... x%
1 x, %t ... x?
i N i | DG Ll
0<Ip<<qg<in

1 x, xi ... xp

H, C1efoBaTeNbHO, cHcTeMa (1) MMeeT eXMHCTBeHHOE pelieHue,
Monuuom L, (x), ko3dduuMeHTH KOTOPOro ONpexensioTcs M3 CHCTe-

Mbt (1), HashiBaeTcss uxTeprROAAYUOHHBIM noautomom Jlazpausca nns

ynkuun f(x) n Moxer GuTh 3anucan B siBHom Bume [1], [2]:

(xi—xo) (xi _xl)° . '(xi —xi—l) (x[ _‘xi-i-l) .. .(JC,' —Xu

L= 3 R ) iy bsivd ey
i=0



14 NPUBAMKEHUE SYHKUUH [ra. 1

Insa cayyast paBHOOTCTOSLMX Y3/I0B X; =X+ ik (i=0,1,2, ..., n)
noaunoMm Jlarpanwka L, (x) MOXeT GHITb 3aNmHCaH B BUAE HHTEPHOAUUOH-
Horo nosuxoma Herotona [2]:

P, (%) = o +22 (x— ) + 108 (55— o) (£— 1) + ... +

An
+ o (5 — %) .ol (5—x,),  (3)

rae

Ay, =Af(x)) =Ff(x;.) —f(x),

A%y, =A% (x;) =Ay;yy  —ADy;,

Aty =A"f(x,)=A""1y, ,—A""1y;

(i=0,1,2,...,n—1)
— KOHEYHHE Pa3HOCTH PA3JIHYHHIX IOPSIKOB,
[Tonaras

X—X
=4

MOXHO HHTepHoAsUHOHHLH noaunoM HeloTona (3) samucate B caenyio-
HIEM BMIE:

—1 —1)...(g— Dan ,
Py (%) =yo+qyo + T D A2y WO Declgmnd Dpny (31

Ecan ¢ynkuus y=f(x) sanaHa Ta6/1M4YHO, NPHYEM H3BECTHHI €€ 3Ha-
venns y;=f(x;) ({=0,1,2, ..., n) Jub B y37aX Xg, X3, «.., X,, TO
MHTEPHONSUHOHHbI mo/uHoM Jlarpamka L, (X) MoxeT OHTb HCHOJb30BaH
st pUOIMKEHHOTO0 HAaXOXAEHHS HeTaOJMYHBIX 3Havenu#t ¢yHkunu, Irta
onepauysi HOCHT Ha3BaHHE UHTEPNOAUPOBAHuUs Gyrkyuu. B caydae paBHo-
OTCTOSIIUX Y3JIOB LJs HHTEPNOJHPOBAHHS (YHKUMH MOXHO BOCIOJbB30-
BaTbCs HHTEPNOJISUHOHHBIM noauHoMoM Helotona P, (x). B wacthHocTh,
npy n=1 uMeeM QOpMYyJy AUHEIHO20 UHTEPROAUDOBAHUS

V& Yo+ B0 (x—x,), (4)

a npu n=2—¢opMyly K6a0paTU4HO20 UHTEPROAUPOBAHUS

— —2
92 Yo F BT (e xg) T2 (4 k) (x—xy),  (5)

rne h=Ax;=x; ,—x; ({i=0,1,2, ...)—mar Tabauus.

[lpn onpenenennu 3HayeHuit Gynxuuum y B Touke x no dopmyne (3)
B KauyecTBe X,, BOOOLle roBops, BHIOAHO 6paTh Oamwalmméi Kk X ysen
VHTEpPIONMPOBAHHs; TOrAa, €CJAX Liar A JOCTATOYHO MaJ, TO NepBoe
cnaraeMoe 3Tod ¢opMysnn GyneT TJaBHBIM YJIEHOM, a OCTaJbHbiE cjarae-

Mbele GyLyT HOCHTb XapaKTep INONpPaBOK.
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Ecnu dynxuusa y = f (x) nenpepuiHo auddepenuupyema no (n--1)-ro
NOPANKA BKJIOYHTENbHO, TO OCTATO4HbLL 4Y/eH ee HHTEPNOJALNHOHHOTO
nosuHoma Jlarpawka umeer Bux [2]

[ §)

R, (x)=f (%)=L, (%) = "7 (¥ —%o) (¥ —x).. . (x—x,), (6)
rae §-—BHyTpeHHSIs1 TOYKa MMHHMaJbHOTO OTPe3Ka, CONEPKALIEro Y3/
MHTEPIOJANPOBAHAT X4, Xy, ..., X, H TOUKYy X. B cnyyae, ecym dynx-
uust f (x) 3a1ana TaGIMYHO HA CHCTeME PABHOOTCTOSIMX TOYEK X; = X+ Ik
(i=0,1,2,...,n), TO npH nocra-
TOYHO MajloM 1iare / TNpOHM3BOAHYIO
SO (E) npubanKeHHO MOXHO 3aMme-
HHTb KOHEYHO-PA3HOCTHHIM OTHOLIIEHHEM

An+1y
FE(E) =~ TM—IO,

rae
Yo =1 (¥o).

ITpumep 1. INocTpouTs HHTEpPMOS-
LHOHHBIA moJauHoM L (x), coBnagamouui
¢ ¢dynkuneit f[x)=3*(—l<x<<l) B
Toukax xo=—1, x;=0, x,=1.

Pemenue. INonaraem L (x)=a,+
+a;x+4-ayx®. dns onpenenenus koapdus
IHEHTOB @y, @; H Q; HMEeM CHCTeMYy

1
ao—al+az=_3'v ! }

-1 4 1 !
o =1 Puc. 1
ay+a;+a,=3.
4 2
Orciona ap=1, ay==, Gy=-, H, CIel0BaTeJbHO (puc. 1),

F>=1+—x+—-x2 mpu —I1<x<<l.

Hanpuwmep, 3 =13 = 1+%+—é— ~18.
Mpumep 2. ITocTpouTh HHTEPNONAUMOHHBIN NoauHoM Jlarpanma L, (x),

o . X
coBnafawmui ¢ pyHknueii y=2 cosT B TOYKaxX xo=—2, xl=—§- , X3=0,

X3 =-§ N X4=2.

Pemenne. BoluncaseM 3HayeHHe HaHHOM QYHKUHH B YKa3aHHBIX y3Jax
H COCTaB/asfeM TabJaHLY:

x —2 | —43| o | 43| 2
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Toacrapass 3TH 3Haueuus B Gopmyay (2), HaxoinM

(x+2) (x—0) (x——é—) (x—2)

Ly (x) =1 (_—3—-%2) (_%—0> (_%__%> (_%_2>+
10 Y (++5) (%) —
(0+2) <0+%> (0—%> (0—2)
o (x+2) (x—}-%)(x—O) (x—2) _ 9v 1962 610 _

4 4 4 4 4 - 320
(5+2)(3+3) (5-9) (5-2)
=0,0281x4—0,6125x2 4-2.
3amernm, uto L, (1)=1,4156, a y (1) =2 cos %:1,4142, T.e. Li(D)—y(l)=
=10,0014.
INMpumep 3. Ucnoabsys MHTEPNOAALHOHHBN noaunAoM HeloToHa, BhHIuMC-

aute f(0,14), rae dyukuus y={f (x) 3amana tabannein

x 0 0,1 0,2 0,3 0,4 0,5

Y 0 ‘0,1002 0,2013| 0,8045 | 0,4108 | 0,6211

Pewenue. CocraBaseM TaGaully KOHeYHHIX pasHocTeli:

x y Ay Aty Asy Aty Aty
0, . 0 0,1002 0,0009 0,0012 ~—0,0002( 0,0001
0,1 0,1002 0,1011 0,0021 0,0010 ~—0,0001
0,2 0,2013 0,1032 0,0031 0,0009
0,3 0,3045 0, 1063 0,0040
0,4 0,4108 0,1103
0,5 0,5211

Hnsa Boluncaenns f(0,14) Bocnoab3yemMcs HHTEPNOJSALHORHBIM NoJnHOMOM Hbio-
ToHa (3), nogaras x,=0,1 u h=0,1; Torza

0,14—0,1
=51 04
u
£(0,14) == 0,1002-+0,1011-0,4- 0’02021-0,4-(—0,6)4—0’;?100,4-(—0,6) (—1,6) =~

== 0,1405.
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Ipy 5TOM NOrpewHOCTh NMPHGJIHKEHUS

0,0001
41

0,4-0,6-1,6-2,6=14,16-10"¢ < l 10-5,

IMpn unTepnoaupoBaHnn PpyArNuU 06OOLIEHHHIMM MOJHHOMAMH
Qn ())=CoPo (¥) 4+ €191 (X)F . ..+, 9, (¥)
KoapduuMenT ¢y, €4, ..., €, HAXOANM U3 CUCTEMbl ypaBHeHHi

CoPo (Xo) €191 (Xo) -+« @, (x0)=F (%), 1
Co®o (X1) 1@y (x1)+. o o Fe,@, (x)=/1(x;), 7)

COCPO (xn)+CI(P1 (xn)—l—' .. +0n(pn (xn) =f(x]1)°
Ecmn dynxumn @4 (x), @4 (%), ..., @, (x) nuneiino HeaaBucuMH, TO
onpeiennTeNlb CHCTEMDI

={(z)
Po (Xo) @1 (x0) .. @, (%) y y
Ae| Polx) Prix) .0 @, (%) 40, y=f(z) '=
(PO (xn) P, (xn) LRI (Pn (xn) | :-‘/i*l
H, clelfoBaTeJbHO, cHcTeMa (7) uMeeT eauH- y,: {
CTBEHHOE pelleHHe. : |
BaxHbiM ciyyaem 0O6LIero HHTEPNOJHPO- g T T T

BaHWA QYyHKUMH SBJASETCH TPHTOHOMETpHYeC- Puc. 2.
KOoe MHTepnoJjxpoBauue (cM. § 3).

WuTeprnonpoBanne He Bceraa JAaeT yINOBJETBOPHTE/]bHOE pelleHue
3agayn o npubmnkeHnH (QYHKUMM C 3aJaHHOH TOYHOCTbIO HA JaHHOM
NPOMEXYTKe, TaK KaK coBnajeHue ¢ynxuuu f(x) ¢ nojuHomom Q (x)
Aawe B OJH3KMX TOYKAX X; M X;,; HE FapaHTHPyeT MajoCTh BEeIHYHHHI

| f(¥)—Q(x)| na orpeske [x;, X;,,] (puc. 2).

§ 3. Uurepmoanposanne HmepuOANYECKUX (YyHKUMIA
C NOMOIILI0 TPUTrOHOMETPHYECKHX NMOJMHOMOB

[lyctp f(x) neproanyeckas 1 3afaHa Ha OCH — oo < X < + 0o Pyhk-
uns. ITyTem anueiinoit 3amenbl He3aBHCHMOI NepeMeHHON NepHOA QyHKUHH
MOXHO caenaTh paBubM T =2m. B stom cayuae dynkumio f(x) uene-
€000pa3HO MHTEPNOJHPOBATh TPHIOHOMETPHYECKHM MOJIHHOMOM

Q,(x)=ua,+ i (a, cos kx4 b, sin kx) )
k=1

TaK, YTOOH
Q, (x:)=S(x)) ((=0,1,2,...,2n), (2)
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rae 0<Cxy<<xy<<...<<x,,<<2m — Touku npomexyTka [0, 2x). ITo-
nuHoM Q, (x) OyneM Ha3biBaTb TPULOHOMETPUHECKUM NOAUHOMOM NO-
padka n.

IMyers y,=f(x;) (i=0,1,2,...,2n). Tpebyerca mnomo6pathp
Koahduunentn moauuoma (1) Tax, uTOGH BHIIOJHSJIHCH CJELyIOLIUE
paBeHcTBa:

n
Yo= 0o+ X)(a, cos kxy -+ b, sin kx,),
£S1

n

y1=ao-}-k2(ak coskx, +b,sinkx,), { 3)
=1

Yo, = ao—[—;_]l(ak cos kx,, -+ b, sinkx,,).

Mo nonyuunu cuctemy 2n-4+1 nunefinbix ypaBHenu#t ¢ 27211 Heus-
BeCTHBHIMH @y, @, by, ..., a,, b,.
Kak ussectno [1], ompenmenntens 3To#t cucremsl

1 cosx, sinx, ... cosnx, sinnx,

1 cosx, sinx cosnx, Sinnx X,—Xx
1 1 e 1 1
A_ ....2'1' ll s[ﬂ 9 P
o<p<q<an

1 cosx,, sinx,, ... cosnx,, sinng,,

M, Cl1eIOBaTe/NbHO, OTJHYEH OT HyJAs IS Haume# CHCTEMBl TOYEK, ANs
kotopoit 0<x,—x,<2n. IloaTOMy nHaHHasi MHTEPNOJSLHMOHHAS 3ajaya
UMeeT pellieHHe, U NPHTOM eIHHCTBEHHOE,

Takum o6Gpa3om, cnpaBelJMBO CleAyioLlee yTBepXKIeHHe:

Teopema enuHCTBEHHOCTH. Tpucoromerpuseckull noiuHom
(1) nopadka n o0no3na4HO onpedesseTcs ceoUMU 3BHA4YEHUAMU 6 2n - 1
Pa3AUUHBLY TOUKAX, PACNOAOYCeHHbLX Ha npomedscyTke [0, 2m).

Has noctpoenuss moamuoma Q, (X) BO3bMEM NPOH3BOJBHYIO TOYKY X,
He coBmajamowyo ¢ ysmzamn x; (=0, 1, 2, ..., 2n), u naa sTHX
2n+42 Toyek cocTaBUM cHCTeMy u3 2n -2 ypaBHeHUH

n

Q, (x)—ag—)(a,cos kx +b,sin kx) =0,
1
1

S (%0 —ay— X (a, cos kx, +b,sin kx,) =0,
k=1

n
flx))—a,—X(a,cos kx, +b,sinkx,) =0,
i

¢ e o+ s e o e+ e e e e e e e e s s e o o

n
S (x5,)—a, —g"‘i(ak cos kx,, + b, sin kx,,) =0,
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JMHEHHHX M OJIHOPOAHBIX OTHOCHTEJIbHO K03dhduunenToB c¢=1 npu
Q,(x), f(x,) m a, b, (k=0, 1, ..., 2n). IJ1a cucrema, oue-
BHHO, MMEET HEeHYyJeBOe pelleHHe H MO03TOMY €€ ONpele/IHTeNb paBeH
HYJI0, T, €.

Q,(x) 1 cosx sinx ... cosnx sinnx
f(xe) 1 cosx, sinx, ... cosnx, sinnx,
S(xy) 1 cosx; sinx; ... cosnx, sinnx; [=0.

. I S T T S T )

f(x,,) 1 cos x,, sinx,, ... cosnx,, sinnx,,

PacknanuiBas 3TOT oOmpenenuTe]b MO 3/JE€MEHATaM MNepBoro croabua H
paspemasi mOJIy4eHHOE YypaBHeHHE OTHOCHTeNbHO Q, (X), mocsie ynpouie-
Hui [1] HaXomMM MCKOMBIA TPHrOHOMETPHYECKHH NOJMHOM

. X—X, L X—Xi_q . X—X; . x—x,
2n sin=—=2... sin i=1gin i+l sin =28

2 2 2 2
Q,(x)=1Y f(x)) % —x —x. s
sinfi ¥ gnXiT Mo i Xy g X Xen

i=o 2 2 2

(4)

Jlerko HemocpencTBeHHO yOedHThbCA, YTO mpaBas 4acTh (gopmyan (4)
€CTb TPUIOHOMETPHYECKHH II0JMHOM MOPSAKA 72, YAOBJETBOPAIOLLHI
ycaosuaM (2). JeiicTBHTENbHO, HCHOAb3YS (HOPMYIIH

sin a sin ﬁ=—;— [cos (a—P)—cos (a -+ B)],
cos @ cos f= % [cos (@—B) - cos (a + B)],
sino cos f = % [sin (& — B)+sin (@ +f)]

M YYMTHIBasl, YTO YHMC/HTE/b KamJAOro ciaraemoro cgopmynn (4) comep-
KUT 27 COMHOMXHTE]EH, MOJydYHM, YyTO cymma @, (X) ecTh TPHIOHOMeET-
puuecknit nonuHoM nopsaka z. Kpome TOro, oueBHAHO, HMeeM

Q, (x;) =7 (x)) (/=0, 1, ..., 2n).

B cuay Teopembl €NHHCTBEHHOCTH HaiiIeHHbI MOJMHOM HCKOMBIM.
[lo cBoeit crpykType mnoanHoM @, (X) HaNOMHHAET HHTEPHONALHOH-
Heil moannom Jlarpamwa L, (x).

Mpumep 1. ITocTpoUTh TPUrOHOMETPHYECKHI IOJHHOM BTOPOro NOpsjKa,
NpUHUMAIOMKA B “Toukax Xo=0, x3=mn/4, x,=n/2, x3=mn, x,=23n/2 cooTBeT-
CTBEHHO 3HaueHHs1 yo=2, y1=1, y,=0, yz=4, y,=—2,.
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Pemeunne. Cornacuo dopmyiie (4) HCKOMBIL MOJHHOM GyAeT CJACAYIOLIUM:

x—m/4 .nx—-—n/2 g X .nx-—-3n/2
5 Si g sin—5—si 5

sin 0—n/4 sin 2=Y2 Gin 0 =% in 0— 3n/2+
) 3 2 2
sin £ =% gin £ M2 g X i X302
2 2 2 2
WA—0 . wWi—w2 . wA—n . wd—3me T
) sin 5 sin 3 sin )

sin

Qs (x)=2-

+1.

sin

sin 0 sin x—d sin r—m2 sin x—3n/2
3 2 2 2
'sinn_o sin n—n/4 sin n—m/2 i n—3n/2
2 2 2 2
sin *=90 sin * =M in X =2 g ¥
2 2 2 2
sin 3:'[/22——0 Sin.&n/22—n/4 sin 3n/2—2—n/2 sin 3n/22-—n

Tlocne ynpoweunnit okonyarensHo nosydaem Q, {x)=1-sinx —cos x4 2 cos 2x.

—9.

3ameuanne. Ecim f(x), nepuonmdeckass ¢yuxuusi nepuoma T,

3ajaHa B TOYKAX X,, X;, ... , X,, npomexyrtka [a, a+T) (a—no-
2n

60e yHCAO0), TO C NOMOLUBID JIUHEHHOrO MpeoGpasoBaHuUs t=—,17(x——a)

nosyyaem

2
fo=f(atFt) =0,
rae @ (f) uMeer nepuox 25 W 3ajaHa B TOUKaX
t="0 (x,—a)g[0,2m)  (I=0, 1,2, ..., 2n).

Takum 06pasom, Mbl MPUXOAMM K Pa306paHHOMY BhIlllE CAyYal0.

Ecnu TOYKM HHTEPOONHPOBAHHSA x,(p=0, 1, ..., 2n) pasdoorcTo-
sue, T.e. X, =2’21p% (p=0, 1, ..., 2n), TO UHTEPNONALLOHHOMY
TPHFOHOMETPHYECKOMY MOJHHOMY (4) MOXRO npuaate GoJiee MpocToil BHA:

X—%p,
21 sin (2n--1) 5

Q) =gty Y () (5)
p=o

sin
2

Henocpencreenno nerko yGemuTbcsi, YTO
Q. (x)=F(x,) (¢g=0,1, ..., 2n).

. 2 (9—p)
HeilcTBHTENBHO, TNpH p=~=¢, YYUTbIBask, YTO Xy—X, = gl
HMeeM

Xqg—%p

sin(2n4-1) 5 =sinn (g—p)=0,
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M, CHEIOBATE/NbHO, COOTBETCTBYIOLLHE CJaraeMbie CyMMbl (5) paBHbl
nymo. [Ipn p=g, ucnoabays npeneibHu nepexoix, noaydaem

. X—Xg
sin(2n--1) 3
lim —m8 ——— =2n-41,

X—X,
x->xq . q

sin 9
Hostomy Q,(x,)=f(x,).

Mpumep 2. ®ynukuusa y=FJ(x) sagana rabanuei:

x 0 2_31 i‘f _6_3'(_ ﬁ“l 192 I_QT.IZ n

7 7 7 7 7 7

y 0 0,5029 { 0,8600 | 1,1058 | 1,2058 | 1,1227 | 0,7855 | O

Hicnoabays TpHroHoMeTpHuecKoe HHTepPNoOJHpPOBaHHe, HaiTH f (n/7).
Pewenue, 3pece 2n+4-1=7, x=n/7. Cornacto dopmyse (5) Haxoaum

Sin—g- sin (—-%) sin (—-3.2it>
ﬁ(%) =~ Qs (x)=% —— 40,5029 ————% 40,8600 — 5%+
Slﬂﬁ sin (—'1—‘> sin <-—1—4>
Slﬂ( %‘) Sln( ?> Sln(—%‘)
4-1,058. 54 41,2053 L 1,1927. 5=t +
sin ( ﬁ) sin ( ‘—4> sin (—' 1—4>
sm( lﬂ)
+0,7855.
Sln( )

l 0,5029 0,8600 1,048 1,1227  0,7856\
(°+0 9995~ 0.6235 10,9010 »20%% + 76235~ 0,9010) =0,2617.

3ameTMM, ln'o npHuBejeHHas Tabsuua cocTaBjeHa anA GYHKOUH [ (x)=

2—; sh 2 P Tax kak f (i/7)=0,2618, TO0 abconoTHas NOrpeIHOCTh

Hal (e HHOTO sHaqe}mﬂ He mpespimaer 1074,

§ 4. ToueyHoe KBapaTHYHOE ANNMPOKCUMAPOBAHHE (YHKUHIH

Ha npaktuke yacro OmBaeT, 4TO 3alaHHBIl NOPSKOK m NpHO./IHKA-
Iollero nosankoMa @, (X) SHauMTeJbHO MEHbLIC YHCJA y3J0B 7. B atom
cayyae HHTEpNOJHPOBAaHHE, BOOOLIE rOBOPS, CTAHOBHTCH HEBO3MOMHLIM
H NPUXOXUTCA MpUOeraTh K HHLIM MpHEMaM NOCTPOEHHS MNPHOMMKAIOUEro
nonnHoMa Ajs manHo Gynkuuu., OBBYHO 3[€Ch HCMOJB3YIOT TO4eurbill
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cnocob naumenowux ksadparos. CornacHo 3stoMy cmocoBy 3a Mepy
OTKJIOHEHHSl MOJIMHOMA

n(X)=a,+a x4+ ... +.a,x" (1

OT nauHo#t ynkumu f(X) Ha MHOXKECTBE TOYEK X,, Xy, ..., X, NPH-
HUMAIOT BEJUYHHY

= 30, () —F ()T, @

paBHYI0 CyMMe KBaJIpaTOB OTKJIOHeHHH mnoauHOMa Q, (X) OT QyHKUHH
f(x) Ba 3amanHOH cucTeMe TOYek.

OdesunHo, 4To S, ecThb (QYHKIHA KOIDDUIHEHTOB Co, Cpy wyo 4 Cpe
Atn kosbduuneHTH Hano mnono6paTh Tak, 4TOGH BequynHa S, Ohia
nauMenpuielt, TlosyueHHHIH IONMHOM Ha3bIBAGTCS QNNPOKCUMUDYIOUUM
Ans gaHHOM (PYyHKUMHM, a mpollecc MNOCTPOGHUS ISTOrO IMOJHHOMA —
ToueUHOl KBaOPATUUHOL annpoxcumayued WIM TOHeYHbIM Keadparui-
KoL annpokcumuposanuem OyHKIHHH.

Ins  pelieHns 3afayd TOYEYHOrO KBaZPATHYHOTO ammpOKCHMHPOBA-
HHSL BOCMOJb3yeMcsl oOwuM npHeMoM IH(pdepeHUNaNrbHOTO HCYHCIeHUS.
HafizeM yacTHble NMPOM3BOXHBIE OT BEJHYHUHH

—Z(ao-l-alx +a,xt+...-}a x, _‘y),

rne y;=f(x;), no BceM TIIepeMEHHHBM @,, @, ..., @,. lIpupaBHUBas
STH YaCTHHE NPOM3BOJHLIE HYJIO, TMOJYYHM JJIsSi ONpele/eHHsl HeH3BecT-
HBIX Qg, @y, +u. 4 @, cucTeMy m--1 ypaBHenuit ¢ m+ 1 HeH3BECTHHIMH!

\

’2‘0_'”=Z(ao+alx +axi+ ...+ a,xP—y)1=0,

i=0

5_'”:; ao+a1xi+azx?+°‘°+amx;n_yi)xi=0; : (3)

e e o o s+ e e e & ® e e e e . 8 e o o ° & e & 0+ . »

n
108§
.2_‘?”::[2:0 (ag+ayx;+ayxi+...+a,x—y,) x'=0.

Bsenem o6o3HayeHHus:

=x0k+xf+-~'+x§ (k=0’ 1, 2, "')v
tk=x§yo+x’1cy1+'°'+x£yn (=0, 1, 2, ...).
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[Ipeo6pasys cucremy (3) M HCHO/b3ys BBeLeHHbI@ 0603HAauyeHHd,
OyneM HMeTb

@gSg + a8+ agsy+ ... a5, =1,
oSy + a8+ agsg+ ..o Fa,s, =1,
@oSq+ A1S3 - AgSat o oo A pS 0 =1, (4)

——

R S e e s e e e s @

aosm+ alsm+1+ azsm+n+ e ’+ ams2m= tm’

N s—

rae so=n-1.

MoxHO 10Ka3aTh, YTO €CAM CPenH °*TOYEK Xq, Xy, .+4 , X, HET
COBNAjAOIIMX H m< 7, TO ONpeleJHTeNb CHCTeMH (4) OTJHYEH OT
HyJasl M, CJeNOBaTe]bHO, 3TAa CHCTEMa HMeeT EIMHCTBEHHOe pelleHne
ay=ag, a,=ay, ..., a,=ay, [3]. Tomnom (1) ¢ Takumu xosddu-
uveHtaMu 6yner o6/1alaTh MHUHHMAaJbHHLM KBaJAPaTHYHHM OT-
KAOHeHHEeM Spin.

Ecan m=n, 1O anmpokcMMHpylowmM# nonuHoM Q, (x) cosnapaer
C moJuHOMOM Jlarpamka IJs CHCTEMHl TOYEK Xg, Xy, «.. , X,, PHYEM
Smin=0.

Takum o6Gpasom, anmpokCHMHpOBaHHMe (QYHKUHH npexncraBaser coBoit
6osee OOWMA mpouecc, YeM HHTepnoaupoBanue, Ilpu paGore Ha
CYETHO-3/IEKTPOHHBIX MAalIMHAX JAJd pelleHdus JHHeHHOH cucteMu (4)
BLIFOJHO HCNO/b30BATH MTepalHOHHbie Mertois [2]. B wacthocTH, Tak
KaK MaTpuIla cHcTeMbl (4) IOJIOXKHTEJbHO ONpene/NeHHas, TO IJs 3TOMH
cucTeMnl Gyner cxomsuimMcs mpouecc einens [2). )

JIlns cocraBneHust cucteMnl (3) pexoMenayercs cxema cnocoba Hau-
MEHbIINX KBaJpPAaTOB, NpHBeleHHas B Tabauue 1, rae npuuato m=2,

m?

Ta6auna 1

Cxema cnoco6a HaWMeHbLIHX KBajapaToOB

x° X x2 x3 x4 Y Xy X2y
2 3 4 2
1 Xo Xo Xo Xo Yo XoYo | XoYo
2 3 4 2
1 X1 x1 X1 X1 Y1 X1Y1 | X1Yy
2 3 4 2
1 Xg Xg Xg X3 Y2 Xolfa | XaolYs
2 s 4 2
1 X3 X3 X3 X3 Ys X3Ys | X3Ys
2 3 4 2
1 Xa Xy Xa Xa Ya XalYa | Xala
Sp sy Sg s3 A to t ty
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Opumep 1. TMonoSpars . aNOPOKCHMUPYIOWHI [OJAHHOM BTOPOH CTeleHU
y=ay-+ayx-+a,x? pasa nanueix [3]:

x 0,78 | 1,56 | 2,34 | 3,12 | 3,81

Y 2,50 11,20 1,12 ]2,25 | 4,28

PemeHne. Boluncaenus, KoTopele HaM HYXKHO NPOH3BECTH, PACHOJONKHUM
no cxeme (ans m=2, n=4), npuBejeHHoll B Tabauue 1.
Ona pausoro mnpuMepa moJyuaeM TaGauuy -2 (BbIYHCJIEHHS TPOBOJATCA
C TpemMa HECATHYHBIMH SHAKAMH).
Ta6anuna 2
Bbiuncaenus no cnocoGy HaWMeHbLIMX KBAAPATOB

x0 x x? x3 : x4 y xy x2y

1{ 0,78 0,608 0,475 0,370 2,50 1,950 1,520
1] 1,56 2,434 3,796 5,922 1,20 1,872 2,921
1] 2,34 5,476 12,813 29,982 1,12 2,621 |. 6,133
1] 3,12 9,734 30,371 94,759 2,25 7,020 | 21,902
1] 3,81 14,516 55,306 210,717 4,28 16,307 | 62,128
51 11,61 | 32,768 102,761 341,750 11,35 29,770 | 94,604

Otciofa cuctemMa Jns onpejesieHHsi KO3DHUHMEHTOB dy, @y, ds, UMEET BHUJ
5a,+ 11,6la,+ 32,768a,=11,350,
11,61a,4 32,768a, + 102,761a, = 29,770, (5)
32,768a, - 102,76 1a, 1 341,750a, = 94,604.
Pemus cucremy (5), 6yneM uMmerb: ay,=>5,045; a;= —4,043; a,=1,009.
CrejoBate/ibHO, UCKOMBIHl MOJHHOM €CThb
y=5,045—4,043x - 1,009x2. (6)

CpaBHHM HCXOJHble 3HaueHHs IJia Y C COOTBETCTBYIOUIUMH 3HAYEHHUAMU Y,
NoJy4eHHBIMU U3 TPuGAHKeHHOH “dopmyanl (6). CooTseTcTBYIOUME pe3y/bTalbl
npuBefieHsl B Tabauue 3.

Ta6nuuwa 3

MorpewHocTH BLYHCJAEHHS NO crocoby
HAMMEHbUIHX KBajPaTOB

7 |7-y

0,78 2,50 2,505 0,005
1,56 1,20 1,194 | —0,006
2,34 1,12 1,110 | —0,010
3,12 2,25 2,252 0,002
3,81 4,28 4,288 0,008
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B o6wem cayuyae, koraa anmpOKCHMHPYIOIUMH NOAMHOM AJA JAHHOMH
dysxunn f(x) aBasercs 0600LUIEHHBIM!

Qp (X)) =P (X) + €191 () 4 . o« +€,0,, (%),

RS HAXOXJEHHS ero KO3(PQUUHMeHTOB €y, €y, ..., C, MO CNOCOOY Hau-
MeHbIIMX KBaAPaTOB MPHXOAMTCS MHHHMH3HDOBATL CYMMy KBaapaToB

= 2 [0 (%) + €401 (£) + -+« 0 (£) —F (%))

rae Xg, Xy, « .., X¥,—3alaHHasA CHCTeMa ToueK. Mcrmone3ys neoGxoaumsie
yCNOBHSA SKCTpeMyMa ¢dysKuuM, TOAyYaeM cuUCTeMy ypaBHeHuid
198,

T B, —2 [co®o (X)) + €19y (X)) + on 4P, (%)) —

—f(x)] 9o (x)=0

e = B ot (e 6y () )=
r 7
'—f(xz)] 31 (x,)=0 "
1 oS,
7_____Z[c‘,cp(,(x)+c1cp1(x)+ P (X)) —

'_'f (xz)] q)m (xl) = 0' y,
Beoast cokpatueHHble 0603HaUYeHHS

(@ 9) =2 @ (¥) ¥ (%)),
cucremy (7) npHBOAMM K BHIY

o (Por Po) T+ €1 (@1, Do)+« €0 (P Do) = (/) @),
Co(Poy @)+ C1tPy, @)+ .o F (P, @)=(f, 9y, (8)

Co (cpo, (p,,,)+cl (q>1, q),,,)-l— -I—c ((P.m fP,,.)—-(f. cp,,,)
U3 sTolt cucTeMbl onpenensioTcs KOIPPUUHMEHTH €y, €y, «u., C
MTpumep 2. dyuxuuo

m*

2
Fo=1—%

1o cnocofy HaHMeHbLIMX KBAAPaTOB aNMPOKCHMHPOBATh Ha npoMexytke [0, m]
TPHI'OHOMETPHUYECKHM TNOJHHOMOM
Q (x)=cy+cycosx

JJISL CHCTeMEBI ToYek xy=0, x; =n/3, x,=n/2, x3=2n/3, x;=m.
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Pemenne, INonaras
P (x)=1, @ (x)=cosx,
COCTaBJIsieM tabauny 4 u tabauny 4a.

Ta6nunua 4
3HayeHus ocHoBHBIX ynKumil B yasax
annpoKCHMHPOBAHHUS

x QD | 01(®) | 03x) |00 () 0s (%) ©3(x)

0 1 1 1 1 1

7/3 1 1/2 1 1/2 1/4
/2 1 0 1 0 0
27/3 1 —1/2 1 —1/2 1/4

b4 1 — 1 —1 1

> 5 0 2,5

5,
Ta6aununa 4a

BcnomoraTedbHble BLIYMCAEHHS
Ui HOPMAJbHONH CHCTEMBI
cnoco0a HaMMeHbIIUX KBaJAPaToOB

x Fxy () @0 (x) | F(x) @y (x)
0 1 1 1
/3 8/9 8/9 4/9
/2 3/4 3/4 0
2n1/3 5/9 5/9 —5/18
n 0 0 0
> 115/36 7/6

Orcioga HaxonuM!
(‘Po: (PO) =5’ (f’ (Po) =1 ]5/36:
(o ®1)=0, (I, ¢)=7/6.

(P1, 91)=2,5,
CuaenoBaTeqbHo, cuUcTeMa AJs onpepesennss Koah(OHUMEHTOB ¢y U ¢; HMEET BHJ
115 7
500='¥ ) 2,561=€ N

OTKYZAa co=§—2 =0,64; c1= 1—75 =~ 0,47. Tagum oGpa3om,

Q (x)=0,64-40,47 cos x.
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§ 5. dyHKUUM, OPTOroHAJNbHLIE HA TOYEYHOM MHOMKECTBe

Eciu CTenenb anmpOKCHMHUPYIOLIEro MOJMHOMA CPABHUTEIbHO BENHKA,
TO BHYMCJEHHS MO CnOCOGYy HaMMEeHbIIHX KBALPATOB CTAHOBATCA FPOMO3I-
KAMH. B 3TOM ciyyae HHOrZa BHIFOXHO MCI0Jb30BaTh HOBHH METOX
MOCTPOEHUSI AMMPOKCHMHPYIOUIETO MOJMHOMA, OCHOBAaHHHIH Ha INOHSITHH
OPTOTOHAJNbBHBIX (PYHKIHH

Onpenenenue 1, dynkuun @ (x) B P(x) Ha3LHBAIOTCA OPTO20-
HaabHbLMU Ha MHOdcecTee Touek X={X,, X1, X5, «e., X,}, €C/H

go @ (%) P(x) =0.

Hanpumep, dynxunn ¢ (x) =3x2—15x+410 u P (x) =2x 45 opro-
roHa/spHel Ha cHcTeme Touek x,=1{ (=0, 1, 2, 3, 4, 5). B camom
nene, Tak Kak

P(0)=10, p(l)=—2, ¢(2)=—38, ¢(3)=—38, ¢ (4)=—2,
¢ (9)=10,
P(0)=5, P(1)=—3, $(2)=—1, $(3)=1, P(4)=3, P (5)=5,

TO
Zolx) ¥ (x)=0.

Cucrema ¢ynkunit {@,(x)} HaswBaercs OpTO20HAALHOL Ha OaAHHOM
muoncectée X, ecnu (PyHKUHH CHUCTEMB! MONAPHO OPTOrOHANBHE MEXLY
co60oft Ha 3TOM MHOXecTBe X.

Ouesupno, $ynkuus ¢ (x) obGpamialomiascs B HYJIb B TOUYKAX X,
X1, +++y X,, OPTOTOHA/AbHA HA 3TOM MHOXECTBe TOYEK K JIOGOH Apyroii
¢yunkuun, Tlostomy Bciony B nasibHefiieM GylneM INpennoJsiaraTh, YTO

2 ¢t (x) >0,

i=0

T. e. He Bce ToukH x; ({=0, 1, 2, ..., n) sABAsIOTCH HyJAdAMH pac-
cMatpuBaeMbix GyHKuu# @ (x).
Onpenenenne 2. Hazosem Bemnunny

1/ S e a=lol

Hopmotl pynryuu ¢ (x) xa muoxectee X.
Eciu cucrema {¢,(x)} oproronanbHa na MHOxectBe X W mis Bcex
.k BBINO/IHEHO DPABEHCTBO

| e (%) |=1,

TO Takasi cHcTeMa (PyHKUHMI HA3BIBAETCH OPTOHOPMUPOBAHHOL,
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Jlerko BumeTh, 4TO ecau cuctema ¢ynkunii {@,(x)} aproronanssa
Ha MHOXecTBe X M He COXePXUT (YHKUUH C HyJeBOH HOPMOH, TO CH-
crema dynkunit {@, (x)/|| ¢, ||x} —opToHOpMHpOBaHHas Ha X.

Onpenenenne 3. Pynkunu f,(x) (k=0, 1, 2, ..., m) Ha3H-
BAIOTCS AUHEUHO He3aBUCUMBIMU Ha mHONecTEe X ={Xy, X, Xg, . .., X,},
€C/IM OHM OmNpelie/leHbl Ha 3TOM MHOXeCTBE M M3 PaBeHCTB of, (X;) +

‘o fi(x)+ ... 4a,f,(x)=0 (i=0,1, 2, ..., n) crenyer, uTO

Bce nocrosunbe @,=0 (=0, 1, 2, ..., m). B npotusHom cayuyae
byukunn f, (x) nasmiBaloTCs AuneldHo 3asucumoimu Ha X.

Jemma. Dynkyuu @, (x) (k=0, 1, 2, ..., m), oprozonarsHbie
Ha muoscecTee X ={x,, Xi, Xp, ..., X,} U UMeIOUUE HeHYALBbLE HOD-

Mbl, AUHEHO HEe3ABUCUMbL HQ 3TOM MHONECTSE.
Hokxasateabcrtso. [lycre

Qoo (%) + 039y (X;) + Aoy (X)) + ... -+, 9, (x,)=0 (1)
(=0, 1,2, ..., n).

Ymuoxas o6e yactH paBeHcTBa (1) Ha Qg (x;) U CymMMHpys 1O BCeM X,
NOJy4HM

Qg igo @5 (%) +0y igo P (%) Po(x)+ ...
ety B0, () @ (£) =0, @

B cuay oproronanbnoctu ¢yskuuit ¢, (x) (=0, 1, ..., m) na mHo-
wecTBe X Bce CyMMbl B paBeHCTBe (2), HauMHasi CO BTOPOH, PaBHH HYJIIO,
INostomy

n
ay X @3 (x,)=0. (3)
=0
Tax KaK Mbl npennonaraem

9ok = 2 4 (60>,

T0 n3 paseHcTBa (3) umeem a,=~0.

Ananornuno nokaswBaercs, uto a,=0 (k=0, 1, 2, ..., n).

Taxum o6pa3oM, GyHKIMH {@, (x)} /MHEHHO He3aBHCHMbHI Ha MHOXe-
cTBe X.

3ameuanue. [loHsaTHe JHHEHHOH HE3aBHCHMOCTH (YHKUMH JICTKO
NepeHOCHTCs Ha Clyyad crcrtemsl dynkumit {f, (x)} (k=0,1,2,..., m),
onpele/ieHHbIX HA KOHEYHOM MM GecKOHeyHOM mpomexyTke @ < x < b.
A wumenno, dynkunn {f, (x¥)} suueino nesasucumer na (a, b), eciu

TOXACCTBO
m

2 a,fy (%) =0 npu x€(a, b)
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uMeeT MeCTO JIMUIb TOTAa, KOTAA Qg =0,=0,= ... =0, =0. Oue-
BuAHO, ecan dynkuuu f, (¥) (B=0, 1,2, ..., m) mmHeHiHO HE3aBHUCHMH
Ha HEKOTOPOM TOuYeyHOM MHOxecTBe XC(a, 4), TO oM OyAyT TaKwe
NuHe#HO He3aBHCHMBI Ha npoMexyTke (a, b).

PaccMoTpuM cHCTEMY NOJIHHOMOB

Po(x)' Pl(x)’ ey Pm(x)o (4)

OPTOrOHA/MIbHLIX HA NAHHOM MHOWecTBe X={Xy, Xy, «.., X}, T. €.

t_;o P;(x,) P, (x;)=0 npu j~&, (5)

H TAKHX, 4TO
n
s;=|1P ||k =l§0 P} (x;) > 0.

Byaem mpeanonarath, 4TO HHIEKC moauHOMa P, (X) B TOYHOCTH COOT-
BETCTBYeT ero CTeleHH.

B cuny nemmbl noamdomm P,(x) (j=0, 1, 2, ..., m) Auneiino
He3aBuCHMB Ha X M, C/eNOBaTe/NbHO, JIHHEHHO HE3aBHCHMHl TaKKe Ha
uutepsane (—oo, oo). [loatomy mwoGo#i nomunom Q, (x) crenend ue
BblIlIE / MOXET ObITh NpPeACTaB/IeH B BHAe JHHEHHOH KOMOMHAUMH MOJH-
HOMOB (), T. e.

Qn (%) =boPo (%) + b1Py (%) F- .« o« +0,Pp (%), (6)

rae by, by, ..., b,—HeKOTOpHE MOCTOSIHHbIE YHC/IA., JTO MpeacTaBsle-
HUE Ha3LIBACTCH pasaoicenuem nosuroma Q, (x) no cucreme (4). Kosdpdu-
uueHTol by, by, ..., b, pasnoxenns (6) Moryr OHWTb HaljedHn MNyTeM
NOC/IeIOBATE/AbHOIO Je/IeHHS.

Mpumep 1. IHonuoM Q, (x)=x3 pasaoxurs no cucreme OyHKUUA
Py(x)=1, Py () =x—1, Py (x)=x2—x, Py(x)=x3—x3.
Pemwenue, Jeas x3 Ha x3—x2, umeem
x8=1 (x3—x2) | x2.
Janee, pasfenus octatok x? Ha x2—x, moJyuum
x=1x2—x)+x.

Hakoneu, npoussoxsa paesieHHe HOBOrO oCTaTka X Ha X — 1, Haxogum
x=1(x—1)41.
Takum obpasom,

=1 (x3—x)+1(x2—x)+1 (x—1)+1.

B cayyae, ecan mosmnomm P;(x) (fj=0, 1, ..., m) OpTOroHa/IbHH
Ha MHOXeCTBE TOueKk X, MOXHO NaTh fABHHE (popMy/s A Ko3dduiuues-



30 NPUBJIMKEHHE ®YHKIIUH [ra. 1

TO0B by, by, ..., b, pasnoxenns (6). lag atoro ymHoxum ToxAECTBO (6)

Ha MoMMHOM P, (Xx) (A<{m) H NMpPOCYMMHpYeM IIOJyYEHHOE PAaBEHCTBO MO
CHCTEME TOYEK Xg, Xy, ey X,. TOrIa

n n
igo Qu (%) Py (%;) = b, ;zo Py (%) Py () + b izo Py(x) P (x)+ ..o
n m
cee +bki§0 Pi(x)+ ... —]--b,,,izo P, (x;)P,(x,).
Orciona, yuuThBas YC/IOBHS OPTOTOHA/JbHOCTH (5), HAaXOZMM
n n
2 Q (%) Py (%) =, 3 PE(x)),
= L=

H, CJle0BATENbHO,

g:o Qum () Py (%))

b, = (=0, 1,2, ..., m). (7)

._2 P} (x)

Kosdduumentr b, (=0, 1, 2, ., ., m), Briunciensse no popmynam (7),
HasbIBAIOTCA Koapppuyuentanu Pypve noaunoma Q, (X) oOTHOCUTeAbHO
dannoil cucrembr oproeonasbHuix Ha X pynxyui Py (x) (k=0, 1,
2, ..., m). Ecym 3ta cucrema oproHopmupoBaHa Ha X, T. e.

DPi(x)=1 (k=0, 1,2, ..., m),

i=

=

T0 opmyns (7) npuuuMalor Gosiee MpPOCTOH BHA:
n
by= NQu(x)Pp(x) (£=0,1,2, ..., m). (7")
=0

Mpumep 2. Monunomst Py (x)=1, Py (x)=2x—5 1 Py (x)=3x>—15x+ 10
OpTOroHalbHHl Ha cucTeMe Touek ¥g=0, x;=1, ¥;=2, x3=3, X4=4 H x;=5.
Pa3Ji03xHTh MOJHHOM

Qy (x)=x3—3x+6
1O 3TOi CHCTEME.
Pewesnue. [Tonaraem

Q2 (x) =Py (x) +b1 Py (x) + by Py (x).

3anumeM peaysibTaThl BHYHCJEHHE B BHAe TaGuuubl 5 u Tabanub 3a.
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Ta6auma 5
BHaueHMsl OPTOrOHAJBHEIX NOAHHOMOB Py, (x) (=0, 1, 2)
H HX KBajpaToB P,i (x) B yaaax annpoxcuMauHH

£ | Po(x) | Py(x) | Py(x) | P} (%) P2 (x) P2 (x)
o 1 | =8| 10] 1 25 100
1 1 -3 | —2 1 9 4
2 1 | —1| =8| 1 1 64
3 1 1| —81 1 1 64
4 1 3| —2| 1 9 4
5 1 5 10| 1 25 100
> 6 70 336

Ta6auuma ba

Ta6auua ana onpepeieHuss koahduuHeHTOB
dypbe moanHoma Q, (x)

X | Qe(®) | Po(x) Qz(x) | Py(x) Qs (%) P, (x) Q. (x)
0 6 6 —30 60
1 4 4 —12 —8
2 4 4 —4 —32
3 6 6 6 —A48
4 10 10 30 —20
5 16 16 80 160
2 46 70 112

31

Orciona coryacko dopmydae (7) Haxogum: b, ==46/6=23/3, b, =70/70=1,
by, =112/336=1/3. CnenoBareibHo,

x3—3x+6=2?3 Py(x)+ Py (x)—l—% P, (x).

Kak nerko NPOBEPHTH, TOT K€ pe3yJibTaT Mbl INOJYYHM, HCMOJb3ys METOA MO-

CcJe10BaTe/JIbHOro JaeJIeHusd

Bepuemcs k 3amaye annmpokcHMHpOBaHHMS 3aZaHHOH dyHkuuH y = f(x)
Ha MHOWecCTBe Touyek X ={xy, X;, ..., X,} TMOJIHHOMOM NaHHOW CTeme-

HU m (m < n).

Hckomuit nonusom Q,, (x), A KOTOPOro KBaIPaTHYHOE OTK/IOHEHHE

Sp= B[Qn (%) —F () = min,
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OyneM uckath B Buae 0GOGILEHHOrO MOJHHOMA
Qm (X) = cOPO (x) "I_ clpl (x) + L + Cmpm (X),

rae nosuHomu {P,(x)} (=0, 1, 2, ..., m) OpPTOrOHa/JbHE Ha CHCTE-
Me toyek X. Orciona

= lcoPy(¥) + Py (X) -« +epPp () —F (2]

M3 Heo6Gxomnmoro ycjoBHS MHHHMyMa S, Aas onpeneienns kospduuu-
entoB ¢, (=0, 1, 2, ..., m) nmeem cucremy m-1 ypaBHenu#t
1 a8 n
5} 00: = Z[Copo () +eP(x)+ .0+
i=o

F e P () —Ff ()] Py (x)=0 (=0, 1,2, ..., m)

nau
coZP (6 Pyle) -+ e; 2 Py )+
+ck,§Pz<x,~ e ZP ) P, (x)—z,fwi ) Py ()
(=0, 17 2, ..o m)'
B cuny oproronansroctn cucremn {P;(x)} (j=0, 1, ..., m) nmeem:

}3 x)Py(x)=0 npn j#£k

H, KpoMe TOTO,

D Pi(x) = P I >O.

=0

CnenoBaTtenbHO,
n
D) [ (x)) Py (x;)
Ckzﬂn——_———— (k:O, 1’ 25 ceey m)' (8)
2 Pi(x)

Takum o6pasom, ¢, fABisOTCH  Koagpuyuentanuy Pypse Gynryuu f(x)
OTHOCUTEAbHO OpTO2OKAAbHGE cucTembt {P,(x)} na X.

Ins nokasaTenbCcTBa TOrO, YTO 3HAa4YeHUs €, NAIOT MHHAMYM BeJMYH-
He §,, cocrapum Bropodt anddepennuan. Tak kax

ack P [Ck Zpk ;f(xi) Pk(xi)],
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azg R 7 1

aede; — | 23 Pi(x) =2[|Py|P>0 npn k=,
=0

CnenoarebHo,

n n
02S
a2S, = 2: 0—q€"dc,§>0 pu Edﬁi>0.

k=a =0

Ha ocnoBanum n3BecTHOH TeOpeMb MaTeMaTHYeCKOFO aHaau3a noay-
uaeM, YTO NPH 3HAYEHUSX C,, OmpenesisieMbix Gopmyuo# (8), seanunna S,
nWMeeT MUHHMYM. Tak Kak 3TOT MHHIUMYM eIHMHCTBEHHHIH, TO HETPYAHO
BUAETDb, YTO OH SB/AETCS HAHMCHbIUMM 3HaueHHeM Ansg S, npn GbHUKCAPOBaH-
Hom m. [lonnnom ¢ koadp¢uuuentamp Pypbe HA3HBAETCH NOAUHOMOM
dypve nas Gyukunn f(x).

TaknM o6pasoM, MOWHO cPOPMYIHPOBAaThH CAeAyIOWMH BHIBOA:

0606ujeH bl NOAUHOM PUKCUPOBAHHO20 NOPACKA m ¢ Ko3duyuenra-
nu Pypve dannod pynkyuu f(x) Ha muomecree X={xy, Xy, ..., %,}
o6radaer HaumeHowUM KBAODATUYHBIM OTKAOHEHUeM OT 3ITOU (yHKyuu
Ha X no CpasHeHul0 CO 6CemMU NOAUHOMAMU TO20 e nopadka m.

Buuncaum pennunny S, nas cayyasi, Korna ¢, ABasioTcs Koadduuu-
entamun Pypre. Vmeem

Sm =20 [COPO (x‘)+ clpl (x‘)+ PP +[mpm(xi)_f(xi)]2=
=§0[03P3 () + P (x) 4+ ...+ BPE(x)]+

+2f2 (xi)"QZ[Cof(xi)Po (x)+ e f(x) Py(x) +
i=0 . =0

. e (5 Py )]
+2 Zo[cocl.v0 (5;) Py (%) + €€y Py () Py (x;) +
F oo, Po (X)) Pr(x)+ o 01 Pr(x) Pu_ ()]
B cuwny oproronanbHocTH cucTembl [P, ()] BHNOAHeHH COOTHOMWEHHH

D P (%) Py(x)=0  nan ko J,
=0
Kpome Toro, .

Eo §(x) Pp(xp)

n .

go Pk (J;i)

Ck’—-—'
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HH

gof(xi) P, (x)=c, 1230 Py (%) = ¢4 || ot

[Tostomy
Sp=c [Pl +c2 I Pll%+ ...+ [P, lI%+ gofz (x,)—
—2c2 || Py ll3 —2¢2 | Py |5 — oo —2¢2 | Py 1% =

=/ g =i I Polx—ct I Pl —- .- —ch I Pallk

v

WM, B COKPALIEHHONW 3amucH,
m
Su=I7 ()l —2 et 1l Pyl

B uactHocTu, ecnn cuctema {P,(x)} oprosopmupoBana, To || P, ||x =1
H, CNeNOBaTeNbHO,
m

Sp=IlFf(®) 53— X ¢z e ck=i2=:0f(xi)Pk(xi).

k=0

'§ 6. Monunombl YeOGrimesa, OpTOronaJjbHble HA CHCTeMe
PaBHOOTCTOSAMX TOYeK

[lycTs mana cucrema 71 paBHoorcTosmux Tovek X = {x,, Xy,..., X,}
¢ warom k. C momompio JmHelHOro mnpeo6pa3oBanusi t= (x— x,)/h
nepeBeJeM 3TH TOYKH COOTBeTcTBeHHO B £=0, 1, 2, ..., n.

Homunomwmt Py, (1), Py, ,(t), ..., Py, ,(f) (m<n) coorBeTcTBeH-
no cremeueit 0, 1, ..., m, oproronanbHpie Ha MHOXecTBe Touyek {0, 1,
2, ..., n} " OTAMYHHIE OT HyJd Ha STOM MHOXeCTBE, Ha3HIBAIOTCA OPTO-
20HarbHbIMU noauHomamu Yeboluesa.

3amerum, 4TO B 0GO3HaueHuw noiumHoMa YeGunimesa P, . (f) nepsuiit
uiHgeKkc & mpencrtamiser coGOH CTemeHb MOJHHOMAa, a BTOPOH HHAEKC
71—4YHCIO0 TOYEK, YMEHbIIEHHOE Ha eIMHHLY,

[Tomuuomn YeGnimeBa MoryT GhITh 3amanni dopmysnoit [3):

n s 4151
Py (=2 (=1 GG oor
s=0 ' (M

(=0, 1, 2, ..., m),

rre ¥W=¢t(t—1)...(t—s+1) v a¥=n@n—1)... (n—s+1)
COOTBETCTBYIOILHE 00OOLIEHHbE CTeNneHH,



§ 6] OPTOTOHAJIbHHE TMOJHHOMEl - YEBLIIUEBA 35
3anuieM HECKONBKO MEPBHX OPTOrOHA/MbHLIX MOJHHOMOB YeGwbimesa:

P (=1, P, ()=1—2L (=1, |

—1
P, n(t)=1—6i+ej§i_l’) (n>>2), @
t(t-—-l) t(E—1)(t—2)

Boanpamaﬂu; K TIpexcHell mepeMeHHOH X, MOJYyYHM CHCTEMY MOJMHOMOB

Pk.n( xo) (k=0’ Loy, m m<”)r

OPTOroHaNbHBIX HA MHOXECTBE X.
Cucrema nonunomoB {P, ,(¢)} He sBnsercs HOpMHpOBaHHOH. MowHO
nokasatb (3], uto

2 = 5 ._(n—l—k-{-l)”‘*l]
1P, (D —Zlopk.nm——-———(zk YU (3)

Paznenus muorounenst P, , (f) Ha UX HOPMbI, MB TIOJYYHM HOPMUPOSAH=
HYIO CUCTemy OPTOSOHANbHbLIX NOAUHOMOE Yebbiuiesa

kn()

Pk.n(t)—”Pk » Ol (k=0, 1: 2: ey m<n)° (4)

INpumep 1. Iloayuute cHcTeMy NOJHHOMOB IO TPeThell CTENEHH BKAWOUH-
TeJbHO, OPTOHODMHPOBAHHLIX Ha CHCTEME TOHeK Xo=1/2; x;=1; x,=23/2; x3=2;
X3=25/2; x5=

Peumwenne. Ilonaras

nepeBeJieM TOYKH X; B IMeJOYHCJeHHHe Toukd (=0, 1, 2, 3, 4, 5. Teneps
B dopmymax (1) npunnmaem n=>5.
MeeM:

Pos (=1, Pyg (£)=1-—0,4¢, Pyg()=1— l,2t+0.3i =1,
Pgs (f)=1—2,4¢--1,5¢ (£ —1)—0,333¢ (¢ —1) (¢ —2).
Hopmbl ¢ynkuuit Py (£) (=0, 1, 2, 3) Buiuucasiem no dopmyne” (3)s

_ 76 /T
IPos =VE  IPs=) so=} 5
8.7-6
1P = Y Eie=2 v,
9.8.7.6 6

HPa,s (t)“= m-—-s—lf_—s—‘.
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Paa)ie.nun NONMHOMBI Ppg () Ha UX HOPMEL U Mepexojs OT NepemeHHOl { K me-
peMeHHOl X, HOJYYHM HODMHDOBaHHYIO CHCTEMY OpPTOTOHAJIBHBIX IOJHHOMOB
Yebuimena:

Post=—=. Paw=V 3 [1—0,8 (x—-%)]

Praw=gorsr [1—24 (x5 ) +08 (x5 ) (x=3)]-
bt =BT [imsa(s-3) 3 (+=3) (+-3)-

(o) (--3) ()]

Ecan  ¢ysxuus y=:f(x) 3amana Ha MHOXecTBe y3/M0B X =
= {Xg, X4, ..., X,} C Warom h, TO HAHAYYIUHHA KBAAPAaTHYHO AMNPOK-
cumupyoiuit ee Ha X NOJMMHOM CTeneHd m GyLerT UMETb BHI

Qu () =k:2; ¢4 Pen (522), (5)

|
=

rae
D F ) Prn ()
=0

ck_—_—llpk,n(t)llz (k=0,1, 2,...,m (6)
—— Koapduuuenth ®Pypre GyHKUHH f(X) OTHOCHTE/NLHO CHCTEMbI OPTOrO-
HaAbHBIX MOJMHHOMOB YeGhimesa P,  ((x—x,)/h) (=0, 1,2, ..., m).

U3 dopmyn (5) u (6) cnenyer, yto nonunom Q,, (x) ne uameﬂmca ecad
OpTOroHa/bHHE NOJMMHOMB UebbiLieBa Pk'n((x—-xo)/h) (k=0,1,2,...,m)
YMHOXKHTb Ha HEKOTOpble MOCTOSIHHBIE MHOXCHTE/H, OT/IHYHBE OT HYJf.
ItuM 06GCTOATENLCTBOM MOJB3YIOTCA NPH BHIYHC/IEHHAX, YTOOH MOJAy4aThb
Le/ble 3HaYeHHA MOAH(PHUHPOBAHHBIX OPTOrOHANbHLIX MOJMHOMOB Ye6H-
meBa B Y3/aX annpoKCHMHPOBaHHA.

B wacTHOCTH, eciiM BOCHOJB30BaTbCS HOPMHPOBAHHBIMH OPTOTOHA/b-

HbIMH nOAHHOMamMH YeOwimieBa pk'”(t), TO OyleM HMETh

Q,, (%) =§;E p,, ( "‘“), (7)

rae

zk=§f(x,)i>,m(i) (=0, 1,...,m). (8)
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Mpumep 2. Ilonyunts no cnoco6y HaHMEHbLLIHX KBAAPaTOB MOJHHOM
nAToil cTeneHH, NpuBIHKeHHO MpeAcTaBAAOMMN Ta6aHuHY0 dyHkuuo [3]:

% 21 | 2,4 | 27

0 0,3 |0,6 \0,9 L2 1,5 ‘ 1,8

0,855|0,514| 0,037

y‘1,300 1,245 (1,095

—0,600‘—‘1,295 —1,767 | —1,914

Pemenune. 3pece m=5, n=9. Ilonaraem f=1x/0,3.
Jas yno6cTBa BHIKJAAOK BOCNOJb3yeMcs MOJHHOMaMH

Pk n(t)=pk n Pk n(t)
OT/IHYAIOUHUMACS OT OPTOrOHAJbHEIX NONHHOMOR Yebnimesa Py  (f) auwb wucso-

BbIMH MHOXHTEJNISIMH Qp ,,_Ph n (0), nopo6paHubIMK TaK, q’roﬁbl ANf UeJIOYHCNEH-
HBIX 3HaueHWH aprymeHTa f 3HayeHHA Pk n (#) ObIIM TaKiKe 1eJ0UHCJIeHHBIMH.

[Monaraem
b
Q=2 bePrs ()
~_ Cp - S . - Y ’
rae b,,=;—, Cp= Z YiPpoli)y Sp= 2 Pk, 9 (). 3HaueBna nOJAMHOMOB
k i=0

P,z o (1) mpuBeaeHn B npusioxenun 1.
BuluKC/IeHHs PacniONoOXHM TaK, KaK NoKasaHo B Tabauue 6.
OTciona annpoKCHMHDPYIOWHA NOJHHOM HMeeT BHA

Q (t)=— 0,053+ 0,202P  , (1) —0,057P 4 (£)—0,005P; 4 (1) +

+0,005P, 5 (#)—0,002P; , ()
HJINn
Q (t)=—0,053+1,818P, 4 () —0,342P, 4 (£)—0, 210P3 o (1)

+0,090P, 5 (1) —0,012P; 4 11).

Mpumep 3. Mo cnocoby HauMeHbIIMX KBAAPaTOB MOJYYUTL NOJHHOM
TpeTbel CTeNeHH, annpoKCHMHpYoWnid dynkuuio y=f (x), 3anannyto Tabanuei

x|0]0,05]0,10|0,15 0,20 0,25} 0,30 | 0,35 | 0,40 | 0,45 | 0,50

AR 0,040'0;080 0,119/0,158|0,197 0,236 0,274' 0,311 | 0,347 I 0,383

Pemenune. choMmﬁ MOJIHHOM HINEM B BHAE
Qs ()= Qs (1) =CoPo,10 (1) +C1Py,10 () + 2Py 30 () +65P3 1 (8), ©)

rpe t=(x—xy)/h=x/0,06=20x n Pk 10(®) (k=0, 1, 2, 3)——1'IOJIHHOMLI Ye6rl-
weBa (4), OPTOHOPDMHPOBaHHbe Ha_ MHOXKECTBE TOYEK {0 1, .

Koapduuuents ¢y, ¢,, ¢, H Cs B paBeHcTBe (9) HaXO,IlHM no QopmyJe

5,,:20 YiPmu ()  (m=0, 1,2, 3), (10)
i= ’
rae y;=[(x;). '
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3HayeHHSI OPTOHOPMHPOBAHHBIX MNOJHHOMOB YeGhilleBa B LEJOYUCHEHHBIX.
Toukax (£=0, 1, 2, ..., 10) GepeM H3 COOTBETCTBYWOIUX Ta6/HuL *). Brimnmem
aTH 3HaueHHud (tabauua7) pasn=10um=1, 2, 3, ocraBjisi B HAX 4 3HAKa nocje
3ansToil (tTabauubl aecsAtHuHble). [locTpoeHHe anmpPoOKCHMHPYIOUEro NOJHHOMA
npuBefeHO B TabJjuue 7a.

Ta6bauuna 7
3HauyeHnst OPTOHOPMHPOBAHHLIX NOJHHOMOB YelbileBa

t Prio® Pa,10 () Pg,10
0 0,4767 0,5121 0,4580
1 0,3814 0,2048 —0,0916
2 0,2860 —0,0341 —0,3359
3 0,1907 —0,2048 —0,3516
4 0,0953 —0,3073 —0,2137
5 0,0000 —0,3414 0,0000
6 —0,0953 —0,3073 0,2137
7 —0,1907 —0,2048 0,3516
8 —0,2860 | —0.0341 0.3359
9 —0,3814 0,2048 0,0916
10 —0,4767 0,5121 —0,4580

Ta6auna 7a

TocTpoenne annpoKCHMHUPYIOLLEro MOJHHOMA C NMOMOULbIO
OPTOHOPMHPOBAHHLIX NMoJuHOMOB YelOnimeBa

t y=f@) ’/ﬁl,lo @) yi,g,lo (t) yﬁa'lo (?) D s=y—7/
0 0 0 0 0 0 0

1 0,040 0,0153 0,0082 —0,0036 0,0399 0,0001
2 0,080 | 0,0229 | —0.0027 | —0.0269 | 0,079 | 0.0004
3 0,119 0,0227 —0,0244 —0,0418 0,1191 0,0009
4 0,158 0,0151 —0,0486 —0,0338 0,1592 [—0,0012
5 0,197 0 —0,0673 0 0,1970 0,000
6 0,236 | —0,0225 —0,0725 0,0504 0,2352 0,0008
7 0,274 | —0,0523 —0,0561 0,0963 0,2727 0,0013
8 0,311 | —0,0896 —0,0106 0,1045 0,3097 0,0013
9 0,347 | —0,1323 —0,0711 0,0318 0,3406 0,0794
10 0,383 | —0,1826 0,1961 —0,1754 0,3708 0,0092
2 2,145 —0,4033 —0,0066 0,0014

*y JI.II. Tpa6aps, Tabauusl nosuHomoB YeGbllieBa, OPTOHOPMUPOBaH-
HbBIX Ha CHCTEMe pPaBHOOTCTOALMX ToueK. Bruuucaureabunit uenrp AH CCCP,
Mocksa, 1965.
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Orciona, yuutsiBas, ut0 Py (8)=1 u Py o ()=1/1Py s (t)=1/VTI,
6yneM umeTb

n
1 1
CoPo w0 ()= Z Y; V—_.-V.—_l_l=ﬁ2 y;="0,0909 2 Yp

U, CJIei0BaTeNbHO,
Q3 (£)="0,1950—0,4033P, 1, (£)—0,0066P, y, (£)+0,0014P; 1 ().  (11)
Tak kak '

P )
Py ()= 00
ko (V= 1]
TAS . . . ¢
(P11l =2,0976,  [[Pg14ll=1,9528, ||P;s ol =2,1833,
TO HMeeM

Qs (£)=0,1950—0,1919P, 15 (£) —0,0034P, 1o () +-0, 0006Ps, 1 (£)=

5

66 t(t—1) t(t—1) (t—2)
40,0006 [1—?+ b L) ] (12)

=0,1950—0,1919 (1_i) —0,0034 [l__+t(t—l)] N

TMonaras t=20x, OKOHUYaTe/bHO MOJyYaeM
Qg (x)=0,1333x3 4 0,0093x2 - 0,7938x + 0,0003.

B nocsegHux aByx croabmax TaluHubl 7a NpHBeJeHb! 3HAYEHUS TOJHHOMA
y=Q3(f) B Toukax ¢{=0, 1,..., 10, Boiyucienusle no gopmysae (12), u coor-
BETCTBYIOLLHE Pa3HOCTH =Yy —y.

§ 7. NurerpajanHoe KBaApaTHYHOE AMNPOKCHMHPOBAHHE
¢yHknuii Ha OTpe3ke

B uHTEerpanbHOM cnocoGe HaMMeHbLIMX KBaApPaTOB 3a MepPYy OTKJOHe-
nust GyHKunu f(X¥) OT MoJHHOMA

Cote X+ ... -{—c,,,x"":Qm (%)
Ha oTpeske [a, b] mpuHHMaeTcH BenMuMHA

b

=§1Q, (0 —f (0 ax.

OuesuaHo, /,, ectb OyHKUHA KOIDPHLMEHTOB Cq, Cq, . .. , Cpp. Host HARITYY-
el KBafPaTHYHOH anupoKCHMALUH 3TH KO3DPHUMEHTH HyWHO NOA06paTh
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Tak, 41o6n [, MPUHMMaNO CBOe HauMmeupuiee 3Hauenne. Otcloma nosy-
yaeMm CHCTeMy ypaBHeHuﬁ

b
A;%[c S[Q (x)—f (x)]dx =0,

b
T ={lw—rwlxar=o | 0
. . oh 0 . o' . e . . . . . .
5= {10, ) —r 5" ax=0

U, yYUTHIBadA, YTO
b

bk+l_ak+l

E+1 (k=0, lv 2,...,”1),

Sp= Sx" dx =
J .
GyaeM HMETh:

b
§0Co+ $1€1+ oo A8,0,,= Sf('x) dx,

%
8100 +SaCy v e +Sne1lm S xf(x)dx, » @)
a

. e e & o

b

SpCotSmi1Cit oo+ SapCp= S x" f(x) dx.

a

L N

HeTpynso yGeauThcsi, 4TO CHCTeMa (2) UMeeT eIMHCTBEHHOE pelIeHHe.
Ioka3eisaercs [2], uTo pewresus ¢y, €y, ..., C, JAIOT HAUMEHblLIEE 3Ha-
yeHue Beauyune [ .
Mpumep 1. Haiith naunyymyno KBafpaTHUHYIO anNpPOKCHMAUHMIO MOCpef-
CTBOM TIO/IHHOMA BTOpO# cTenenu dynkuud f (x) =V x ua orpeske [0, 1].
Pemenue, Tak kak

1
1

L, L

S‘xdx—k T

[

T0 Kodppunmenrsr nosunoma Q (x)=cy-+c,x-+cox? oupegmensiiorcs M3 cHCTEMB

1 1 2
Gt ity =7,

1 1 1
Fhtgatge
11 1

Fotgatya=

| v oo

=N e
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Orciona ¢y =06/35, ¢;==48/35, c,= —4/7, u, ciepoBaTeqbHO (pHC. 3),

6 48 4
Q (x)=3—5+§5 x— a2

ITpumep 2. ®dysknmo 3* xBajApaTHYHO aNNPOKCHMHPOBATh Ha OTpe3Ke

[—1, 1] nonuHOMOM TpeTbeil CTeneHH.
Pemenune. Ilonarasg Qg(x)=cy+c1x+cax%+c3x3, nas xoapduuveHTon
nosuHoMa Qg (x) moJyuaeM CHCTeMY ypaBHe-

4} i Huil )
," - =Yz
y /// : 20°+% Cg= S 3*dx,
7 -
V=) | N
1
| %c1+% 3= S x.3% dx,
! -1
! 1
/ 2 2
—_— —_— = 2.3%
r 3co+5c, Sx 3*dx,
! — -1
' 1
g 7% 2 2 3,9%
Puc. 3. FCI'I'T C3= S x3.3% dx
-1 )
HJIH

6c, + 2c,=17,2819, 2¢,-+1,2c,=2,4739, 2¢y+-1,2c, =2,7779, 2,8¢c,+ 2c3=23,5366.
Orciona naxopum: ¢y =0,9944, ¢;=1,1000, c¢;=0,6576 u c3=0,2335.
CuaenoBareJbHO,
Q (x)=0,9944 -+ 1,1000x -+ 0,6576x2 -} 0,2335x3.

B ofuiem cnyyae HaHHYIO HenpepuBHYIO GyHKUMIO f(X) MOXHO an-
NPOKCHMHPOBaTh Ha KOHEYHOM oTpeske [a, b] ¢ moMombio 060GLIEHHBIX
TN0JIHHOMOB

Qu (%) = CoPo(X) + €1P1 (X) + o o o +€,P,, (X),

rae {@;(x)}—3anannas cucreMa nenmpephBHEIX (yHKUME H ¢;—NOCTO-
siHHbie KO3 HUMEHTHI. '

Cornacho cnoco6y HauMeHbIIUX KBaApaToB KodbduuueH-
™ ¢;({=0, 1, 2, ..., m) noubupaloTcs Tax, YTOGH KBajZpaTHY-
HOe OTKJOHeHue mosuHoMa Q(x) or dyukuun f(x), paBHoe

b b
1= Q0 —s () dx = [F e, () —7 ()] ax,

MMeJI0 HauMeHbllliee 3HayeHue,
Ina naxoxnenns munumyma ymkumu [, =1_1(cq, €4, ..., C,), KaK
H3BECTHO, HYXKHO COCTaBHTb BCE YaCTHbiE NPOH3BOIHbIE

ol,,

S U=01,2 ..., m



§ 8] OPTOTOHAJIBHBIE HA TIPOMEWYTKE CHCTEMH OYHKUHH 43

U NPHPaBHATh MX HyMO. DTO HaeT CHCTeMy Ias onpexeleHHs kosddn-
LHEHTOB Cg, Cy, «++y €,

b m
3 on [§=] ¢9: (4)—7 (£)] 9o () dx =0,
b m _
5 =§ [;_‘. ¢19: (%) —£ ()] @1 (¥) dx =0, o
2= [Zew—f (=)o) dr=o0.

BBoms cokpauieHHbie 0603HaYeHHS
b
(o, ib)=Sq>(x)iP(x) dx,
a

cucreMy (3) MOXKHO 3anHcaTb B CJeLYIOLIEM BHIe:

Co ((P09 (PO) + cl ((PI’ (PO) + LU +C ((Pm (Po) = (f) (Po),
o (Por 1)+ €1 (@1, Q1)+ ovv 4, (D, P1)=(f, Py),

. o o . . . . . . . .

((PO’ (pn)+c1 ((PI’ (Pn)+ ¢ +C (cpm q)n) (f’ (pn)

HokaswiBaetcst [2], uTo ecam dynkuun Qg (%), @y (%), «.vy @, (%)
7MHeHHO He3aBHCHMBI Ha [@, b], TO cHCTeMa (4) HMeeT eIMHCTBEHHOE
pellleHHe, KOTOPOE COOTBETCTBYeT HAMMEHbLIEMy KBaXPaTHYHOMY  OT-
KJIOHeHuIo /.

Bamemm 4TO HeyMOGCTBOM MHHTErpPalbHOM KBaXPATHYHOM AMIpPOKCH-
Mauuu sBAseTcss HeOGXONHMOCTb BBLIYHUCJEHHS! ONPENE/IEHHHX HHTErpasios,
KOTOpHE MOT'YT GbITb BechbMa CJIOWHBIMH H Jlawe He BHPAKaTbCA 4Yepes
aneMenTapHble QyHkuuH. B 3TOM cMbicie cmoco6 TOYeyHOH KBagpaTuy-
HOM anmpoKCHMalMH INpelnoyYTHTe/lbHee,

(4)

§ 8. OproroHajbEble Ha NPOMEXKYTKE CHCTEMBI (PYHKUMi

B cnydae, korjma CTeneHb AanmnpoOKCHMHPYIOLIErO IMOJHMHOMA BeJIMKa,
MeTOX OTBICKAHHS TaKOro TMOJHMHOMA, yKasanuoli B § 6, cranosurcs
rpOMO3IKHM H €ro 3aMeHSIOT JAPYTHM MeTONOM, OCHOBaHHBIM Ha wuiee
OPTOrOHaJbHLIX (DyHKUMA.

Onpenenenne, CucTeMa WHTErpUPYeMHX (YHKUHA

Po (x)» P1 (x)» MRS | (Pn (x) (1)
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Ha3bIBaeTCs oprozoHaabHoil wa [a, b], ecanm

(@ )= B () @, (¥)dx =0 nipu m=£ 1,

Yucao

——a Ly ~b
1@n ) N=V(9n ¢.)= ]/S O (x) dx

nasmpaercst nopmod yBHKuHM ¢, (x¥) Ha orpeske [a, b).

Ecan wopmn Bcex ¢yuxunit cucremn (1) paBun eaunnuie, TO 3Ta
CHCTEMa Ha3biBAETCH OPTOHOPMUPOBAHHOL (opTorouaanoﬁ U HOPMHpO-
BanHo#). Jlng OpTOHOPMHPOBAHHOM CHCTEMbl BBHINOJHSETCH YyCJIOBHE

b

§ 0 (1) @, () dx =8,

a

rae d,,—oumsos Kponexepa, 1. e. 6, =0 npu m=£n; §,,=1 npu
m=n.

OueBHIHO, BCAKYIO CHCTEMY, He COmepiauyio QyHKuu# ¢ Hysnesoit
HOPMOH, MOXHO HOPMHUpPOBaTb. [isi 3TOro AOCTATOYHO KaXAYI0 YHKUHIO
paspeantb Ha ee Hopmy. Cucrema Gysxuui

() om0 RO
Yo )= o s Pt = T Gq e e )=
HOPMHPOBAHA, TaK KaK
b b
97 (%) 1 ~
§ vt ax={ ot v = o § et ax =1,
a a

a

INpumep 1. IponopmupoBars cucteMy ¢yHRuui

1, x, x2, ..., x®, ..., (2)
sajaHnylo Ha orpeske [0,1].
Pemenune. Meem
1
Yo (x)=—,.1———.___=1,
) S 12dx
m m . > ..
P (1) =—== ==Vt 1s" (m=1,2, ...)

]/Slxz”‘dx ‘/Qm%f
0

ITocne nopmupoBaHHs CHCTeMa (2) WMEET BHL

1, V3ax V52 ..., V2}ﬁ-i-1x’”, cee
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Ecmn cucrema dyuxunét {9, (x)} oproronannua Ha orpeske [a, b], To
3ajlaya O KBaJAPaTHYHOH aNMPOKCHUMALMH NAHHOH HenpepuiBHOH QyHKUUH
J(x) na samansom otpeske [a, b] ¢ momowbl0 0GOGIIEHHOTO HOANHOMA

Qm (x) = Co(Po (x) + cl(Pl (x) + M +cm(pm (x)

nojfy4yaeT MPOCTOE peLleHHe.
B camom nesie, U3 HEOGXOZHMMOrO yC/IOBHS MHHUMyMa HHTErpana

b
= S [:Z(:. €9 (¥)—f(x)Pdx 3)

IAs onpexeneHus kodpduuuentos c¢; (i =0, 1, 2, ..., m) umeem cuc-
Temy m+l ypaBHeHuﬁ

0w _
dc;

1 S[Zw.(x)—f(x)] @0 dxr=0 (j=0, 1,2, ..., m.(4

[Tocne HecnowHbIX ynpouleuuit cuctema (4) npuHuMaetT BHA
b b

go if @ (%) @, (x)dx = § (0 0, (0 ax. (5)

B cuny oproronanbHocTH cucTeMu {@;(X)} BHimonHeHO paBeHcTBO

b
S‘Pi(x)(P/ (x)dx=0 mpu iz=j.

[Moatomy Bce ciaraembie J1eBOH 4acTH ypaBuenuit (D), 3a HCK/IIOYeHHeM
j-ro, obpawanTcs B Hyab. CnemosartenbHo,
b

b
¢ §op(mrde={r()q,x as.

[peanonaraf, 4y1o cpenu dynkuuit @;(x) (i=0, 1, 2, ..., m) uer
dyHKUMH c ny/JeBOH HopMOH, T. e.

b
o, )12 = ¢} (x) dx >0,

MOJY4YHUM OKOHYATEJNbHO
b

(i mae
=t (J=0,1,2 ..., m) (6)
S@)’ (x) dx

a
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B suamenatene ¢opMmyan (6) cTroMT KBaapaT HOpMH  yHKuUMH
¢;(x), 1. e.
b
(109, dx
a
= — ., 7
A TN i

B cayvae opronopmMupoBannoft cucTeMbl KO3(D@HIHEHTH BLYUCAAIOTCS
0c06eHHO mpocTO!

¢;=§ (09, (%) dx
Jj=0, 1,2, ..., m). (8)

Kosdpuument ¢, onpencisemoe dopmynoi (7), HasbBalOTCH KO-
appuyuenramu dypve pynkyuw f(x) OTHOCHTENBHO 3aZaHHOH OpPTOro-
HanbHOH cucteMbl {@; (X)}.

Hnst moxasatenbcTBa TOrO, YTO 3HAYEHHS C; NAIOT MHHUMYM MHTer-
pany [I,, cocraBum Bropoit nuddepenunan d*,. U3 dopmynn (4) umeem

b
1 021 '
2 ac,a'c”,, =SCP,- (%) @, (x) dx =0 npn j7~k.
a
CnenoBaTebHo,
m
2 /:" l‘2l2/0 ”‘dede——22”q)j(x ”de1>0
:‘ =k I—
npu

m
3 dci 0.
1=0

Ha ocHoBaHuM M3BeCTHOH TeopeMbl MaTEMaTHYECKOTO aHANM3a TNoay-
yaem, YTO MpH 3HAYEHHSAX c; omnpeneaseMpix Qopmynoil (7), HuTer-
pan [, MMeeT MHHHMYM, Bonee TOro, TaK KaK MHTerpan [, MMeeT €NHH-
P MHHHMYM, TO 3HayeHue /,, COOTBETCTBYyIOLlee xoatpqmuuemam
dypbe ¢, dABIAETCH HAUMEHBUIAM B INPOCTPAHCTBE KOIPHUHEHTOB
Cor €1y ooy Cppe

Taxkum o6GpasoM, MOxHO cOpMYyAnpOBaTh CAEAYIOWUH BHIBOL: 0606-
wennbll noaunom o koapduyuenramnu Dypve Odannoid Gyrkyuuw 06aa-
daer HauMEHbUUM KBAOPATUYHOIM OTKAOHEHUEM OT 3TOU (YHKYUU no
cpasgrenuio €o 8cemu Opyeumi, O0O0OUEHHBIMU NOAUKOMAMU TO20 e
nopadka m (cp. § J).
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JlanuM OleHKY OTK/IOHeHHA (3) JJadA Ccayyas, KOrjia c; sIBJISIOTCA
koapduunentamu dypoe. HMmeem

b m

S If (0) =2 e;0; () Fdx=

(=0

IIII

Il

ab m m
= {1 W0 =27 (0 Bep (0)+ 2 clot (0)+

+2 % ;69 (¥) @y (x)] dx.
i<

[lepexoast OT MHTerpaza CyMMBI K CyMMe HHTErpajoB, IOJydYuM
b b

m m b
I, = sz(x) dx-2l§0 ¢; Sf(x) ¢; (x)dx 4 E’C% S @7 (x)dx+

a

m b
+2 igkcick S Q; (X)) @y (x)dx.  (9)

Tak kax
b

b
(rme ar=c,{otmyar (=0.1,2 ..., m

a

b
§9p(0) 9, (x)dx=0 npn £k,

a

TO mocne NpHBedeHHs MOMOOHEIX uneHOB B dopmyre (9) umeem
b

m b
1= r2(x) dx—go ¢t § @1 (x) dx (10)

a

uad, B TepMHHAX HOle(xI dynxuni,
la= 17D P—=F e, (). (11)

Tak xak /,=0, 10 u3 dopmyns (11) monyuaercsa Tak Ha3biBaeMoe
HepasercTgo becceasn

3 etlonr<is ol
B wyactHocTH, mpu m — oo moaydyaem

il (R P () [P

2, (12)

-8

=0
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Ecan cucrema @4(x), @,(x), ..., @,(x), ... OpTOHOpMHpOBaHa,
to ¢opmyan (11) u (12) ynpowaiorcs. B arom ciyuyae
m
In=\ (%) II”—‘_EOIC? (13)
n
m
2 a<lsle. (14)

OtmernM, yrto 0606ulenHuit noauHoM Q, (X) ¢ KosdduuMeHTaMH
dypue obnanaeT BawHHIMH CBOHCTBaMH:

1) npu yBeJMYEHHH YHCIA CAraeMbiX m Mianuine KO3pOUUHEHTH ¢,
Kak caenyet M3 ¢opmyas (7), OCTAalOTCH HeM3MEHHbLIMH, T. €, MpH HO-
6aB/eHNH HOBHIX 4YJIEHOB mNpoOJejaHHas mnpexne pa6ora coxpansercs
NI0/IHOCTbIO;

2) npu yBeNMYEHHM m KBaApAaTHYHAH MOTPELIHOCTDb

b
1,=$1Q, () —f (0 ax

B cuay dopmyas (10) MOHOTOHHO yOLIBaeT B IUMPOKOM CMLICIE, T. €,
L=zlhz=z...=21,=21,.,>2... Taxuu o06pasoMm, npucoenunenne
HOBHIX CJlaraeMhiX YBeJMYHBaeT TOYHOCTh ANNPOKCHMALHH.
Anajiornunsle cBojicTBa AJd NOJMHOMOB Pypbe HMEIOT MECTO TaKxke
B C/lyyae TOYEYHOHM annpoKCHMalHH. '
Ecan cuctema oproronanbubix dyukunit {@,(x)} Takopa, uto Ans
a060il nenpepolgrot dynkunn f(Xx) cnpaBelJIMBO COOTHOLIEHHE
lim /, =0,
m—> o
TO 3Ta CHCTeMa Ha3bBaeTcs noaxod. B npoTmBHOM caydae cucrema
Ha3biBaC€TCH HenoAHOIL.
Ilpeanonaras, uto cucrema {@;(x)} nosnas, u nepexois K npeneny
B paBeHcTBe (11), 6yneM umerb

0=|lf(x)||2—2003 l@: (%) [ 1. e ZOC?H @; (X) [P=Ilf(x)|P. (15)
B uyacTHoCTH, ecan NoJHas CHCTEMa OPTOHOPMHPOBAHA, TO

o
2 ci=lf(x) [P (16)
=0
PasenctBo (15) nasbiBaetcs pasencréom Ilapcesars naM  ycaosuem
noanotet. Ecam ¢; paccMaTpHBAaTh KAK KOMIOHEHTH (GYHKUMH f(X) OTHO-
CHTENBHO OPTOHOPMHPOBAaHHOM cHucTeMbl {@;(Xx)}, TO MOXHO CKa3aTh,
yro paBencTBO IlapceBans (16) sBasercs ananoroMm Teopemul Ilndaropa
B (PYHKUHOHAJbHOM MNPOCTPAHCTBE,
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§ 9. MosATHe O rapMOHHYECKOM aHaJn3e

B xayecTBe npuMepa OpPTOTOHAJbHOH CHCTEMbBI PACCMOTPHM TPHIOHO-
METPHYECKYI0O CHCTEMY

1, sinx, cos x, sin2x, cos2x, ..., sinnx, cosnx, ... (H

IMoxaxeM, yTo 3Ta CHCTeMa OPTOrOHa/lbHa Ha J1I0GOM OTpeske AJHHH 27T,
nanpumep Ha otpeake [—m, n]. Has atoro nposepum oGpaiienne B Hy/ib
HHTErpasos:
n
I. Ssinmx sinnxdx, echu m 1 n—uenne U m==n.,
-7
n
I S cosmx cosnx dx, eCcii m U n—ueave U m== 11,
-7t
n
HI. Scos mxsinnx dx nnsi BCex NeNLX M W 1.,
-1

HehcTBHTENBHO,
n
. . _ 1 [sin(m—n)x sin(m4n)x|n
L. Ssmmxsmnxdx—-a—[ prs— mn _ﬂ—O,
-7
€CAM m U n—ueable H M=£EN.
n
_ 1 Isin(m+n)x | sin(m—n)x|n
II. Scosmxcosnxdx—-ﬁ—[ mn R E—— =0
-7
npu m=~n.

WUnterpan Il o6Gpamaerca B Hyap ha oTpeske [—ax, ] B cuny
HEYETHOCTH MOMLIHTerpaibHolt @ynkuuu. Ilonaras Bo BTOpOM H TpeTbem
unterpanax m=_0, noayyaem

4 L
S l1-cosnxdx =0, S 1.sinnxdx =0,
-1 -

Wrak, Tpuronomerpuueckass cucrema (1) opToronanbHa Ha ©Tpeske
[—=, =), a cnenosatenbro, u ha moGom oTpeske [a, 2m - al.
Boiuncium HopMH dyskuu#l, Bxoasmux B cuctemy (1), Hmeewm:

E ER
”1||=]/S12dx=]/2n, ||sinnx||=]/Ssin2nxdx=V-ﬁ: (2)

-7t -7

n
||cosnx”=1/$cosznxdx=]/:n; (n=1, 2, ...).
-n
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IMycte nmana HempephiBHasi nepuoiuyeckast (pyHKUHS € TepHOJOM 23,
CocraBuM TpuzoHoMmMeTpUHeCKUL NOAUHOM

Qn (%) =2+ D, (a4 c0S kx4 by sin kx); 3)
k=1

cnaraeMble U, =a,/2, up=a,coskx-b,sinkx (k=1, 2, ...) o6uyHO
Ha3bIBAIOTCS 2APMOHUKAMIL.

Ins Ttoro yToGH KBaAPATHYHOE OTKJOHEHHe moJHHOMA Q, (Xx) oT
¢ynkuuy f(x) OHJIO MHHHAMaJbHEM, Koddduuuents @,, a,, b, nomKHH
6niTh K03 duunenTaMn Pypbe GYHKUHN f(X) OTHOCHTENLHO TPUIOHOMET-
puueckoii cucremel. OTclona Ha ocHoBanuu § 8 (popmyna (7)), yuurhiBas
COOTHOWIEHUs! (2), mosayyaem

I

n
ay= = Sf(x) coskxdx, by=— Sf(x) sinkx dx (4)

(=0, 1, 2, ..., m).

Kosdduunentsl a,, b, Ha3LIBAIOTCA TPUZOHOMETpUHECKUMU KOIPDPu-
yuentamu Pypee yHkuuMu f(x), a COOTBETCTBYHOLIUH TPUrOHOMETpHYe-
ckuii nonuHoM (3) —rpuzonomerpudeckun nosurnomom Pypse. CBo60IHBIH
yleH 3aMUCHBAIOT B BHAE Q,/2 mas Toro, 4to6n Ko3dHUHEHT a, mno-
ayyancst u3 nepso#t dopmyas (4) npn k=0,

Ws dopmyn (4) crnenyer: ecam ¢yskuusa f(x) verHas, 10 K0addu-
LHEHTHI

b,=0 (k=1, 2, ..., m),

n
a,,=%5f(x) coskxdx (k=0, 1,2, ..., m), (5)
0
npuyem
m
Q. (x)= —‘-123-|- kz;lak coskx.
Ecnu we f(x)—mHeueTHas QyHKuusd, TO
a,=0 (k=0,1,2, ..., m),
(6)

k14
bk=%5f(x)siﬂkxdx (k=11 2, L] m)’
0

npuyem

m
Q,(x)= D) b,sinkx.
¥=1
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MMoncraasis B dopmyny (3) xoadpduunents (4), npu m-—oo nonyyaem
ana ¢ynkunu f (x) ee Tpuzonomerpuueckutl psd Pdypee

%4- kE (a, cos kx -+ b, sin kx).
=1

[MpencraBneHne ¢QyHKUHMH TPUTOHOMETPHYECKHM TMOJHHOMOM &ypbe HJIH
TPHrOHOMETpPHYECKHM psaoM ¢ypbe Ha3BIBACTCH 2APMOHUHECKUM AHAAU-
3om. B mpocTtefimnx cayyasx kodp@HUHEHTH TPHIrOHOMETPHYECKOIO No-
auHoMa dypbe IaHHOH (YHKUHH HEMOCPEACTBEHHO BHIYMC/SAIOTCS IO
dopmynam (4).

Ecan ke BhHuHcieHHe uHTerpanoB (4) rpomosako uau ¢yskuus f(x)
3agaHa TaGaMYHO, TO AAS BhuMCcAeHHs Ko3ddduuuentoB dypre nMewTCs
pasinyHbie npuGaMkeHHsle cnoco6u. OmMH M3 3THX CMOCOGOB COCTOHT
B TOM, 4TO HHTerpajn (4) BbYHCAAOTCE NpubGAMkeHHOo no ¢opmyae
Tpameun# (cm. [2]).

PaccMoTpum oTmenbHO TpH cayyas.

Cnyuait 1, dynkuus f(x)—uernas. [Ipumenss popmyny Tpaneuni

b
(omndem 22 (Lot +o )+ 405+ 5 05

K HHTerpanaMm (5), mosnyyaem

a, =%. X [%f(xo) cos kxy -+ f (%) coskx+ ...

n
o F (o) €08 Bty £ () cos B

rae x;=mxni/fn (i=0, 1, 2, ..., n).
Beenss o6o3Hauenus:

Vo= F (0 D= F (50, ey Yar=FFa) Fa= s (%),

n0JIy4HM

2
@y = (Yo cos kxg+y  coskxy+ ... +y,C0s kx )= (7)
n
2
=_n§yicoskxi (=0,1,2, ..., m).

MNpumep 1. Iloctpouts TpUronomerpuyeckuit nosunom dypre aas ueTHON
GYHKIHH, 3aJaHHOH CJEAYIOIHMH JaHHBIMH:

51
12

wlo |2l 2| o n | 2n | 3n | B | 1lm
¢ 1 6 4 3

no|m 2
2 |12 |3 | 7|6 |12 | "

f(x;)|9,55(9,46/9,258,968,58|8,10|7,59|7,00(6,34|5,56 | 4,80 4,21 [4,00
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Pemwmenue. B dopmyse (7) 6epeM n=12, uHbIMH CJIOBaMH, OTPE€30K
[—xn, wt] nenum Ha 24 gwactH. OrpaHHYHMCSA WIECTHIO FaPMOHHKAMH, HE CUMTast
HYJIeBOi, T. e. npuMeM m=06. Bce BhluHCJeHHSI 1/ OTbICKaHUS Ko3pduuHeH-
TOB @ pacnoJsaraem mo cxeme A (ra6GJuuua 8).

n
B crpoke Zaanucuaaem cymMMy 2 y; coskx=s, ana k=0, 1, 2, ..., 6.
i=o
n
2
npuBEAeHHBIE B MOCJeJHEN cTpOKe cXeMmbl A.

Paspenus s, Ha - = 6, mosyuaeM npuGIHIKEHHble 3HAYEHHS KOIDPHUHEHTOB ap,

Ta6auua 8

Cxema A. Buuncaenue koapduuuenror dypbe nias cayuas
YeTHOH QyHKuUHK

{ Y; cos x; cos 2x; cos 3x; cos 4x; cos 5x; cos 6x;
0 4,78 1 1 1 1 1 1
1 9,46 0,96593| 0,86603| 0,70711 0,5 0,25882 0
2 9,25 0,86603( 0,5 0 —0,5 |—0,86603 —1
3 8,96 0,70711 0 —0,70711| —1 —0,70711 0
4 | 8,58 o0, —0,5 —1 —0,5 0,5 1
5 8,10 0,25882 | —0,86603 | —0,70711 0,5 0,96593 0
6 7,59 0 —1 0 1 0 —1
7 7,00 | —0,25882| —0,86603| 0,70711 0,5 |—0,96593 0
8 | 6,341—0,5 —0,5 1 —0,5 |—0, 1
9 5,56 | —0,70711 0 ©0,70711] —1 0,70711 0
10 4,80 | —0,86603| 0,5 0 —0,5 0,86603| —I1
11 4,21 1 —0,96593| 0,86603 | —0,70711 0,5 |—0,25882 0
12 2,00 | —1 1 —1 . 1 —1 1
> 186,63 | 15,52 |—2,48 1,06 |—0,25 0 0,06
a, |14,44 2,59 —0,41 0,18 —0,04 0 0,01

VICKOMBIil MOJIUHOM HMeeT BHJ
Qs (x) = 7,22+42,59 cos x—0,41 cos 2x 4+ 0,18 cos 3x— 0,04 cos 4x 4- 0,01 cos 6x.

Jns npoBepKH BHIYHCIIHUM:
Qs (0)=17,22+42,59—0,414-0,18—0,044- 0,01 =9,55.
l'lonyqex-iuuﬁ pe3yJ/IbTaT XOPOIIO corJjacyercs ¢ 3ajaHHoll Tabuauuef.

Cnyuait 2. dynkuna f(x)—HederHas, B sTom cayyae sapaua
HAXOMIEGHHA TPHUTOHOMETPHYECKOTO TOJMHOMA CBOJHUTCA K ONPENEIEHUI0
xodpduuuenton b, (bopmyna (6)):

i
b, = %—Sf (%) sin kx dx.
0
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NpuMensas x aToMy uHTerpany ¢opmyay Tpaneuui, nesyunm

2 1 .
by=2 - L[5 (xo) sinbxy+

7 () sinkxy o F (%, ) Sinkx, o £ (x,) sin kx,,] ,

rae x;=mnifn (i=0, 1, ..., n).. .
Beens o6osnauenns y;=f(x;) ({=0, 1, ..., n) n sameyas, uyro
sin kxy=sinkx,, =0, nonyyaem

2 . - .
by=—(y,5inkxy+yysinkxy,+ ... +y, jsinkx, ;)=
9 n—1
=72y,.sinkxi (=1, 2, ..., m).
i=1
Mpumep 2. TlocTponTh TPUrOHOMETPHUECKHit MOJHHOM Dypbe Qg (X) Ans
HeueTHO# ¢yHKuun [ (x), 3aRaHHON TaGJNYHLIMH JAHHLIMH:

5n

5a 7n | 20 | 3n| B | 11w
12

% o KA LI . on
X 7 |3 2 |12 3 | 4|76 |12

sla
ola

£ (x;) |0]—0,07|—0,10{—0,11(0,16{ 0,65 1,19 1,55 1,49 1,11 |0,58{0,13] 0

.

Pewmenwne. Bce Bbluncaenus pacnonaraem no cxeme B (ra6anma 8a),
aHasJoruyHoii cxeme A A/isi yeTHOH QYHKUMH.

Ta6auuna 8a

Cxema B. Buuncaenue xosppunuenton ®ypne 1as cayvas
HeueTHOIt DyHKUUN

i Yi sin x; sin 2x; sin 3x, sin 4x; sin 5x; sin 6x;
1 —0,07 | 0,25882 0,00000| 0,70711 0,86603| 0,96593 1
2 —0,10 | 0,50000 0,86603 1 0,86603| 0,50000 0
3 —0,11 { 0,70711 1 0,70711 0 ~—0,70711| —1
4 0,16 | 0,86603 0,86603| O —0,86603 | —0,86603 0
5 0,65 | 0,96593 0,50000 | —0,70711 | —0,86603 | 0,25882. 1
6 1,191 0 —1 0 1 0
7 1,65 | 0,96593 |—0,50000} —0,70711 0,86603| 0,25882| —1
8 1,49 | Q,86603 |—0,86603| O | 0,86603 | —0,86603 0
9 1,11 ] 0,70711 | —1 0,70711 0 —0,70711 1
.10 0,58 | 0,60000 |[—0,86603 1 —0,86603| 0,50000 0
1 0,13 | 0,25882 |—0,50000| 0,70711|—0,86603! 0,96593| —1
> — 5,7066 |—0,178 |—1,5161 1,1691 [—0,338 |0,120
by — 0,952 |—0,030 |—0,252 0,194 [—0,056 0,020
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B nocsreane#t cTpoke cxemml B sanucaHH NPHGAMKEHHBE S3HAYCHHSN Ko3(-
¢uunenTos by
HIcKOMBIiT MOJMHOM HMMeeT BHJ

Qs () =0,952 sin x—0,030 sin 2x — 0,252 sin 3x 40,194 sin 4x —
—0,056 sin 5x-}-0,020 sin 6x,
Huas nposepku BuiuucauM Qg (71/2). Vmeem
Qs (0/2) =0,9524- 0,252 — 0,056 = 1,148
BMecTo f (7/2)=1,19.

Cnyuyatt 3. dynkuus f(x) He obnamaer 4HeTHOCTHIO. Ouesnnro,
F®) =5 [F (0 +7 (=045 [f () —F (— )],

npuyeM MepBHf Y/jeH mnpaBo#t yacTH yeTeH, a BTOpOii— Heyeren. OG6o-
3Hayas

Flo)=5[f(0)+f(—%)] 1 G(x)=1[F(x)—f(—2)],

rae F(x)—vuernas, a G(x)—HeyeTHas GYHKIHMH, NPENCTABHM BCAKYIO
¢dyuxuno f(x) B BuIe CyMMH 4eTHOH M HeueTHOH GyHKUMMH:

f(x)=F(x)+G(x).

Tpuronomerpudeckutt noaudoM Pypwe dynkumn f(x) ckiaanmBaercs
M3 TPHTOHOMETPHYECKHX mnoJnHOMOB Pypbe dynxuuit F(x) n G(x). Ho
TPUTOHOMETpUYECKHH NoJnHOM ¢yHkuun F (x), comepwawnit Jumb KOCH-
HYCHl KPaTHRIX Iyr, HaXomuTcs mo cxeme A, a mia dyskuun G (x)—
no cxeme bB. Takum o6pasom, o6mm#i ciyyaih CBOLZMTCH K pasoOpaHHBIM
BblllIE,

[Tpumep 3. IlocTpouTh TPHrOHOMeTpHYeCKHH moanHOM Pypbe DyHKUHH
f (x), 3anaHHO# cJ/eRyIOIHMH TaGJHYHBIMH JaHHLIMH:

11z
12

5m 3n 271 n 1 5n

76 1 3| 12| 2| T2

Xt

f(x:) 0,04328‘0,05613 0,07333 | 0,09536 10,1237(0,1604/0,2080| 0,2698

f(x;) {0,3535]0,4584 | 0,59450,7711 l,0000l1,2969 l,6820l2,1815 2,8292

x
6

ENE
w|a

w
=N
N
ola
wla
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5n n 7 2n 3 5 lxn
S s T B BT 3 4 6 12 n
f(x;) |3,7062 | 4,8066 [6,2399 | 8,0849 | 10,4860 | 13,5993 | 17,8142 | 23,1040

Pemenue. OnpegensieM 3HaueHuss PyHKuuMH

F o) =4 (L0 +E (=] 1 6 (=51 ()—F (—x)]

3Hauenus pyHkunn F (x)

pe3yJbTaThl 3anHChiBaeM B Ta6aunax 9 ¥ 9a COOTBETCTBEHHO.

Ta6auna 9

0 kil ki X K 5qu T
*i 2 6 1 3 12 7
Y; 0,6000 1,0340 l 1,13825 | 1,31095 | 1,59135 | 1,9880 | 2,5073
| | 3n 5n 1l
i 12 3 1 6 2 T
y; |3,20015( 4,1043 | 5,29068 6,83642 8,93516 5,78682
1 1
(=g b s=ghien)-
Ta6auua 9a
3nauenus ynknun G (x)
x 0 k2 fd kil z S n
i 2 6 4 3 12 7
Yi 0,0000 | 0,2629 | 0,54735 | 0,86155 | 1,23785 | 1,7182 | 2,2993
| 2 3n n Uz
* 12 3 4 3 12 T
Yi '3,03975 3,9806 | 5,19532 6,76288 8,87904 11,53036
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Buiuncsienue ko3apduunenros pyskuund F (x) no cxeme A paer
—l—ao=3,686; ay=—3,705; a,=1,510; a3=—0,776; ~

2
a,=0,488; a;= —0,366; a;=0,250.
Takum o6pasom,
F4 (x) =3,686—3,705 cos x 1,510 cos 2x — 0,776 cos 3x

0,488 cos 4x— 0,366 cos 5x + 0,250 cos 6x. 8)
Han dyuxunu G (x) ucnospayem cxemy B u -mosnyuaem:
b, =3,475; by = —2,699; b;=2,065;

by=—1,698;, by=1,347; bg=—0,934.

CnregoBaresibHO,
G (x) =3,475 sin x—2,699 sin 2x+-2,066 sin 3x —1,698 sin 4x 4
§+ 1,347 sin 5x —0,934 sil‘l 6x. 9)

Ckaagpisas nojuHoMel (8) u (9), mojyuaeM HCKOMBIH 'rpﬂrOHomeTpmecxuﬁ
NOJIHHOM

Qg (x)=3,686— 3,705 cos x + 3,475 sin x+ 1,510 cos 2x —
—2,699 sin 2x —0,776 cos 3x -}-2,066 sin 3x - 0,488 cos 4x—~ .
— 1,698 sin 4x —0,366 cos 5x -+ 1,347 sin 5x 4-0,250 cos 6x—0,,934 sin 6x.
Jns npoBepkHu BhiuHcAuM Qg4 (70/2). Hmeem '
Qg (7t/2) =3,686 3,475—1,510—2,066 - 0,488 - 1,347—0,250 =5, 170

smecro f (5t/2) =4,8066.
OTHOCHTE/IbHAL NOrPELHOCTb NPUGHKEHHST == 5Y/,.

§ 10. Monnnomer Jlewannpa
Ioaunomet Jleofcandpa onpenemumca cnenylouet dopmynoit Ponpura:

P, (x)= )" (=0, 1,2, ...). (1)

2”nl dx” (e —

B yactHocTH, HMeeM:

Py (x)=1, N
P, (v) =%, Pal¥) =5 (35°—3x), o)
Py (x) =5 (312 —1), Py (%) =5 (3554 —30x2 4-3)

u 1. 1. (cM. npunoxenue II). Fpadukn sTUX mMOSMHOMOB ans n-;O, 1,
2, 3 u 4. npusenennt Ha puc. 4. W3 dopmyn (1) Bumuo, utOo P, (X)
ABJAAIOTCA YETHHIME QYHKUVAMH DY 72 = 2/ U HEYETHBIMU — [IPH /L = 2m—l—l
npudem P, (1)=1n P, (—1)=(—1)".
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Teopema 1. [Toaunomor Jlesandpa o06pasyioT OpPTOZOHANLHYIO
cucremy Ha orpeske [—1, 1], 1. e.

1
(P.(x) P, (x)dx=0 npu motn (m, n=0, 1, 2, ...).

-1

Pp()

A (x)

Puc. 4.

HdoxasatenbctBo. Hmeem

Tna=§ Py () Py (%) dx =
-1

L (o adn
= 9mragm|ar S "i'x_m(x —1) a?,(x —1)dx. (3)
-1

[Tycts m < n. Tpumenss k MHTErpasy, CTOfIIEMy B mnpasBoft wacru
paseucrsa (3), dopmyny MHTETPHPOBAHHA MO YAaCTAM M YYHUTHIBadA, 4TO
d* (2 —1)"

dxk

x=1

=0 hpu k< n (4)

x=-1
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(Tak xaK 3HaueHHMs X = - 1 ABJFIOTCH HYAAMH KPAaTHOCTH 7 LAA (yHK-
nun (x%2—1)"), nonyynm

1 n=1 1
’mn=m{axm (e —1)" = (1)) —

dm+1 dn—1
—S dx”""l(t l)mdeﬂ(xz'—l)ndx }=

dn+1

2"‘+"nlmlS G (% —1"

P 1(xz—l)"d)c

Tocne n-KpaTHOro MHTErpHPOBAHMA NO yacTAM ¢opmyas (3) B cuay
coortHoueHus (4) OGymeM HMeTh

1
—l n dm+n n
!mn=2"sﬁ7t)l—mi W(xz_l)m(xz_l) dx. (5)
-1

dm+n
Ho Tak xak m < n, T0, OYeBHIHO, i (x2—1)" =0 u, caenoBaTeNbHO,
1
= S P,(x)P,(x)dx=0 npn m=~n,
-1

3ameuyanne 1, Iloacyuraem nopmy noaunoma P, (x). Ilonaras
m=nas (bopmy.ue (5) W nmpuHuMas BO BHMMaHHe, YTO

n__ d*"
ﬁ‘( x2—1)'= ™ T (xzn_clxzn—2+ L) =(2n),
l’lOlelmM
sz(x ?"—ngx 2—1) (x*—1)dx=
=£ﬂﬂ! —1)* (1 — x2)* (2n) "1 "

[Mocnennuit HHTErpaja BLIYUCAAETCH NPH l'lOMOlLlPl N-KpaTHOro HHTer-
pupoBanus Nno 4acTaAM:

S (1 —2)"(1 4+ x)"dx =

=(1—xp CE2N

1
T | T S (=)™ (14 £)"" d=

n(n—1). (n!)z 2n+1

=GF) @t 2n S (A Fx)rde =0y ongge (1)
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[MoncraBnsis monyyenunift pesynavrat (7) B dopmyny (8), 6yneM HMeTh
1
e (a2 g3ttt 2 _
SPﬁ(x)dx_-2m(n!)2- G BT m =0 1,2 ... @)

Takum o6pa3om,

| P, (%) |I? =

2 2
N TR T o Vg

HopmupoBanneie nosnuuomu Jlexannpa

P (x)= ]/2";'1Pn(x) (n=0,1, 2, ...)

o6pa3yioT Ha otpe3ke [—1, 1] OpTOHOPMHPOBAHHYIO CHCTEMY MNOJHHO-
MOB, ISl KOTOpPBIX

1
A A
f Busipasas= (0 e
-1

3ameyanne 2. INoaunomu Jlewanapa 06/1analoT yCH/AEHHHIM CBOH-
CTBOM OPTOTOHA/JBHOCTH

g P (x) R, (x)dx=0 (k<m), 9)

rie R, (x)—moGoit monusoM crteneHu R, MeHbwel m.
B camom nene, oueBMIHO, CIpaBelIMBO COOTHOILIEHHE

Ry (%) =¢oPp (%) + 1Py 1 (%) + o o . ¢, Py (%),

k03 HULHEATH KOTOPOTO €y, €y, +.., C;, MOTYT OLITh ONpENEEHH C MO~
MOLIbIO mocnenoBaTeabHex Aenenut, OTcrona

S mx)EcPk (X)) dx =
k 1
Yo SP (%) Py_; (x)dx =0,

i=0

1 k
(%) R, (%) dx = SP

R

3ameuanue 3. C nomompio nuHeHHOro npeoGpa3oBaHus

2= +b—|—a



60 NIPHBJWKEHUE ., 6YHKILAH ra. 1

rie —1<Cx<C1, MOXHO MOAYYHTH NOJHHOMHI
b+a
2
m b—a !
2

opTOroHanbHHie Ha oTpeske [a, b), T. e. Takue, uyTO
b
Si),,,(z) B,(2)dz=0 npn mn.
5.

Hcnoabsyss ¢dopmyny (8), snerko mokasaTtb, 4TO

b—a

2n+4-1

b
gﬁﬁ(z)dz= =0, 1, 2, ...).
a

Teopema 2. Iloaution Jlexandpa P, (x) npu n =1 umeer n pas-
AUYHBLX OeliCTBUTEAbHbLX KOPHel, KOTOpbie PACNOAONCEeHb. HG UHTepsase
(—1, 1).

JlokaszaTeabCTBO. MycTp Tyl s oy M My <rg <liw. <<rp,)—
IeACTBATE/IbHLIE KOPHH NoAuHOMa P, (X), HMeloLle HeYeTHYI0 KPaTHOCTD
u aexawne Ha uutepBaie (—1, 1). OueBunno, uyto k< n. [lpousse-
aenne (x—r;) (X—ry) ... (x—r,) P,(X) He MeHseT 3HaKa Ha MHTep-
Bane (—1, 1), Tak kak Bce ero nelCTBHTe/]bHEE KOPHH Ha 3TOM MH-
TepBajie MMeIOT YeTHyl KpaThocTb. [loatomy

1
S (x—r)(x—ry)e. (x—r,)P,(x)dx 0.

-1

OTclona, cornacho 3ameuannio 2 (cM. dopmyay (9)), cremyer, uto cTe-
nenp nomuHoMa R, (X)=(x—r ) (x—ry) ... (¥*—r,) ne moxer O6HTb
moke n, 7. e. k>n. Ho tak xax k<Cn, 1O mnoayuaem, uto k=n,
T. €. BCe n Kopxeil monnnoma P, (x) neficTBHTe/NbHbE, NPOCTHE U J€KAT
Ha uatepBane (—1, 1).

3ameuvanue. [orunomn Jlexanapa MOXHO onpemeNdTh TaKke NMpPU
NOMOLIM TaK HasHBaeMo# npoussodawed ¢pynxyuu [1]

1 .
————, =Py (X)+ Py (x)r +
(1—2xr+4-r?)
F+ P (). P (). (r|<]). (10)
dopmyna (10) urpaet BaxHyl0 poAb B TEODHH MOTEHLMana,
B yactaoctu, nosnaras x =1 B ¢opmyne (10), nonyunm

e Py ()P D P e Py ()

H(x, =
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Ho Tak kakx

1—

T P,()=1 (=0, 1, 2 ...). Ananoruydo, mnomoxus x=— —1,
noayyaem P, (-—1)_(—1)" (n=0,1, 2, ...).

U3 pasnoxenus (10) nerko l'lO.'lY'lHTb peKyppenTnyio Gopmyay, CBf-
3bIBAIOLLYIO TPU NOC/IEN0BATENbHBIX MONHHOMA Jlewannpa. JdefcTBUTENBHO,
mubdepenuupys H(x, r) no r, numeem

OH _ X—r X
or (1_2”_'_,3)’/: 1—2xr+r2

Orciona, yudTHBas, 4T0

oH -
E—:Pl(x)—l—2P2(x)r+ coe 0P, ()" L,
nMeem
(1 —2xr+r) [Py (x)+ 2P, (x)r+ ... +0nP, (x)r" 1 ... ]—
— (=) [Py (x)+ P (x)r4 ... 4P, (x)r"4...]=0.
CoGupas Bce u/eHH, COAepxauiue r®, W NPHPABHHBAS HYJI0 NOaY-
YeHHBIH KO3QUUHEHT NPH r", HAXOLUM HyXKHBIH pesyabTaT
(n’—{—l)F’,,+1(x)-—x(?n-i—l)Pn(x)—i-nP _1(x)=0 (1)
' (n=1, 2, ...).

C nomowbro  Qopmynsr (11) yno6HO HAXOLHTH IMOC/ENOBATE/bHLIE
noaunomu Jlexwannpa. Hanpuwep, nonaras n=4, Gynem umeTs

Py (%) =4 [95 Py () —4Py(x)] =

=1 [% (3515 —30x3 + 3x)—,(10x3—6x_)] =

= .'5 (3155 — B50x% 4- 75x) = (6345 —70x3+ 15).
Csonka dopmyn nnst nonusomor Jlexannpa u ux oGoGuienni, a Takue
TaGauub M rpaguxku uMeloTca B Kuure fluke m Amue [4].

[ycts na orpeske [—1, 1] 3amana ¢ynkuus f(x). [lpnGausum sty
dyHKunIO MuHelHONH KoMOHMHAauUueHd M3 MONMHOMOB Jle)xaunpa

F(x) & cygPy (x) 4¢Py (x)F .o o F¢,,P, (%),

npuyem koadpduuuentn ¢y, ¢y, ..., ¢, NoaGepeM Tak, 4TOOH BeJIHYHHA

OTK/IOHEHU A
= [f(x) chpk (x)] dx

-1
Obi/1a MHHUMaabHad,
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[rn. 1

B § 8 noxasano, uTO B 3TOM cayuae ¢, ABAAIOTCH KoabduuuentTamu
Pypbe OTHOCHTENBHO MOJAMHOMOB P, (x), T. e.

C=TPr R :x) E :S;f (%) Py (%) dx=2L_2*'—l 51f(x) P, (x)dx. (12)

Y
1+ g -
'’
N\ Y4
N,
\\~ /"y-%fz)
\\\ /I
-1 i 1

Puc. 5.

Us § 8 (dopmyna (10)) caeayer
TaKKe
1 m 9
S, = Sf"’ (x)dx—chz.
-1 k=0
(13)
Hpumep 1. Dyuknmo f(x)=

=|x| na orpeake [—1, 1] kBagpa-
THYHO anNpPOKCHMHPOBATh MOJHHOMOM
NATOH CTeNeHH.

Pewenue. I[Toaurom Qg(x) Hiem
B CJeAYIOLIEM BHJE:

Qs (¥) =coPy (x)+-¢1Py (x) 43Py (x)+€3P3 (x) +c4Py (x)+csPg (x),  (14)

rre Pp(x) (k=0, 1, ...)—noaunoms Jlexanapa. Tak kak dynkuus |x| uer-
Hast M Py(x) YeTHBI NpPH Kk YeTHOM M HeYeTHHl NPH K He4yeTHOM, TO H3 ¢op-

myan (12) momywaem

1
c2k=(4k+1)gxp,,,, () dx U Capsr =0 (k=0, 1, 2).
[

Orcroza, HCnoJab3ys (opmyJnl (2), Haxoaum:

1

1
co=Sxdx=§-, ¢
0

T2

1
S Sx (3x2—1) dx=—58- ,

0

1
=3 2 -2
“P?S" (3584 —30x2+ 3) dy = — 15
0

cy=cg=c5=0.

IopcraBaas 5Tu 3HaueHus Koadduuventos B dopmyay (14), noayuum

3 15
Qs (¥) =-;-+TS5 (247 — 1) — 1o (3558 —30x+3) = 1 (— 7wt + 14x2 1),

CanenoBarenbHo (puc. 5),

le-’:-.%(l+l4x2—-—7x4) mpu |x|<<1.

Mpumep 2. dyukumo f(x)=23* na orpeake [—1, 1] KBagpaTuyso am-
NPOKCHMHPOBATL [OJUHOMOM TPeThell crenenu (cM. mpumep 2 u3 § 7).
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Pemenne. IToiuHoM nmem B BHIe
Qs (¥) =¢coPy (¥)+-¢1Py (%) + 6o Py (x) +-¢5P5 (x),

rpe Pp(x) (=0, 1, 2, 3)—noaunomnr Jlexangpa. Corsaacso dopmynam (12)
nonydaem:
1

c.,=% S3"dx=l,2137,

-1

1
c1=-g- Sx~3" dx=1,2371,

-1
1
G =% S (3,62_1).% . 3% dx =0,4384,

-1
1

C3= % % (5x3—3x)-3%dx =0,09345.
-1
CnepnoBatesbHO,
Qs (1) = 1,2137 + 1,2371::4-0'—4238—"(3x2 —1)+

4+ &%@ (6x3 —3x) =0,2336x3 - 0,6576x2 -}- 1,0968x -I- 0,9945.

Kax u cienoBaso oxHiaTh, Mbl IOJYYHJIH MOATBePXKAeHHe pe3ysbTara, HaijgeH-
HOro OOBIYHBIM CIOCOGOM HAWMEHBUINX KBaApPaToB, Ge3 IpUMEHEeHHS OPTOTrOHaNb-
HBIX MOJHHOMOB (cM. § 7, npumep 2).

§ 11. OpToroHaJbHOCT C BeCOM
[lycts Ha oTpeske [a@, b] 3a;maHa mo/OXHTe/NbHAs HenpepeiBHAs (yHK-
uns p (x).

Onpenenenne. Cucrema dynkuuit {@, (x)}, 3anansas sa orpeske
[a, &), na3biBaeTcs 0pTO20HAALHOL HA STOM OTpe3Ke C 8ecoMm P (X), eciu

b
(0(2) @u (%) @p(¥)dx=0 mpn ktm. (1)

U3 oproronanbhoctn cuctemn {@,(x)} ¢ Becom p (x) crenyer oGby-

Hasi OPTOTOHAJIBHOCTb CHCTEMH P, (X) =Vp ()@, (x) (n=0,1,2,...).
JeficTBHTENBHO,

b b
§ b6 () ¥y (%) @ = {0 (%) @4 (%) @ (%) dx =0 1pu E2rm,

4 3TO H eCTb YC/JIOBHE OPTOrOHA/NbHOCTH,
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Tlycte na oTpeske [a@, b] 3amana wenpepuBhas dyHxkuus f(x) u cu-
cTeMa QYHKUME Qg (X), @, (X), ..., @,(X), ... OPTOroHa/NbHA HA 3TOM
otpe3ke ¢ BecoM P (x). CoctaBHM 060O6LIEHHLIE MOJIHHOM

Qn (%) =¢o@o (¥) + €195 (£) + . . . +¢,9,(x)

1 nonbepem KOIDPURHEHTH €4, €y, ..., €, TaK, YTOOH OTK/OHEHHE, ON-
peneasemoe GdopmynoH

o () [f (¥)—Q, ()P dx, @)

I
Re—— o>

6blJI0 MMHUMAaJbHO NpH (PUKCHPOBAHHOM m.
dopmyny (2) MOWHO 3anHcaTh B CJAeAYlOLleM BUHE:

b m 2
- [f @VFE—3 o V7 g m] ax
a k=0

Orciona BHTEKaeT, YTO Hamla 3ajaya CBOAHTCA K pa3o6panHOH Bbinie
3apave (§ 8) o Hamnyyweil HempepnBHOM KBaApaTHYHON annpoKCHMauuu

dynkunn f(x) V p (x) ¢ noMoutso nHeHHON KOMGHHALIMM OPTOFOHANBHREIX

na orpeske [a, b] dynxumh Vp(x)(pk(x) (=0, 1,2, ..., m).
Ha ocnorannu pesynbratoB § 8 moayuaem, uro Koaq)cpnuneﬂ'ru ¢,
Jalouine MHHUMYM uHTerpaiy /[, , npeacrtaBasiotT co6oit xospduunenTh

dypbe  pyHKUHH f(x)]/p (X¥) OTHOCHTEJbHO CHCTeMH  QYHKUHI
{Vp(xwk(x} [en. § 8, (6)):
SV'p'(_x)ﬁ ) Vo) gn () dr Sp(x)f(xm () dx
ck= 3 = (3)
.S[VT(x—)%(x)]’dx Sp(x) 9 (1) dx

a
(=0, 1, 2, ..., m).

BenuunHa MUHHManbHOTO OTKJAOHeHHs [, onpenensiercs mo ¢opmyse
(10) u3 § 8 u Gyner paBna B Halem cJayyae
b

m b
In={p(x) 2 (x)dx—, 2 § p (x) 9} (x) d.

a k=0

ATH GOPMYJH MONKHO MOJYYHTb TaKXKe HEeNOCPEeNCTBeHHO, pemas co-
OTBETCTBYIOULYIO 3aIayy HAa HAXOWIEHWE MHHUMyMAa (yHKUMH

I,==1,(cq, €1, Cgy «vuy Cp)-

B uwactHOCTH, ecau Bec p(x)=1, TO NPUXOXMM K NpeKHUM (OPMYyJaM.
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§ 12. NMonnnomn YeGnimena

B xayecTBe npumepa cHCTeMH OYyHKUMH, OpPTOroHaJpHOH C BecoM,
npuBeneM MOJIMHOMB Yl eG bl eBa, KOTOPHE H3BECTHH e€lle M TeM,
YTO ABJSIOTCHA NOJIHHOMaMM, HauMeHee YKJOHSIOIHMHUCS OT HYJd.

Monnnomu Ye6mmesa T, (x) onpeneasiorcs Qopmynamu

(x4 l/'xz__l)n;;(x—]/xz—l)" (n=1, 2, ...). m

T, (%)=

dynkuus (1) meficTBUTeNbHO fABJfeTCH noJuHoMoM. B camom neue,

NpH BO3BENEHHHM B CTeneHb NepBOR M BTOPOH cKOGOK pamnKaan coXxpa-
HSAIOTCA BO BCEeX YETHHIX 4YJeHaX, NpHYeM B nepBofl ckobGke € NJIOCOM,
a BO BTOpOH c MuHycoM. IloaToMy mpm CJIOXEHMH OHM YHHYTOXANIOTCH
W OCTaHyTCs JHMUIb YJEHH, COLEPXALIMe X B LEJHX CTeNeHAX, HpHueM
cTapmiasi CTeneHb paBHa 71,
' 3anuuem TPU IepBHX NMoJMHOMa YeOhilieBa B pasBepHYTOM BHAE:

To (x)= 11)

Ty () =5 [(x+VF=1)+(s—=V*=1)] =+,

Ty ()= g [(x + VA= + (s —VF—1p J=x2— L.

TokaxeM, 4To KO3ddHUMEHT nmpH cTapmieM yiaexe x” B moanHome T,(x)
paBeH eIviHHLE.

JleficTBUTE/bHO, CTAapWIMH KO3Q(UUHEHT @, BCAKOrO NOJAMHOMA
R,(x)=ag+a X+ ...+ a,x" crenesu n MOXHO ONpeleNHTb € IO-
MOUIBI0 TIPENEJbHOrO mNepexona

a,= lim R"”(").
X —> ®
B Hamem cayuae
Y/ LY /LY
T, () (v =5)+(-V 1-5)
xn = 2" ?
OTKyla
ftim T2 _4
X = ® xn )

Mpusenem npyrywo c¢opmyny mas mnoausomMoB Yebnmena. O6uuyHO
noiuHoMs YeGwmmeBa paccMaTpuBaloTcs Ha orpeske [—1, 1]. [Noatomy
MOXHO TOJIOXHTb X ==CO0Sf, T. €. {=arccos x, rie f—HOBas NepeMeH-
Has (0 <t m). Torma sin t=)YT—x%n ¢opmyna (1) npeobpasyercs
K BULY

; NP iain
Tn(x)=(cost+lsmt) ;l;(cost i sin t) npn 1> 0.
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Tak kak (cosf -4 isin?)” =cosnt -4 isinnf, TO OKOHYATEJBHO HMEEeM

T,(x)= 2,,1..1 cos ni. (n=1, 2, ...) (2)

HIm

T,(x)= cos (7 arccos x). (3)

27=1
3ametnm, uyto dopmyas (2) u (3) Hesepuw npu n=0,
N3 ¢opmyas (2) nerko nonyyaioTcs peKyppeHTHbie GOpMyan IS
BLIUKC/IEHHA TNOJHHOMOB YeGwnmera mpu Goabmux 7. Tak kak

cos(n+1)t-4cos(n—1)t=2cos nt cost,

a cornacio (2) cosnt=2""1T (x), TO

(x)42""2T,_,(x)=2"T, (x) x, 4

n+1

28374

T1 (0) = 2T, (£) =+ T, _y (). (5)

Monarast, vanpumep, n=2n n=23 B dopmysae (5), nocsenoBaTeNbHO
NnoJyyaem

Ty (x)=xT, (x)—% T, (x)=x '(x2 ——-é—) —%x=x3—%x,

Ty (x)=xT3(x) —% T,(x)=x (x’—-%x)——i— (xz—-;—) =
=x4—x2+% .

Tem xe crnoco6oM MOXHO BuUHCIHTh Ty (¥), Tg(X) m T. n.

IMepeue 12 mosmnomoB YeGuimena 7, (x) naws B npuaoxwennn III.

Ha puc. 6 npuBemens rpaguku mnoauHomMoB YeGoimea maa n=0,
1, 2, 3.

[okaxeM HEKOTOpHe CBOUCTBa MOJMHOMOB YeOnimiena.

Teopema 1. (CBo#icTBO OpTOrOHaJBHOCTH MOMUHOMOB YeGhimiena.)
Toaunomer Yebouuesa T, (x) obpasyor na otpeske [—1, 1] oproeo-
HAAbHYIO CUCTEMY C 8ecoMm

P(x)=~l/—ll:—;.

jT,,(x)T (%) V___——o npu m£ k.
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Hoxasatreanctso, Ilpu >0, m >0 u k=£m, nonarasg x =
=c0s? u ucnonndys dopmyny (2), uMeem

1 0
5\ T (x)T,(x) V‘f—x—g =—5‘ 2k1_1 cos kt 2,,,% cos mt dt =
—x
-1 11
1 ELS
= Jkrm—z y cos Rt cosmt dt = 0, (6)
-7

TaK KaK TPUroHoMmerpuyeckne ¢ynkunn {cos kf} OpTOroHaJABHH Ha

¥
1 To (x)

(%)

/-::'T
&g

|

|

]

|

|

|

|
»ﬁ.i
|

|

|

|
\ |
\L

L2 <}

Puc. 6.

orpeske [—m, ). JIerko mNpOBepHTb, HYTO PaBEHCTBO (6) ocraercs
CnpaBelJMBEIM U 1ipH k=0, m =40,
3amevanue, [lpy m=~k=%0 umeem

1 ﬂ
dx 1 2 1 Z ik
) ) g g ottt = g e
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A

[pu m —k=0 monyyaem

S T T f s

Teopema 2. (Kopuu monnxoma YeGniieBa.) Bce KopHu noauroma
Yeboiueaa Henyaesol crenenu OeliCT8UTEAbHbL, PASAUYNGL U NEHCAT HA
uutepsase (—1, 1).

HoxaszareabcTBo. [lycts X, —jelicTBUTE/NbHBE KOPHU MOJH-
voma T, (x), pacnonowensnie na orpeske [—1, 1]. Ionaras x,=cosf,
(0L t, <<m), B cuny dopmynt (2) nomyunm

T,(x,)= cos nf, =0,

1
271 -1
Orciona cos nf, =0, u, clenoBaTe/bHO,

5 _2k—1
=gy T
Takum o6pasom, noaunom T, (x) umeeT KOpHH

x —cost’—l
k" on

o (k=1, 2, ..., n), (7)

KOTOpHE HNeHCTBHUTE/NbHb, PAa3/JHYHBI M JexaT Ha uHrepBaie (—1, 1).
Tak KaK 4Mc/IO ITHX KOpHeH DaBHO CTeNeHH MOJHHOMA, TO JAPYTHX KOp-
Hel, KaK NeHCTBUTE/bHHIX, TaK M KOMIVIEKCHHX, mnoauHom T, (x) ue
umeer, T. €. dopmyna (7) naeT COBOKYNHOCTh BCeX KOpHe# no/mmuoma T, (x).

Teopema 3. (DkcTpemanpbHOe CBOHCTBO MNOJMHOMOB YeGhiiesa.)
Moaunom Ye6ouuesa T,(x) (n> 0) na orpeske [—1, 1] umeer n-+1
IKCTPeMAnbHLLY 3HO4eHUl, " pasHblx Mexwdy co60id no abcoatoTHOU 6e-
Auuune.

HokasaTteanctBo. MMeem

T, (x)= l_, cos nt, (8)

rae x=cosf (0<Cf<Cm). Ortciona sakmouaeM, uro T, (x) mocruraer
9KCTPEMyMa B TeX TOYKAx, rie
|cosnt|=1. (9)

Kopun ypasuenus (9), newawme wa orpeske [0, m], cyts T,=kn/n
(=0, 1, ..., n). M cOOTBEeTCTBYIOT TOYKH IKCTpEMyMa

v_§k=cosg—: (k=0,1, ..., n) (10)
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noiunoMa Ye6uimesa T, (x), mpuueM Ha OcHoBaHHH (opMyinl (8) nmeem

1 — 1)k
T, () = oy cos ke =210

CnenoBatenbHo,
1 .
|Tn(§k)l=§7l_-—l (=0, 1, ""n)! (]])

rae §, npu k& 4eTHOM CyTb TOYKH MAKCHMyMa, a NIPH & HEYETHOM — TOUKH
MuyuMyMa. nosunoma T, (x).
CnexctBue. MakcnmanbHoe 3HayeHue MOleJlSI MOJIMHOMA ‘-1e6b1meaa

T,(x) (n> 0) na orpe3ke [—1, 1] paBno 2—,,—_3, T. €.
1T, (0| <gr  mpr —1<x<1. (12)

3amevanue. B cuny dopmyn (7) u (10) KOpHH M TOYKH SKCTpe-
myma noaunoMa T, (X) MOXHO NOCTPOMTBH CJeENYIOWUM 06pa3oM: pasne-
JHB TNOJYOKDYXHOCTb, OIHpa-
owykocs Ha orpesok [—1, 1]
KaK Ha IuaMmeTp, Ha 2n yacrefl,
CNIPOEKTHPYEeM BCe TMOJyYeHHbe
TOYKM Ha auametp (puc. 7, rue
n=4).

Hymepys npoekuun cmpasa
HaJeBO, MOJIYYHM, UTO BCE NIPOEK- 43
UMH C HEYETHbIMH HHIEKCaMH
SIBJASIIOTCA  KOPHSIMH  TOJIMHOMA Puc. 7.

T, (x) (na puc. 7 oTMedeHHl Kpy- .
JOYKAaMH), @ C YETHHIMH HHIEKCAMH — er0 TOYKAMH BSKCTpeMyMa . (Ha
puc. 7 OTMeueHbl KpecTHKamu).

M3 reomerpuyeckux cooOpaxxeHHii BHITeKaeT, YTO KaK KOPHH, TaK
H TOYKH SKcTpemMyma mnoqusoma T, (X¥) CryllaloTCi K KOHIAM OTpeska

[—1, 1]

[ SRR

LT T R —

‘Hpumep 1. Haiith KBajnpatnuHOe NpHOIMKEHHe (YHKUMM [(x);]x]
B npoMexyTKe [—1, 1] NoJMHOMOM ueTBepTOii CTENEHH NpH Bece o

p(x)=Vl

1—x2°

Pemenue; Tlonnnom Q4 (x) 6yneM uckaTh B BUIe

Qu (9)=coTo (0)+ ¢, Ty (x)+¢3Tg (%) + €sTg (¥)+caTa (), (13)
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[ra. 1
rae Tp(x) (=0, 1, 2, 3, 4)—nonnHOMEl qeﬁialinesa. Kosd;dmnﬁen’ru Cp BbIYH-
casieM no dopmynam (3) us § 11

’ 1
5 Vl—lex[ Ty (x)dx
- Ckz-_ § ]
Tak kak Tyjp4,(x)—ObyHKUUH HeueTHBIE, @ T,y (X)—UETHBIE, TO Cypt+y1=0 H
T j? (x) dx
S Vl——x 2
czk— s
1
- T d
jV —x () dx
[
HUcnonways ana T,y (x) dopmyay (3), umeem:
1
j x
A Y1i—x2 2
Co= 1 =R—'
S 1
i —_—y2
J Vi—x
; x 1 e
g i . —cos(2arccosx)dx 9 S cos ¢ cos 2¢ dp
'0 V 1 —x2 2 3 4
=3 =TT T3
5‘__ . 1 cos? (2 arccos x) dx S cos? 2¢ dg
y Vi=x ¢4 0
p /2
‘5 cos (4 arccos x) d
g = ( Ydx 93 S cos @ cos 4¢ dg
- -0 =16
= 1 T ~ 15m°
S -5 cos“ (4 arccos x) dx S cos? 4 dg
P l —x2 0

Moncrasnss HalifieHHbe 3HaueHHs Kosddrunentos B dopmyny (13), waxoxum

Q, (x)=.--— % (x2 ——;—) 1]56n (x‘—x -|- ! \_ —(—— 16x4+36x2+3\
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llonesno sameTuth caepyioutee. Tak kak Bec p(x)= BO3-

1
Vi—x
pacTaeT npu NPUGIMKEHMH K KOHIAM OTpe3ka, TO OTCI0Ja MOXHO 3a-
KJIOYUTDb, YTO NPHOAMKeHHs, NOMyuaeMHe C MNOMOWIbIO MNOJHHOMOB Ye-
6umesa T, (x), yydTHBAIOT B 6O/blie# CTENEHH 3HAYEHUS ANMPOKCHMHU-
pyemoit ¢ynkuun f(x) y xonuos orpeska [—1, 1].

CpaBHHUM, HanpuMep, pe3yJbTaT MmocJejHero npuMepac npumepom 1 u3 § 10,
B KoTopoM dyHkuus f(x¥)=|x| annpokcHMHpOBasach MHOrOYJIEHOM

~ _ 15 2 "
Q4(x)—-l—2—§(l—|-l4x —7x%), lxj<1,
npm Bece p (x)=1.
B Hamem caywae npu x=1 umeem
[#]1—Q4 (x)=l—%(—16+36+3)=0,0239.
TOrja Kak

| %] —Qu(x) = l—% (14 14—7)=0,0625.

§ 13. MNonsrne 0 paBHOMepHOM HPuOGIMXKEeHHH (YHKUAN

KBagpatnunas annpoxcuMauus (yHKUHH OCHOBWBA/ZaCh Ha Croco6e
HaUMEHbIUUX KBAAPaTOB. Y TOUHAS NOHATHE KBAAPATHYHOTO OTKJ/OHEHHUS,

BBENEM COOTBETCTBYylOLlee paccTosfsHHEe A Mexay HaHHOH Henpepuis-
Hoft dynkumedt f(x) ¥ HenpepLBHEIM aMNMPOKCHMUPYOWHM 0606IIEHHBIM
no/uHoMoM Q(x) (Boo6Guie ropops, 6oJjee NpPOCTOH MPHPOAH), TaK Ha-
3bBaeMoe cpedree KeadpaTu4roe OTKAOHeHUe.

Onpenenenne 1, [lon cpednum xesadparusnoim oTKAOHEHUEM
dyskuuft f(x) u Q(x) na muHoxecTBe Touek X={x;, X,, ..., X,}
MOHMMAETCS YHCTIO0

A":]/—ln— Z[f (%) —Q (x)]* (1)

Ecnu annpokcuMauus WMHTErpajbHasi, TO CpeiHee KBaApaTHYHOE OT-
KJOHeHHe Ha oTpe3ke [a, b] onpenensercs dopmynok

5
A=]/ bl_—aS[f(x)——Q(x)]zdx. (2)

dopmyay (2) MOXKHO paccMaTpUBaTL Kak mnpexeabHuil cayyalt dop-
Myas (1) mpu n— oco. J[lelictButenbto, BhGupas Ha oTpeske [a, b]
CHCTEMY DPaBHOOTCTOSIUMX TOYEK @ =X, Xy, ..., X,=0b, rue

Axi=x,-+1—x,-=b%a (i=17 2) D) Il—l),
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Oyaem nMeThb

)—Q(x))]* Ax,.

=ni§1 [f (£) —Q (x )] =

i=1

Orciona npu n —- 0o MOJIYYHM

A? = tim A2

n—> o

X[f (%) —Q (x)]? dx.

b—a

Ecnu cpemHee kBazpaTHuHOe OTK/OHeHHe A Maso, TO /A «MORAB/fA-
oulero 60/MbUIMHCTBA» 3HAaYeHud aprymenta x us oTpeska [a, &) (r. e

y y=(z)
\\\\\\\\\
\\\\\\\\‘\\
Vi i
7l @ s I
Puc. 8.

B «cpeaHeM» Ha [a, b]) aGcomornas Benmuuna |f(x)—Q(x)| rakwke
Mana npu a <  x < b. Bosee TouHo, mycTh |f(X¥)—Q(x)| umeer wua
[a, b]'Koueque YUCJIO SKCTPEMYMOB M O —3aJaHHOE MOJOKHTEIbHOE
yucno. OGo3HayuM yepes 0 =0, 4 Oy - . .. | 0, MAKCHMAJbHYIO CHCTEMY
HerepeceKaiouXca oTpe3koB u3 [a, b] Takux, uto |f(x¥)—Q(x)|=a
npu x €6; (i=1, 2, ..., k) (puc. 8), u nycTb ® —CyMMa AJMUH ITHX
orpeskos. Eciu A <e, To umeem

et (b—a) > S [f (¥) — Q)P dx > S [f (£) —Q (x)]? dx > o0

e \2
OTC!OIIa(O<(b—a)(E) , W, Cl1e10oBaTe/lbHO, ® — CKOJIb YTFOAHO
Manoe YuC/Io, eC/H € JHOCTATOYHO Malo,
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TakuM oGpasom, ecmu A < e, rIe & JOCTATOYHO Majo, TO HAa OT-
peske [a, b), 3a uck/IOueHHeM, GHTb MOXET, MHOXECTBA TOYEK G, CKOJb
yrOAHO Ma/oi /JHHeHHOH MepH (, BHIIOJHEHO HePaBeHCTBO

lf(x)—Q ()| <a,

rie o — NpPOM3BOJIbLHOE, 3apaHee 3allaHHOE MOJNOXHTENbHOE YHCJIO.
Bo MHOrHx c/ayuyasix, HanpuMep npu o6paboTke pe3y/lbTaTOB HaGio-
HAenufl, KBaApaTUYHOE MPUOAMKEHHE SIBSETCS NMPHEMJIEMHM, TaK Kak OHO

=f(x
y Ly/)’
J=ln (z)
g é' z

Puc. 9.

CIJIAKHBaeT OTHe/bHbIE JIOKAJIbHbE HenpaBUIBHOCTH GyHKUHH [ (x) (BO3-
HUKIIHE, BO3MOXHO, OT OMHOOK HaGiozeHHit) H 1aeT JOCTATOYHO TOYHOE
obliee NpeACTaB/lIeHHE O NPOTEKAaHHH COOTBETCTBYyIomlero npouecca. Ox-
NAKO MHOrZa s NpUOIMikeHus cTaBaT GoJiee MKECTKHE YCJIOBHS, a
MMeHHO TpeGyeTcst rapaHTHpOBAaTh, YTOGHW Ha BceM oTpeske [a, b] oT-
Knonenue dyHkuu#t f(x) m Q(x) OH/IO MeHblle 3aAaHHOM BeNUYMHBL,
[lostomy BBeseM mpyroe paccrosiHue MewAy QYHKUHMSMH, TaK HasbiBaemMoe
a6Co/IOTHOE OTKJ/IOHEHHE, :

Onpenenenue 2. Ab6cormoTHoim oTKAoHeHruem Ha [a, b] 0606-
LWEHHOro moanHoMa @, (x) oT maHHoM HenpepuBHO# GyHKuUMH f(X) Ha-
3bHIBAETCS YHCIO

A(f, Q) =A,= max |f(x¥)—Q, )| “(3)
ag<x<b

Ecmn A, <e, 1o u3 dopmyan (3) cnenyer |f(x)—Q, (x)|<Ce nng
BCeX TOYeK x Ha otpeake [a, b] (puc. 9).

B srom cayuyae roBopaT, uTo 0GoOIeHHHHE noaMHOM Q, (X¥) HAa OT-
pezke [a, b] pasnomepro npubauscaer ¢ynkyuio f(X) C TOYHOCTHIO 1O &€,

Hnst cinydast OGbYHBIX TIOJHHOMOB

Q, (%) = kZ‘ a,x*
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CMpaBei/MBA BakHas AanNpOKCHMaLMoOHHas TeopeMa Bellepmrpacca, xo-
TOpyI0 Mbl npuBoaum 6e3 nokasaTenbctha (cm. [1]).

Teopema Beltepmrpacca, Ecau ¢pynryus f(x) Henpepoviera
Ha otpeske [a, b], To, KaK Gb. MO Hu GbLAO NOAOKUTEAbHOE HUCAO €,
natiderca noaunom Q, (x) docrarouno 6b.cOKOU cTenenu m, a6coatOT-
HOe OTKAOHeHUe KOTOP020 OT Oannol pynkyuu f(x) na orpeske [a, b)
Menbuie, uem €, T. e. 042 6cex Touek x €[a, b] umeer mecro HepasencTeo

|f(x) —Q, (x)| <e.

B yactHoM cayuae, ecam dynkuus f(x) anajmuTHYecKas Ha OTpe3ke
[a, 8], 1. e. pasnaraercs Ha 5TOM OTpe3Ke B PaBHOMEPHO CXOUsSIIMHCH
crenenHolt psn (psan Tedtnopa)

Fx)= 2 aplx—o,
rae
c€la,b], a=o P (k=0,1,2 ...,

TO 3a noauHoM Q, (X) MOXHO B3fTb OTpPe3ok psana TeHnopa
m
Qu (%)= 3 a, (x—c)",
=0

npUYeM CTeneHb 7 noabupaercs B 3aBUCHMOCTH OT 3aJaHHOM TOYHOCTH e.

[lyctp cTenenb m mnoannoMa Q (X) ¢pukcupoBaHa M 3agaya COCTOHUT
B TOM, 4TOGb NPUG/AH3UTH JaHHYI0 HenmpephiBHYyI0O dyHKuHio f(X) nmoau-
HOMOM (HKCHPOBAHHOH CTENeHH m HauAsyswum 00pPA30M HA 3aJaHHOM
MHOXKeCTBe X. DTO 3HAYHUT, YTO KOIDDHULHUEHTH Qy, @y, ..., @, NOJHHOMA

Q,(¥)=a,+a,x+ ...+ a,x" 4)
cnenyer noxaobpath Tak, YTOOW BENHYHHA
A,=max|f(x)—Q, (x)]| (5)
x€X

6blia MHHUMaJbHOM,

Taxo# nosunom Q,, (X), RaloLiuit MHHMUMYM BenuynHe A, HasbiBaeTcs
NOAUNOMOM HAUAYHUIE20 DPABHOMEPHO20 NPUBAUdCEHUS WY NOAUHOMOM,
HauMeHee OTKAOKAOUUMCR OT QyHuKyuu f(x) Ha mroscectee X.

Ilpu sTOM MHUHHManbHOE OTK/OHEHHE

E,[f, X]=minA, (6)

Ha3bIBAETCH HAUMEHbULUM OTKAOHeruem GyHKLMH f(X) Ha MHOXecTBe X,

B Teopun npubmmxenus ¢yHKUMH JOKAa3pIBAETCS CyLIeCTBOBaHHE H
€NMHCTBEHHOCTb TNOJHHOMA HaMayymiero npuO/AMXKeHus Ias JoOoH He-
npepuiBHOf Qynkuuu [5]—[8].
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Teopema 1. [Jua aobod pyrkyuu f(x), HenpepoLarol Ha 3amKHy-
TOM O2paHudennHom muoxecrge X *), u /zro6oeo HATYPAALHOZO 4UCAA M
cywecrayer noaunom Q, (X) crenenu He sbuue m, 06400ar0uull MUHU-
MAAbHOLM OTKAOHEHUEM

A(f, Q) =E,[f, X], (7

npusem 1axod NOAUHOM eOUHCTEeHHbLE.

B nexoTopmix cayyasx Ha noausoM Q,, (X) HAKJIANHBAIOT XOMOJHU-
TeJbHHE OTPAHUYEHHS, HanpuUMep, MOJAralT crapumit xoddpduuuenr
a,=1, Torna

Q,(x)=a,+ax+ax?+4 ... 4 x". (8)

B wacthoctn, nycts f(x)==0; Toraa noaunom Q, (x), KawoUHH MH-
HHMYM Be/HYHHE

Pp= max IQm (x) |’
agx<b

Ha3LIBACTCH NOAUHOMOM, HAUMEHee OTKAOHMAIOWUMCA OT Hyas **) Ha nau-
HoM oTpeske [a, b).
[MokaweM, 4To 3THM CBOHCTBOM 0GnamaeT NOJHHOM YeGuimesa. .
Teopema 2. Iloaunom HYebviuesa crenenu m (m > 1) HaumcHee
OTKAOHAETCA OT Hyis Ha oTpeske [—1, 1] no cpasuenuio ¢ dpyzum
NOAUHOMOM CTenenu m U CO CTAPULUM KO3PPuyuenTom, pasHoim eduruye.
JdokaszareansbcTBo. HdonycruM, uto cyurectsyer noausoM Q,, (x)
€O CTapIiunM Koscbcpnuueﬂrow paBHBIM eXMHHLE, ¢ TakoHd, 4TO

max |Q (x)|< max [T (%) [ =0 9
-1<x 1<%

B cuny teopemnr 3 § 12 u -ee cnexactBus p,=1/2""1 npuuem Ha

orpe3ke [—1, 1] cymectByer m-1 Touek 1=§&,, &, ..., §,=—1
Takux, 4to (puc. 10)

T, (&) =(—1)*p,. (10)

Paccmotpum passoctys R (x)=T, (¥)—Q, (x¥). Tax xak crapumue
ko3 duuments noannomos T, (x) u Q, (x) oaumnakoBe, 10 R(x) ecTb
MOJMHOM CTeNEeHH He BHILE m—l

M3 ycnoeus (9) u ¢opmyan (10) BhTekaet, yTO

RE) =0, R(E)<O, ..., REH (—1)"=0. (11)

Ha ocHoBanuu Hepasercts (11) 3axawoyaem, uto noauHoM R (x) umeet
NO MeHbLIEH Mepe ONMH HyJdb Ha KawmoM H3 oTpeskoB [E;, E,l,

*) B naabueiimemM X Gyner npeAcTaB/IsATE COGOMN HJIM OTPE30K, HJIH KOHEUHYIO
CHCTEMY TOYEK Xy, Xp, +..y X,

**) 3apaua o paaucxannu MOJIHHOMA BH/A (4) HanMeHee OTKJIOHAULErocs
OT HYJISl, UMEET TpUBHA/bHOE pelieHUe Q, (x)=0
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[Eas Eads ooy [Epy Emonld (Ha puc. 10 Tn Hyam cyTh aGCUMCCH TOUEK
Tiepecéyenuss KpuBbx y=7T, (x) n y=Q, (X)), npuyem obuiee Konu-
YeCcTBO HyJeH C y4eTOM HX KpaTHOCTeﬁ 6yne'r He MeHbIuEe ;.

Tak kak crenenb noiamHomMa R (x) He npeBnmaer m-—1, TO 9TO
BO3MOXHO JIHIIb B ciyyae, ecan R(x)=0, 1. e. Q,(x)=T,(x).
TeopeMa noKa3aHa. o

Puc. 10.

Cnexcteue 1. [lna moGoro nmoansoma Q,, (x) CTelenH m eO CTap-
UM K03(h(HUHEHTOM, PaBHHM €JMHHIlE, HMEEeT MECTO HEepPaBeHCTBO

max | Q, (x)|= 2,,,_ (—1<< oY),

Cnencreue 2. Jdas ¢yskuun f(x)=x" (m>=1) noaunomom
maq
HauJyyuero npubamikenus Q,_, (¥)=a, —I-alx—l— ceeta,_1x cre-
nenn m—1 Ha oTpeske [—1, 1] ABASETCH

Qm-l (x)=x —Tm (x)). (12)

rae T, (x)—mnoiuHoM YeGbiwiesa.
JleficTBHTE/IBHO, COMIACHO CMBICHY 3alayd PasHOCTDb

F(X)—Qu_1(X)=x"—a,_x"1—...—a,x—a,

€CThb TOJIMHOM, HaHMeHee OTKJOHSIOWHMACA OT Hyns Ha oTpeske [—1, 1],
T. €. mpencrasnseT coGo#i nomusom Yebuimena T, (x). -Orciosa Hemo-
cpencTBeHHO BhiTekaeT c¢opmyna (12).
3ameuanue. [lonb3yscs Teopemoft 2, Jerko MOCTPOHTDb HanMeHee
OTK/IOHSIIOUMACA OT HyJs HAa NaHHOM oTpeske [a, &] mosmn ,,(x)
CTerenn m €O crapuiuM KoadduuHeHTOM, paBHbIM enuHHIe [%
JeficTBATEILHO, MOACTAHOBKA
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npeoGpasyetr orpe3ok a < x < b B orpesok —1<f< 1, npuuem crap-
—g\m
wu# kosbduuuent (mpu t™) Gynet paseH (u) . Orcioaa

2
/y_bta
a b—a\™ b—a\™ 2
Tm(X)=(—-2—) Tm(t)=(—2—> Tn T——a_ . (13)
2
W3 dopmynu (18) cnemyer, YTO OTK/IOHEHHE IOJHHOMA f‘m (x) ot wnyas

paBHO
B _(b—a)"’ 1 __2(b—a)"'
n=\"3") ga=r=2{—¢) -

Npumep 1. C nomomwsio monuHoma nepsoit crenend Qy (x)=Ax-+4 B na-
uayqmuM 06pa3om paBHOMEPHO MPUGAH3uTh GyHKUHIO f (x) = x? Ha oTpe3ke [0, 1].
PemeHnue. Tpebyerca omnpepe-

auth Ko3pduuuentsl A u B TaK, uT0o6bI
BeJIHYHHA y
E,= max |x2—Ax—B| (14) 7 A |
ISX1 /71
s
6biia  Haumenbuieit, ChepgoBartesbHo, // ! Z__‘
nojuHoM Q, (x)=x2—Ax—B Haume- Y el
Hee OTKJIOHSIETCS OT HYJA Ha OTpe3Ke ¥4, " 750
[0, 1]. Tonarasa=0 u b=1, B cuny , 4 |
tdopmyast (13) noayuaem e 1
e m=(+)'T x———‘l/’)— e :
20={g) {777, )= . .
1 ree—1=1 (2x—1)-_l]= oler’ !
B =7 2 N H ri
“q /
— x’—x-[-—;— 8l .,
(cm. § 12). Orciona Puc. 11.
Q1 (x)=x—114,

npuuem E;=2(1/,)2=1/4. 3ameru™, urto orTkaoHeHHe E, peanusyercsa B Tpex
TOUKAX:
Q1 (0)=0Q; (*/3)=0Q, (1)=E,.

dro sBJIeHHe XapaKTepHO IJS MOJHHOMOB HAHJYYIUEro MPUGJHIKEHHS.

leomerpuuecku rpapuk dyHknuu y=Q, (X) npeicrasBiser co60il CpegHIOw
napajsesb MeXAy cekymei, npoxoasamei yepes kpaiiuue Touku O (0, 0) u A (1, 1),
M KacaTeJbHOH, MapaJjieibHOH 3TOi cekymeit (cMm. puc. 11, rae kpuBas —rpa-
UK GYHKUUH y=x2).

Teopema Ye6nmeBa 06 anbTepHaHce., Cpedu noiunomos
cTenenu He ebuue m nounom Q, (X) ABAAETCA NOAUHOMOM HAUAy4We2O
pasnomeproeo npubauscenus Henpepolshod Pynkyuu f(x) Ha Aannom
mroscecree X toeda u TOA6KO TO20a, K020a Ha X CywecTsyer cucrema
(m4-2)-x Touex

Bo<Bi< ... <Epia
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(1eboLiuesckull arvTepranc) Takwx, 410 pastocts f(x)—Q,(x) npunu-
raer noouepedno 3uauenus L u —L, 20e

L= max |f(x)—Qp ()] (15)

Mpumep 2. lna dynkunn f (¥) =cos2x (0 < x << 27) noanHomMoM Tperweit
cTeneHH (B LIKPOKOM CMbIC/E) HaWJYYINEro PaBHOMEDHOrO NPHGJMKEHHUsS $iB-
asiercst Q3 (x)=0.

HeiicTBuTebHO, 31ech L= l[nax ]I cos 2x—0| =1 u pasnocts [ (x) — Qg (x)=

x€elo, 27
= c0S 2¥ NpPHHHMaeT MOCJeJOBaTeJbHO 3HaueHus -1 u —1 B NATH TOYKax
0, n/2, =, 3m/2, 2m.

3ajzaya NOCTPOEHHS TOUHOrO a/ibTepHaHca BecbMa TpynaHa. [lpu6au-
WEHHOEe NOCTPOEHHE aJbTepPHAHCA M CBA3AHHOE C HUM NOCTPOEHHE II0JIU-
HOMA Hamjayywero npuGinmxenus npeanoxexo Pemesom [7], [5].
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FTJIABA I
AMMUPUYECKUE ®OPMYJIbl

§ 1. Beoxnbie 3ameqaHus

[Tycth, usyyas QyHKUHMOHAAbHYIO 3aBHCHMOCTH
y=7r(x), (1)

Mbl TPOM3BEIM PAX H3MEDEHHH BeJMYHH X M y M B pe3yabTaTe Nojy-
4uaM Ta6auIly 3HAYeHuH

x %1 Xy oo X,

Y Y1 Y Yn

nan rpaduk, CBASHIBAWLIMA 3HAYEHHS X H Y.

Ecan ananntuyeckoe Buipaxcenne (Qyukumu  f(X) HEH3BECTHO HIM
BeCbMa CJOXHO, TO BO3HHKAET MPAKTHYECKH BaxkHas 3amava: Halitnm Im-
nupuueckyro gopmyary

y=ri(x), (2)
3HaYeHHss KOTOPOH MpH X == X; BO3MOXHO MaJ0 OT/AMYAJHCH Obl OT OMHT-
HbX JaHubix y; (=1, 2, ..., n). B tako#t nocranoBske Hama 3anaua

BEeCbMa HeOMpeAe/eHHa; MO3TOMY OOBYHO NO psiny coobpawenuft yxa-
3HBAIOT JOCTAaTOYHO Y3KHH kjaace yskuuii K (nampumep, MHOXECTBO
dyHkun# JAMHEHHBIX, CTENeHHbX, MOKAa3aTeAbHHX W T. I.), KOTOpPOMY

IO/MKHA MPHHALNEKATh uckoMmas ¢ynkuus f(x), ¥ Leao, TakuM o6pa3om,
CBOIMTCH K HaXOWIEHHIO /JHIIb HAaW/Jy4yIUHX 3HaueHH# napamerpoB. Bo
MHOTHX CJyyasx kJjacc K ompenensiercss TpeGoBaHHeM MPOCTOTH IMIHPH-
yecko#t ¢OpMyJB; HHOTrZA 3TOT KJacC MOICKa3wBaeTcs Camoit npuponoft
siBJICHHA.

[eomeTpHyecky 3aJaua MOCTPOEHHS IMMHPHUYECKOH (OPMYy/b COCTOHT
B nposexennn kpusoft I' Buma (2) u3 HekoToporo kiaacca K, «BO3MOXHO
Gamxe» npuMbikaoweR k cucreme touexk M;(x;, y,) (i=1,2, ..., n)
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(puc. 12). Pasymeercs, npu 3TOM AOMKeH GLITh BHSICHEH TOYHLIH MaTe-
MaTHYeCKH# CMHICA MOHATHS «O6an3octH» KpuBo# I' K koudurypauun
Touek M.

3aMeTHM, YTO 3a/la4a MOCTPOEHUSI IMMUPHYECKOH HOPMYJIEl OTAHYHA OT
'sagayn uutepnosnposanus (ra. I, § 2). Ilpn mHTEepmoMpOBaHHK OThICKH-
BaeTcs QyHKUMS M3 JaHHOrO KJjacca GpyHKUMHA (HanpuMep, NOJIHHOMOB 3al1aH-

HOM cTeneHn), 3HAYEHHST KOTOPO#H
y B 3aJ]aHHHIX TOYKAaX X; COB-
r naganM 6u C TaGIMYHHIMM 3HA-
yenusamu y; (i=1,2, ..., n).
Ipn HaxoXmeHHH SMAHPHUECKOH
dopmynn ne Tpebyercs, 4TOOHI
3HayeHus f~(x,-) coBmazam ¢
Y;, IOCTaTOYHO, YTOOL Pa3HOCTD
f{x;)—f(x;) Ouna mana B ua-
BECTHOM CMbIC/IE B HOaHHOH 00-
nactu. Cnemyer uMeTh B BHAY
TaK¥Ke, YTO CaMH HCXOIHHE SM-
nupHYecKHe JaHHHE X; H Y,
KaK mpaBuso, ABASIOTCH NPUGIH-
MXEHHHIMH H COZepwaT OWMOKH.
ToatoMy unTeprmoasunonnas ¢opmyia, NOBTOpPSIOWIAsi 3TH OWINGKH, He
FOBOpSl Jaxe O ee CJIOMHOCTH, He SIBJSETCH HAeaJbHLIM pELIEHHEM To-
CTaBJEHHOM 3alayM; 4aCTO MNpocTas SMMHpHYecKas (opMyna, CriaaXHBalo-
ulasi MeCTHbl€ HEeNpaBHJIBHOCTH, MOXET Jyyuie OTOGpasHTh aeHCTBH-
TEeJbHOCTb,

[MocTpoeHne sMmnupuyeckoll GoOpMysaH cnaraeTcs M3 [ABYX STamoB:
1) BhisicHenHe oO6uiero Buaa 3Toi QopMmyan U 2) onpeneseHne Hauayu-
KX NapaMeTpoB ee,

Ecan Hen3BecTeH XapaKTep 3aBHCHMOCTH MeXIy NAHHEIMH BEJMYHMHAMH
X ¥ Yy, TO BHUJI 3MIHPHYECKOH (OpPMYy/H sIBAsIeTCA MPOH3BOJbHEIM, [lpen-
TOYTEHHE OTHAaeTCs MpocThiM opMmynam, obiamaroluM Xxopomel TOuyHoO-
cTb10. EC/ OTCYTCTBYIOT CBENEHHS O IPOMEXYTOUYHBIX NAHHEIX, TO OGLIUHO
npeanoJaraetcsi, YTo sMnupuHyeckas yHKUMs aHaauTHYecKas 6e3 Touek
paspeiBa u rpadpuk ee—nsaBHas kpuBasi. Heabas ykasath o6Guiero me-
TOAA IJf HaXOXIEHHs HaW/Jyyuiero THNa ¢opMyJb, COOTBETCTBYIOLLEH
ONBITHHIM JaHHBIM.

Ynaynbiii non6op sMnupuHyeckoit GopMyJsbl B 3HaUHTENbHOM Mepe 3a-
BHCHT OT OMNKTa M HCKYCCTBa COCTABHUTEN.

B HeKoTOpHIX c/lyyasx BHOOpD THNA SMIHPHYECKOH GOPMysan MOXer
ObITb NPOM3BEleH Ha OCHOBe TEOPeTHYECKHX NpeNCTaBJeHHH O xapakTepe
u3yyaeMolt 3aBHCHMOCTH. B mpyrux cayuyadax ynpaercs nomo6Gparh TaKyio
¢opmyny, cpaBnuBas KpPHUBYIO, NOCTPOEHHYIO MO MNAHHBIM Ha6mOxeHHs
B JleKapTOBHX KOOPJAMHATAX HJM B CNELHaJbHBX CHCTEMAaX KOOPIAMHAT

e —————e
5

S ———
® S
[ PPN

s
&

Puc. 12.
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(monynorapudmuueckolt, norapudMuueckod u T. n.), ¢ o6GpasuaMd Hu3-
BECTHBIX KPHBHIX (OTAE/JbHHIE HENPAaBH/BHOCTH [IDH 3TOM HIHOPHPYWOTCSH).
Jas o6neryenns BHIGOpA MOJIE3HO HCIMOJb30BATH CNELHANbHHE AJbOOMH
KpuBHX. [Ipn u3BeCTHOM HaBHIKE IO MOJOXEHHIO TOYEK, ONpenesiouiuxX
HEKOTOPYIO I/aZKyl0 KPHUBYI, MOXHO NpPHMEPHO yranath OGWHMHA BHI
3aBHCHMOCTH.

Bo MHOrux ciy4yasix MOXHO OTPaHHYHTBHCS MOJHHOMOM

m
y= 2 ap" 3)

Hepenko ymotpebasiioTcs apyrue ajeMmenrapHbie ¢yHkuuu (1po6Ho-am-
HellHasl, CcTeneHHas, MokasaTe/bHas, Jorapudmuyeckas u 1. n.). B nane-
HelinieM OyIyT ykasaHbl npHeMbl, o6Jeriamoline BLIGOpP BHIA SMIHUpHye-
cko#t dopmybl,

Yro kacaercsi onpeneseHHs HaWIydylINX 3HaYeHUH napaMeTpoB, BXO-
ASUUX B 3MNUpPUYECKyI0 ¢opmynay, TO 3Ta 3amauya Gosiee Jerkas W pe-
IAeTC peryaspHLIMH METOAAMHU.

dmnupuyeckne GOPMyJb He MPETEHAYIOT HA POJIb 3aKOHOB NPHPOAM,
a ABJAIOTCH JHLIb THNOTe3aMH, 6ojlee MM MeHee YIOBIETBOPHTEJbHO
COrJIacyOLMMHUCA € HaOJ/IOJeHHBIMH ONBITHBIMH AaHHbIMH. OnHako 3Haye-
HHE X BeCbMa BEJHMKO; B MCTOPHH HAyKH H3BECTHbl MHOTOYHCJIEHHHE
nNpHMepH TOTO, KaK MOJydeHHe yZayHOH sMnupuyeckol $HOpMyJH npHBo-
IH10 K GOJbIUMM Hay4YHBHIM OTKPHITHSM.

3amevauue. [lpn mnocrpoeHnn sMoHpuyeckol GOPMYaH MOXHO
npennosaraTh, YTO HCXONHHE HaHHMe (X, y;) (i=1,2, ..., n) nono-
WHTEJNbHH.

He#tcrBuTensno, ecan OH, Hampumep, Bce x; < 0 (mam Bce y; < 0),
TO JOCTaTOYHO PaccMOTpeTh Tabauuy 3Hadenndt (—x;, y;) (WA coot-
BeTCTBeHHO (X;, —y;)). AHnanornuso npu x; <0 u y; < 0 mocratoyuo
NOCTPOUTDL SMOHPHYECKYI0 dopmyay Aas Tabiauuel (—x; —y;).

ITycte Temepb HMeem oO6GwuH cayyalf, Korja 3HakM 3HauyeHud x;
H y; nepemennble. Tak kak TaGinua 3HauyeHuit (x;, y;) KOHeuyHa, TO Bceraa
MOXHO MOA06paTh MOJIOXHUTEJbHEE YHCAA 7 W 1 TaKHe, YTO

E,i=m4x,>0, m,=n+y;>0.

Orciona nojyyaeM, 4YTO pelieHHe IOCTABJEHHOH 3aJauM CBOAMTCS
K HaXOWIIEHHIO SMIHPHYecKod (OpMyJn JUI CHCTEMH MNOJOXHTENbHHX
anauennit (§;, m;).

TlosaTomy B panpHefimieM Mbl, Kak mnpaBuao, OyneM paccMaTpPHBaTh
TaG/MUB C NONOXHTENLHEIMH 3/EMEHTaMH.

3amernmM, 4TO Mb B JajbHefimeM He OyldeM KacaTbCs BOMpPOCOB,
CBA3aHHHIX C OLEHKOH J0GPOKAYECTBEHHOCTH HMCXOJHBIX JNAHHHX, B 4acT-
HOCTH, He OyJeM YYHTHIBATH OWMHOKH ITHX JAHHBIX.
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§ 2. Jluneiinas 3aBHCHMOCTH

MycTe nns nepeMeHHWX X W y W3BECTHH UX 3HAYEHHT X; H Y,
(i=1, 2, ..., n), pacnojoxeHHne B MOpsAKe BO3pacTaHUA MEPBOH
nepemenHoi: x, < x, < ... < Xx,.

Ha koopaunaruoit mnockoctu Oxy noctpoum cucremy touek M, (x;, y;)
(s ymo6Gersa Macmtabu na ocsix Ox w Oy MOryT OuiTh BLIGpaHH

pa3uniMu). Ecam okaxeTtcs, 4TO 9TH
Y TOYKH DPACMmoOsaraloTC MPHMEPHO Ha
P HEeKOTOpo# mnpsMo# Jsmuuu L, TO
// €CTeCTBEHHO [MpPEANOJOXHUTb, YTO
T ) 3aBHCHMOCTb MEXIY X H Y AUHElHAA:

P4 y=ax+b, (1)

Vi rie a U b—rnocrosinunbe,
/ [lpuknaamBas npoO3payHy0 an-
HefiKy (MJIM HaTACHBAs HHUTb) TaK,
x 4TOGKI MOJIOKEHHE ee OhJI0 BO3MOX-
}/ HO O/JM3KUM K KawXIOH U3 TOuek,
L/ OMLITHBIM TIYTEM MOXHO H4aWTH HaW-
7 Ayyuiee mnoJsioxexne npsmoH L.
‘ [Toctpoenne npsiMoit L 06uYHO Tpo-
M3BOAHTCS HA GyMmare ¢ MHJIHMET-
pOBOH ceTKOH, mpHYEM pe3yabTar
Puc. 13. He fBAFeTCH ONHO3HAYHO ompene-
JIeHHbIM.

Jlns HaxokneHHs napaMeTpoB @ W & W3MepAIOT KOOpAHHATH XBYX
TOueK (He 06ﬁaaTeano u3 nannbix) N, (xl, yl) u N, (xz, yz), JIexaImx
Ha mpAMoH L (vanpumep, HAXOJNAT TOYKH TeEpecevyeHus ee C OCIMH KOop-
IOMHAT) M 1O BO3MOWHOCTH Ja/IeKO yjajeHHnXx apyr oT apyra. Torma
a u b moryt OuITb Ompele/ieHbl H3 CHCTeMB ypaBHeHHH (crocob evibpan-
HblX TOHeK)

g ; 23

h=ax,+b,  ygy=ax,+b. (2)
Pesynptat wuckaouenns ko3pduUMeHTOB @ M b U3 ypaBuenuft (2)
MOXeT ObiThb 3amucaH B BHle OMpepe]nuTeNs:
y x 1
o xl 11=0. (3)
Ys X, 1

TeomeTpuueckn ypaBHenue (3) mpelcTaBafeT coGo# ypaBHeHHe mps-
Mo, npoxoasielt uepes Touku N; u N,.
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MeTon BHOGpaHHBIX TOYEK BechbMa HarasieH, Ho o6najmaer Mano#
TOYHOCTBIO. B manvneiimeM (em. §§ 5—8) 6yayr yxasann Gosnee TOYHHE
aHa/INTHYECKHe METOXH onpeleseHus KosdduuuentoB a u b.

[Tpumep 1. INogo6path aMNUPUYECKYIO (b(;pmyny AJIS TaGJAHYHEIX RAaHHBIX!

X 2 4 6 8

y | 0,350 0,573 0,725 0,947

Pewmwenue. Tocrpous coorsercrBylomue Toukd M; (x;, y;) (i=1, 2, 38, 4)
B MOAXOAfAIeM Maciutabe, y6exjaeMcs, 4TO OHH pacloJIaraloTCsi NPHMEPHO Ha
npaMolt auHuM y=ax-+b (puc. 13).

M3 rpaguka HaxoauM oTpe3oK, OTceKaeMElil psIMoit Ha ock opAuHaT: b=0,147.

Kpome toro, npu x=10 umeem y=1,138. IHoatomy

1,138—0,147 _
a= -t 0,099,

MoXHO NpHHATD
y=0,099x +0,147. )

Hns cpaBHenua B TaGauie 10 npuBejeHn 3Hauelus, MoJyyeHHbe no ¢op-
Myne (4), 4 pasHocTd A=y—y. .

Ta6auma 10
3HaueHHs IMNHPHYECKO (PYHKLHH :1}
x 2 4 6 8
¥y 0,345 | 0,543 0,741 0,939
A=y—y 0,005 | 0,050 —0,016 0,008

Jlerko naTh aHaNWTHYECKMH KPUTEPHH J1As NpPAMOJIHHEHHOCTH psAa
Touex M; (x;, y;).

[Monoxum
Ax;=x;,—%; Ayi=y,.1—Y; (9)
H
Ay; .
k=3 (=12, ..., n—1). (6)

Ecam k; = const, To Toukn M; (Xx;, y;), O4EBHILHO, JNEXAT TOYHO Ha
onHoft npsamo#t aunuu. Ecian

hhxky~...xk,_,, (7)
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10 TOoukM M, (X;, y;) NMPHGIH3HTENBHO pacmoJiokeHH Ha mpamol. B 3a-
BHCHMOCTH OT TOYHOCTH BHIIIOJIHEHHSI COOTHOLIEHHH (7) pemaeTcs BOMpOC:
ClleRyeT HAM He CJedyeT HCKaTb SMNUPHYECKYI0 3aBHCHMOCTb MEXAY
BEJUYHHAMH X W Y B Buie JHHeHHOH GYHKUHH?

B uyacTHOCTH, ecaM 3HayeHus Xx; paBHOOTcTOsimue, T, e. Ax;= const,
TO NOCTATOYHO YGeNuThCH, YTO 3HaueHns Ay; ABAAIOTCS TaKXKe IOCTO-
SIHHBIMH (M1 TIOYTH MOCTOSHHBIMH).

ITpumep 2. IlpoBepurr Ha NpPAMOJHHEHHOCTb CJEJYIOWIMI DAL TOUEK:

i 1 2 3 4 5 6

x; 0,5 {1,015 )20 25| 3,0

Y; 0,62 | 1,64 |2,58 3,70 | 5,02 | 6,04

Pemenue, Tak Kak 3HaueHus x; PaBHOOTCTOsiLIHe, TO COCTaBJjfAeM Tal-
Juny passocredt Ay; (raGauua 11).

Ta6anuma 11
Mposepka Ha NPSAMOJHHEHHOCTH

l|l2|345

Ay;

1,02 l 0,94

1,12 | 1,32 ‘ 1,02

Mut BHAUM, uTO 3HayeHHA Ay; GJIM3KH APYr K APYry (3a HCKJoueHHeM Ay,).
[MosTomy B kauecTBe rpy6oit smMnupuyeckoit GopMyJbl MOXKHO BEIGpaTh JIHHEHHYIO.

§ 3. Meron BbipaBHABAaHHSA

nyCTb I/ nepeMeHHblX X M Yy HX COOTBETCTBYHOIIHE 3HAYCeHHA X;

ny;(i=1,2, ..., n) Takos, yto TOukH M;(Xx;, y;) He pacmonaraioTcs
Ha npaMo# auHud. Torga BO MHOTHX ClyyasiXx, BBOJAS HOBBIE NepeMeHHbie
X=q(x, y), Y=19(x, y), (1)

MOXHO HOOHTbCi TOro, 4rtoOu rnpeoGpasoBannnie ToukH N;(X; Y)),
rae X;=@(x; y;) u Y;=v9(¥x;, y;), 7Aexaqn Ha HEKOTOPOH mpsmo#
Jaunun naockoctn OXY (merod ssipasnusanus). O6Gf3aTenbHBIM Tpe6Go-
BaHHeM NPH 3TOM SIBJISIETCS B3aHMHAas OZHO3HAYHOCTh NpeoGpa3oBanus (1).
Paccmotpum, nanpumep, HeiuueliHyl0 3aBHCHMOCTb BHIA

P (y) =ag(x)+0b, )
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Thie a H.b—l‘lO'CTOHHHble, @ (x) u P (y)—cTPOro MOHOTOHHHE (PYHKLHH,
Ha naockoctn Oxy dynkuus (2) nsobpakaercs HeKOTOPOH KpHBOH,
BBoxs HoBhle nepeMenHne X= @ (x) u Y=1(y), 6ynem umerp

Y=aX+b, (3)

H, CJIe0BaTe/IbHO, NP HAJIMYHA 3aBUCHMOCTH (2) Touku N; (9 (x;), ¢ (¥;))
(i=1, 2, ..., n) na HoBoH koopauHaTHOH nuockoctn OXY pacnona-
raiorcs Ha npsaMoit amxHuu. O6GpaTHO, €CJH NPH NOCTPOEHHH HA NJIOCKOCTH
OXY o6uapywuTcsi, 410 TOuYkM N; TMpaKTHYECKM JexaT Ha nps-
MOH JIMHHM, TO MeXIy TEepeMEHHHIMH X M y HMeeT MeCTO 3aBHCH-
MOCTb (2).

byHKuuH @ (X) B P (y) OOBHYHO HaXOAATCH METOLOM Npob, Ha OCHO-
BaHHH OGHapYXEeHHsl CXOJACTBA JHHHH (2) C M3BECTHHIMH KDHBHIMH, MJH
NpoBepKOH BLINOJNHEHHA COOTBETCTBYIOMIMX aHaJHTHYECKUX KpHTephes
(cm. § 4).

K Buny (2) cBomMTCs, HanpuMmep, CTENEHHAA 3A6UCUMOCTD
y=cx’, (4)

rie @ M ¢—nocTosiHHue, npuyeM x>0 u y >0,
Jlorapudmupys dopmyany (4), Oynem umerb

lgy=algx+lgec.
Ortciona, nonaras X=I1gx, Y=Igy, noayunm
Y=aX+4b b=lgec. (5)

TaknMm o06pa3oM, cTeneHHas 3aBHCHMOCTb (4) Mexay nepeMeHHBIMH X
u y oGnapyxuaercs, ecan Toukn N;(lgx,, lgy,) (i=1,2, ..., n)
Jexat Ha oJHO#t npsiMoft B muockocty OXY. Ins nocrpoenus npaMol (5)
BLITOJHO MCIOJb30BaTh Jorapudmuyeckyio Oymary, npeacTaBAsIOLLYIO
€060t HepaBHOMEPHYIO CeTKy, MOCTPOEHHYIO Ha rOPH30OHTa/JbHOH M Bep-
THKaJAbHOM norapudmuyecknx mxanax. [losToMmy, oTkjanbiBas Ha Ocax
YHC/IeHHHe 3HAYeHHS X; M y;, Mbl nojyyaeM Touky N; ¢ KOOpAMHAaTaMu
lgx; w lgy; (B u3mecTHom MacwitaGe), T. e. usbaBiseMcsi OT Heobxo-
JUMOCTH BHIYMC/IATH 3HaYeHUs JOrapH(PMOB HCXOIHBIX KOODAMHAT.

3aMeTuM, yTo B JorapudMuueckoi KoopamHaTHOH cetke OXY naua-
JIOM KOOPIHHAT CaAyxHuT Touyka x =1, y=1. [losTomy ucxoanme nan-
HHE X; H Y; (KOTOpHEe NO/DKHBE OLITh IOJIOMHTEebHEIMHE) BHIOIHO Npeos-
pasoBaTh TaK, 4TOGH UMeJH MeCcTo CcooTHowenus x;=1 n y,=>1
(HanpuMep, YMHOXHTb UX Ha MOAXONSIIMH NOJOMHTE/bHHH MHOXHTEND).
Ionaras x =1 B cooTHowenun (4), OymeM uMeTL y=rc; TakuMm oG6pa-
30M, TNOCTOSIHHAA € NpeACTaBiseT cO6OH OpAMHATY TOUYKH TNepeceyeHns
¢ oceio QY cooTBeTCTByIOLIero npaAMoaHHelinoro rpaduka B 1J0-
exoctn OXYi
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Dpuwmep L TaGauunsie pannie

x 10 20 30 40 ‘ 50 60 70 80

y 1,06 | 1,33 | 1,52 1,68‘1,81 1,91 [ 2,01 | 2,11

OTBEYalT (popMyse BHIA
y=cx% 6)
Haifitn mapamerps @ u c.

Pemenne. HaHocad naHHHe TOUKH Ha Jorapndmuueckylo Gymary, 3aMe-
qaeM, 4TO BTH TOYKH C JOCTATOYHOH TOYHOCTBIO pACIMOJAralTCs Ha IPAMOMH
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Puc. 14.

nunud (puc. 14). Tem cammm moxTBepKaaeTcs Halle npefpnosoxenue (6) o xa-
paKTepe 3aBHCHMOCTH MEXAY X H Y.

[nst onpepeseHHs mapaMeTpoB @ H ¢ BOCNOJb3yeMCSl KPaHHHMH TOYKaMH
A (10; 1,06) u B (80; 2,11).

Jlorapupmupys cootHoumenne (6), moayuum

lgy=lgctalgx.
Orciona, NoACTaBasAst KOOPAHMHATH ToueKk A H B, Haxomum
1g1,06=1Igc+alg 10, Ig2,11=1gc+alg80
HIIH
g ¢+ a=0,0253, lg ¢41,9031 a =0,3243;

CJeA0BATEJNbHO,
0,3243—0,0253 _0,2990
1,9031—1 0,908l

1g ¢=0,0253—0,3311 =— 0,3058 =1,6942; ¢=0,4945,

=0,3311,

Takum o6pasom,
Y =0,4945x0,3811, )



§ 3] 'METOX BHIPABHHBAHHS 87

B Ta6auue 12 npuBeleHH SHaueHHS y=14 (X), BbIYNCJIEHHHE MO dopmyane (7),
H HX OTKJOHEHHA A=y—y OT TaGJHYHHX JaHHBIX.

Ta6aunuma 12
3nayenus sMnupHyeckoil dyukuun (7)
x 10 20 30 40 50 60 70 80
v 1,06011,320] 1,525 |1,677)1,806| 1,919 2,012 {2,110

A=y—y | 0 |0,010{—0,005 |0,003 0,004 —0,009 |—0,002 | O

Hpyrofi Baxuu# cayyalt npeicTaBaseT HOKA3ATEAbHAR 3AEUCUMOCTD
y=ce**, ¢>0. (8)
Jlorapugmupys, OyneM HMeTb
Iny=ax-+Inc.
Orciona, nonaras X=wx, Y=Iny, nonaydnM JmHe#iHyi0 3aBHCHMOCTb
Y=aX+b, b=lnec.

Ecnu uMeercss nomospeHne Ha MOKAa3aTENbHYH 3aBHCHMOCTb (8), To
I mocTpoenus B naockocty OXY yno6HO Hcmo/b30BaTh noJynorapudg-
MHYeCKyl0 OyMary ¢ paBHO- y
mepHo#i wkano#t no ocu OX
K JaorapudmMuyeckol - mikaaof
no ocu OY. \

Hauano xoopausar B no- \
nynorapudMuyeckod  cetke \
COOTBETCTByeT TOuke X =20, \
y=1, nostomy ynobuo g5
6patb y; = 1. lna npamosn- N,
HelHOro rpadyKa B NJIOCKOCTH
0XY, COOTBETCTBYIOLLETO g
dopmyne (8), nocroansas ¢ R~k
npeiacrasaser co6oft opauHa-
Ty TOYKH INepecedeHHs 3TOro _ ,
rpaguka ¢ ocbi0 OY (x=0, ¢ 1 2 & 4 & z
y:c)_ Puc. 15.

B o6uieM caydae BHOOp BHIA AMIMPHuYecKOH fopMyan obaerdaercs
3HAKOMCTBOM C rpagukaMH 3JeMeHTapHelX QyHKIult,
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. Hpumep 2. Pesynbratet H3Mepenuit BepaxaioTcs TaGauuelt [9]s

xl0]0,2/10,5] 1 |1,6] 2 |25 3 3,5 4 4,5 5

y | 1 |0,833)|0,667|0,540/0,400| 0,333 {0,286 | 0,250 | 0,222 0,200 0,182} 0,167

CocTaBuTh MOAXOASILYIO 3MIHPHUECKYIO dopMyay.

Pewenune. Hanoca Toukn M;(x; y;) Ha KoopauHatHylo ceTKy Oxy,
o6HapyKHBaeM, 4YTO OHH pacno.naraio'rcﬁ NpUMEPHO Ha KpPHBOH, MoXxoxeil Ha
BeTBb THNEPGOJBl, aCHMOTOTHYECKH MNpub/MmKaiomyocs kK ocd Ox - (puc. 15).
IlosTomMy nonarae . |

y Tax+4b’ O
Orciona

1
—=ax+4 b,
P +

’

T. e. UMeeM 3aBUCHMOCTb BHIa (2). Beeas HoBble mepemennsle X =x, Y=l
o Y
oAy 4eM JIMHEAHYIO 3aBHCHMOCTh

Y=aX4b. (10)
CooTBercTBYIOIHe JaHHble MpuBeAcHB B TaGauue 13.
14
L
(//
1
; ~

0 45,1 15 2 25 3 35 4 455 X

Puc. 16.
. Ta6nauuma 13
MonGop amnupuueckoit GopMyJsl MeTOXOM BbIPaBHHBAHHSA
X 0 /]0,2/05( 1 (1,56 2 |2,6| 3 {3,6] 4 |4,8 5
Y 1 1,2{1,5(2,0/2,5|3,0{3,5|4,0{4,5|5,0| 5,6 6

TMocrpeus B miaockocta OXY Ttoukn N;(X; Y;), y6expaemcs," uto OHH' JIEKAT
npubAU3UTENBHO Ha NpPAMON JIHHHH L (puc 16).
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CiegoBaTeNibHO, Hala CHIOOTe3a O XapakTepe 3aBACHMOCTH ONpaBAaAach U
Bui Gopmyiet (9) BuGpaH npaeuabHo. [To puc. 16 ompegensiem mapamerps
npamoit L )

6—1

b=1, a=p—=1.

5—0
Takum o6pasoM, HcKOMas 3Mnupudyeckas ¢opmyna ecTsb y.—_ﬁ,
§ 4. Ksagpatuusas (mapaGo/imdeckasi) 3aBUCHMOCTb

Ecmu nna naudbix 3uavenndt (x; y,) (=1, 2, ..., n) ne onpas-
InBaeTcl NNHeHHasw 3aBHCUMOCTb, TO MOXCHO HCNpPo6oBaTh Gojiee OGULYIO
K8aOpPATUYH YO 3ABUCUMOCTb ¥

y=axi+tbx+c (as:0). (1)

dopmyaa (1) umeer mecto, KOrma
Toukn M;(x;, y;) pacnonaraiorcs Ha \
orpe3ke mnapabobl C BepPTHKA/IbHOM \
ocsto (puc. 17), ns oGnapyxenus AN
sToro ¢aKta C HaaJexalled Tuarelb- |
HOCTBIO MPOBOJAHM MJaBHyIo kpusyio ', ul
B6/IH3H  KOTOpOH FPYMIHPYIOTCS !
AanHue Touku M; (x;, y;), u BeOHpa- 0 I
em Ha Helt Touky N (X4, Y,), MO A
BO3MOMXHOCTH COBMAJaIOLLYI0O C OXHOMH Pic. 17.
u3 touek My (x,, y,) (1<Ck<n).

[pennonaras, yro kpuBas [' ecrb mnapabona (1), Gymem wuMeTh

Yo=axi+bx,+c. (2)
Buuyutas u3 ypaBuenus (1) paBeHcTBO (2), Haxoaum
Yy —yo=a (x* —x3) +b(x—x,)

|
|
l
|
‘ .
|
{
[

&)...;_;_...'_.___.. \
= 55

&)

uan
Y—Yp=a(x—x,)2+ b, (¥ —x,),. (3)
rae by, =b-2ax,.
Ecnu Temeph BBeCTH HOBbie NepeMeHHbe

X =x—x,, Y=z————:z:, (4)

TO 43 ypaBHeHus (3) moJy4uM JHHEHRHYIO 3aBHCHMOCTD
Y=aX+0b,. (8)

Takum o6pasom, mnapa6ose (1) Ha miaockoctH Oxy COOTBETCTBYET
npsimaa (5) na mnaockocth OXY (em. § 2). O6parxo, echau- - Gyaer
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obnapyxeno (cM. § 2), uro Touknm N (X, Y)(i=1, 2, ..., n), rne
X:=x,—x 'Y.#W_—ﬂ’

i 1 [12] 1 x‘._xo ?
nexat Ha npamoit (5), To Touku M;(x;, y;) PpacnojoxeHs Ha napa-

Gone (1), mpuuem
b=b,—2ax,, c=y,+ axi—>b,x,. (6)
BhiBeneM aHanuTHYeCKHMH KPHUTEpPHH A/ KBaApaTHYHOH 3aBHCHMO-
cru (1), Myers M; (x;, y;)—nansas Tabiuua 3nadenui, npuyem

Ax;=X;,—x%;>0 (i=1,2, ..., n—1).

Ilpn nanuuum 3aBucuMocTH (1) MOCAEAOBATENBHOCTD Yy, Yy «sey Y,
WJM MOHOTOHHas, T. e. Ay,=y, ,—y, (i=1, 2, ..., n—1) co-
XpaHsieT NOCTOSAAHHBA 3HAK, HJHM Ke 9Ta [OCJENOBATeJbHOCTb HMeeT
€IMHCTBEHHBI SKCTPEMYM, T. €. Pa3HOCTb Ay, IMIb OJHH Pa3 MeHHEeT 3HaK,
Beenem pasgeneHnne pa3HOCTH NEpPBOrO ¥ BTOPOrO MOPSUKOB (CM.,
nanpumep, [15]):
[ xi+1]=§%
{

%7 41, Xida]l—IXi, Xi44]
Xi+e—%;

4 (%) (7)

b
Ayx;

[xiv Xir1 xi+2] =
HJIH

[xi’ Xitl xi+2] =

rae Ax;=X; ,—%;=Ax;+Ax;,,.

HokasniBaerca [15], uto TOYKH M, (%;, y;) pacnonoXens Ha napa-
Gose (1) Toraa M TONLKO TOrLKA, KOrAA COXPAHAIT MOCTOSHHOE 3Haye-
HHE BCE€ pasjeieHHHEe Pa3HOCTH BTOPOroO MOPSIAKA.

B uacrnocT, ecim ssavenus x;, X, ..., X, PaBHOOTCTOsUHE,
T.e. Ax;=h=const, TO An9 CyllecTBOBaHUs SMIHPHYECKOH KBanpa~
TH4YHOH 3aBucuMocTH (1) Heo6xoauMO M HOCTATOYHO, YTOOW Obla no-
CTOAIHHOA BTOpas pasnocTs Ay, =y, ,—2y;  +y;=c(i=1,2, ...,
n—2), npuyem toraa Aly;= 2h%a.

3aMeTuM, YTO BTOpPbHIE PA3HOCTH BECbMa YyBCTBHTEJbHH K OTKJOHE-
HHAM OT napabo/IM4ecKOro 3aKoHa.

Ilpumep 1. [lauuyio cucTeMy 3HaueHHii

x 0 0,5 1 2 4 5 6

Y 0 —1,76 {—3,00| —3,96 | 0,24 | 5,40 | 13,34

HcceloBaTh HAa KBaApPaTH4YHYIO 3aBHCHMOCTb.
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Pemenue. CocraBiaseM no dopmyne (7) Tabauuy pasjgeseHHbIX Pasuos
creit (tabmnna 14).
Tak kKak BTOpas pasjefeHHas DPa3HOCTh MPUMEPHO NOCTOSHHA, TO MO}KHO
CYNTATh, YTO MEX]Y TEePeMEHHLIMH X W Y HMeeT MecTo MNpHGJMKeHHas KBajpa-
THYHAA 32aBHCHMOCTb.

Ta6auna 14
Mposepxa Ha KBaNPaTHUHYI0 3aBHCHMOCTH "

x| ax ¢ Ay % ( ) A (A.x)

0 0 -
0,5 —1,76 | —3,52

0,5 —1,76 1,04 1 1,04
0,5 —1,24 | —2,48

1 —3,00 1,52 1,5 1,01
1 —0,9 | —0,9

2 —3,96 2,92 3 0,97
2 3,72 | 1,8

4 —0,24 3,78 3 1,2
1 5,64 | 5,64

5 5,40 2,30 2 1,15
1 7,94 | 7,94

6 13,34

§ 5. Onpepesienne mapamMeTpos SMIUPHIECKOR HOPMYJIHI

Ecan Bux smnupuyeckoft ¢dopmyias Bhi6GpaH,

ornpeneneHus

HauJAyylnXx  Ko3GddHUHEeHTOB (napamerpos),

B 9Ty ¢opmyny.

TO BO3HHKAET 3anavya

BXOASALUX
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B o6mem Buize sTa 3anaya CTAaBHTCA CJEAYIOIMM O6pPasoM: NycTh
Aannas cucTema 3wauenmuit M;(x;, y;) (i=1, 2, ..., n) npubamkesHo
onucwBaercs ¢Gopmynoi Buua o

y=f(X; Ay, Qgy «oey a;y;): (])

rie f—wusBecTHas QyHKUHS H a,, @, ..., @, —HEH3BECTHbE NOCTOAH-
Hble, YHCIO KOTOPHX 7 OOLYHO MeHblie uucjaa touek M;, T. e. m < n.
TpebyeTcs onpeneiuTb 3TH MOCTOSIHHBE.

Ecan 3Hadenus (x;, y;) TOYHO CBsi3aHbl 3aBucHMOCTbIO (1), TO ma-
pameTpul @y, @y, ..., @, MOTYT ObIThb HalilleHn H3 CHCTEMH ypaBHenui

y; =%z ay, ay, ..., a,) (j=1,2, ..., n). 2)

Onnako Ha npakTHKe 3Hayenus (x;, y;) comepwar Hen3bexHme
OWNOKH M YHCJIO YypaBHeHHH cHucTeMH (2) 3HauuTenbHO GoJbulie YHCHAA
HeH3BECTHHIX; NO3TOMYy cHCTeMa (2), KaKk npaBHJO, §BJASETCS HeC O B-

mectHOo#. [lpuxoaumTcs  OTHICKMBaTL HaMJAyyllMe  3HAaYeHHs 4,

@y, ..., @,, NpHOJHIKEHHO yNOBJETBOpsIOLHe cHcTeMe (2), T. €. TakKHe,
YTO HeBa3ku (YKAOHeHUs)

yj_f(xj; :11, azv ceey -am)=81 (J=1,2, ..., n) (3)

SBASIOTCH BO3MOXHO MasnMH no aGcoOJIOTHOR BesMyHHe,
FeomeTpuueckn 3amaya CBOZUTCA K NMpOBeNeHHIO KpuBoil Buua (1),
Hanboviee TeCHO NpUMBbIKAKOUIEH K INAHHOH cHCTeMe TOoYek.
Han6osnee pacnpocTpaHeHHbIMM SIBASIOTCS 3MIHpPUYecKkHe (GOpPMYyJbl,
JHHeHHO 3aBUCHUIHE OT mapaMerpos, T. e. opMmyan BHIA

Y= (X)+ 219, (%) + 2,9, (X)+ ... +a,9, (x). (4)

B stom cayyae cuctema (2) JuHefiHas M HCC/eIOB2HHME ee€. CPaBHM-
TenpHo mpocto. [Ipn Henuuefino#t 3aBucumoctn B (1) OT mapamerpos
a,, @y, ..., @, CUCTeMa (2) TaKke HEJIMHEHHAs M HAXOXKIEHHE TOYHBIX
UM TpUOIKEHHHX pelleHnil ee NMPeNCTaBiseT TPYAHYIO 3alauyy; OGHYHO
TaKyl0 CHCTeMy NPUOJHIKEHHO 3aMeHsIoT JuHefiHoH (cM. § 12).

B caenyomux naparpadax Mbl paccMOTpUM TpH HauGoJee ynoTpe-
6GUTeJbHBIX MeTOJa OnpexeseHHss TNapaMeTPoB 3SMIHPHYECKOH GoOpMyJn:
1) MeTon BHOpPpAaHHHX TOYEK, 2) METOX CpPedAHHX M 3) Me-
TOJX HaVMMEeHbWIMX KBaLpaTOB.

§ 6. Meron BbBIGpPAaHBBIX TOYEK

[lycTs nast cucTeMB ONMBITHHIX JavHbix M; (%;, y;) (=1, 2, ..., n)
nocTpoeHa sMnupHyeckas dopmyna

y=rF(x ay, ag, ..., a,), A
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conepwamias m (m < n) CcBOOOAHBIX NAPAMETPOB @y, @y, ov., &,
rxe f—mu3asectHas ynxuus.

Ha xoopaunatHo#t nnockocty Oxy ¢ BO3MOWHOH AaKKypaTHOCTBIO
nposoiuM miaBHyl kpusyio I', nanGosee 6/M3KO NPHMBIKAKOULYIO K TOY-
kam M, Ha kpuso#t I' BmGupaem cucremy m (no 4YuCIy mapameTpos)

Touek NV, (1:/, 57/) (j=1, 2, ..., m), He 00f3aTeJbHO COBMNAAAIOWHNX
¢ toukamu M;. [Ipu stom wenarenpno [3], 4T06H BHGpantbie ToukH N
6LIM 1O BO3MOXHOCTH pAaBHOMEDHO pacnpeje/eHn 1o Bcell pa6Gouei
yactn kpuBo#t I' m BO3MOXHO na/bluie OTCTOAMM APYr OT Apyra, a B To
We BpeMf He JewanH OHh CAMIIKOM OJHM3KO K Maso HaleXHbIM KOHIIEBbIM

Toukam M; u M,. Ina yno6cTBa 06HIYHO GepyT abCUHCCH X ; STHX TO-
4eK COBMANAIIMMH C KDYNHHMH JeneHHsMH och OX KOOpIMHAaTHOM
cetkn. Ilocne 3roro co Bcelt THIATENBHOCTHIO 3aMEPAIOT KOODAMHATH
x; 4; (J=1, 2, ..., n). Torna napamerpsl a;, a,, ..., @, B o0wen
C/lydae MOTYT GHITh ONpeje/NeHH H3 CHCTEMb m ypaBHeHui

v, =F(x; ay, ay ..., a,) (j=1,2 ..., m). (2)

[pumenenne sToro meroma nis JMHedHOH 3aBHCHMOCTH y=ax-+b
paccmoTpeHo Buiuie (§ 2).

Ias cnyyas kBagpatuyHo#l 3aBHCHMOCTH y = ax? -+ bx 4 ¢ kos3gdu-
UMEeHTH @, b H ¢ ONnpene]sIOTCS M3 CHCTEMH TPEX YpaBHEHHH

yp=axi+bx,+c¢, yy,=axitbx,+c, ys=axij+bx;+ec.

3ameTHM, 4YTO MeTOJ BHOpPAHHHX TOY€K CONEPKHUT reoMeTpHYecKHe
NOCTPOEHHSA, AOMYCKAIOUHe H3BeCTHHH NPOH3BOJ, M NOSTOMYy SB/ASETCH
rpy6niM. K nemy cienyer npuGeraTh B TeX CJydYasiX, KOrZa TOYHOCTH
HUCXOJHBIX JaHHBIX OTHOCHTEJbHO HeBeJauka. Jlad yBe/qHYEHHS] TOYHOCTH
MeTOJa PEKOMEHAYeTCs MOJb30BATbCA CETKOM C MEeJKHMH JeseHusiMH,
JocTOMHCTBO MeTOlAa — MPOCTOTA NPHMEHEHHS H HarJSLHOCTD.

B nmanpuefiunx naparpadax (§ 7 u 8) ykaxem GoJsee ToyHble aHa-

JHTHYECKHE MeTOAbl onpenesneHus KkoddduuHeHTOB aMnupuueckoit dop-
myas (1),

§ 7. Meton cpepnux
Ecan B amnupuyeckyio dopmyay
y=f(x; alv azy ey am) (l)
NOACTAaBHTh WCXOAHMiEe aaHHbie M;(x;, y;), T0 neBas vactb Gopmy.H,
BOOOLIE roBops, He Oymer paBHa npaBodi. PasHocTH (HeBs3KH)
flxs ay, oo, a,)—y;=¢; (i=1,2, ..., n) {2)
Ha3bIBAIOTCA YKAOHEHUAMU W TIPENCTABIAIOT COGOH pacCTOsiHHS 1O Bep-

THKaaM Toyex M; oT rpadmuka smnupuyeckoft ¢ynkuun (1), B3aThE CO
3nakoM njaioc () maum co 3nakoM MuHyc (—) (puc. 18).
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Cornacuo merody cpe@nux 3a Haunyyiiee NOJNOKEHHE SMIHPHYECKOH
KpuBoi K npuHMMaeTcs TO, NS KOTOPOTO PaBHA HyJi0 anreGpamyeckas
cymma E Bcex yknoweHuH €;, T. €. HOMKHO HMETb MECTO PABEHCTBO

E=Xe;=0. (3)

Jlnst onpenenenus MO METOLY CPENHHX TOCTOSHHBIX @y, @y, ..., G,
rae m <n, BCe YKJIOHEHHH &; Pa3GMBAIOT HA m TPYNI, COAEPKALIHX

J #:

NPHUMEPHO OAMHAKOBhe KoaudecTBa ykjoweHuH, IlpupaBuuBas nysmo
anrebpanyeckyw cymmy E; (j=1, 2, ..., m) yxnouenu#, BXOASIIHX
B Ka¥AYI0 M3 STHX TrpyNn, NOJy4YaeM CHCTEMY, COLEPXKalLyl0 CTOAbKO
ypaBHEHHH, CKOIbKO HMEEeTCH HEH3BECTHHIX KOIPHHLUHUEHTOB &4, Qy, ..., Q.

PewnB arty cucremy, Mu nafinem kosbduuuentn a;(i=1,2, ..., m).
3ametnM, 4TO Tak Kak cymma E; yknOHeHWH AJf KawIOW rpynnu pasHa
HYJIO, TO paBHAa HymO Takxke W cyMma E Bcex yKJ/OHeHu#, T. e. s
Hawel cucTeMbl paBeHcTBO (3) OydeT BLINOJHEHO.

3ameTuM, 4YTO pe3y/]bTaThi METOJA CPENHHX CYILECTBEHHO 3aBHCAT OT
cnoco6a rpynnupoBkH ykjaovenuit. Ilpaktuka nokasmiBaer, yro HauGonee
yAayHple sMnupuyeckne GopMyJb NOJTY4alOTCH, €CHH YKJOHEHHf rpynnu-
PyIOTCf B NOpsIKe I0OCJHEeN0BaTENbHOCTH HX HOMEPOB (IpenrnoJaraem,
YTO HCXOLHbE NAHHBIE YNOPSIOYEHH 110 OJHON U3 NEPEMEHHBIX) M Kawjas
rpynIa yK/JIOHEHHH COMEPKHUT IO BOSMOXKHOCTH OLMHAKOBOE YHC/IO YJIEHOB.

MMpumep 1. Koauuectrso Q Bemectsa B %, ocTraBuierocs B CHCTeMe
yepe3 ! MHHYT OT HauaJjla XHMMHUeCKOH peakliud, jgaercq Tabuuuer [13]:

t |7 |12 | | 22 | 27 32 37
Q | 8,7 | 72,9 | 63,2 | 54,7 | 47,5 | 41,4 | 36,3
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CocTaBuTh SMIHMpHUECKYI0 (oOpMYyJaYy AR 3aBHUCHMOCTH BEJHUMHE Q o7
BpeMeHH f. : )

Pewenne. Ha nnockoctw OtQ pmaunas cucrema Touek (¢;, Q;) npm-
MepHO pacnoJaraeTcs Ha napafosie ¢ BepTHKaJabHOR ockio. [losTomy Gynem
HCKaTb 3MIHPHUUecKY0 GopMyay B Bune

Q=at?+4 bt 4c. @

HOns onpenenenns ko3hpHIHEHTOB @, b M ¢ TNPAMEHHM METON CPENHHX.
IMopcrasasis .TaGauuHble JaHHble B dopmyay (4), DoJydaeM BbIpaXKEHHS S
COOTBETCTBYIOULHX YKJIOHEHHIHS

e, =49 +7b+4¢c—83,7; g5 =729a -+ 27b+0—47,5;
g, =144a 4120+ ¢c—72,9; gg=10242+- 320+ 0—41,43
g3=289a -+ 1764 c—63,2; €, =1369a 4 376 4 c— 36, 3.
g, =484a+22b+c—54,7;

Jlns onpefenenus Ko3hdHUMEHTOB @, b H 6 MO MeTOAy CPEeAHHX YKJOHe-
HUA €; HYXKHO pa36uTe Ha Tpu rpynnbl. O6beaunuM, Hanpumep, .B rpymmy I
YKJOHEHHA &, &, &, B rpynny Ill—e, € u B rpynny IIl—egq, e,. Toraa
[NOJYYUM CHCTEMY

e, +e,-+e3=0,
g, t+e;=0, r ©)
eg+e,=0
HIH

12132+ 495 4-2¢ =102,2,
2393a +69b 4 26="177,7.

Pemas cucremy (6), Haxoamm @=0,0235; b=—2,6115; ¢=100.8295.
CnejoBatesinHO, HCKOMasi aSMIHpPHUeCKas GopMmysia MMeeT BHA :
Q =0,0235¢2 —2,6115¢ 4- 100,8295. U]

IOnst cpasHenuss B Ta6auue 15 mpuBemeHBl pe3yabTaThl pacdyeToB mo ¢op-
myane (7).

482a + 36b4- 3¢ =219,8,
\ o

Ta6auua 15
OueHKa TOYHOCTH 3MNHPHYECKOoH dopmyan (7)

Q¢ BBIUMCA, MO Ykaouenns
i Q4 9mnu€wuyq;:|((gi§ dop ¢=Qi=0;
1 83,7 83,70 0,00
2 72,9 72,88 -+ 0,02
3 63,2 63,23 — 0,03
4 54,7 54,75 — 0,05
5 47,5 47,45 + 0,05
6 41,4 41,33 -+ 0,07
7 36,3 36,38 . 40,08
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§ 8. MeToa HamMeHbWHX KBajapaToOB

Ilycte naBecten BHA sMmHpHuecKOH QopMyin
y=f(x; ay, a3, «ov, a,) (1)

g, =F(x5 ay, @y ooy @) —y; (i=1,2, e, n) (2

— yK/IOHeHus smnupuyeckoit Gopmyan (1) OT HCXOAHBIX NAHHHX (X;, Y;).

CornacHo Meroly HauMeHbIIMX kBajapaToB (cM. ria. I, § 4) nannyu-
WHMH KO3 ODHLUHEHTAMH @y, @5, ..., @, CYHTAIOTCH TE€, NI KOTOPHIX
CyMMa KBaApaTOB YKJOHEeHHH

S(ay, ay ..., am)=i§1 [f(xi; a,, ay, ..., a,)—y;? (3)

6yner MuHuManbHo#t. OTCiona, HUCNOAb3Ysl HEOOXOMNMbIe yCJIOBHS SKCTpe-
MyMa (QYHKIMH HECKOJbKHX INepeMeHHbX, MOJyyaeM TaK HasbBaeMylo

HODMAAbLHYIO cuctemy aas onpeneneHus K03 dHLUHEHTOB
a;(i=1, 2, ..., m):

0S aS aS

571_0' a—az—o, ceey m—o. (4)

Ecan cucrema (4) uMeeT enMHCTBEHHOe pelueHne, TO ono Oyzer
nckombiM, Cncrema (4) ympouraercs, ecan sMmupuyeckas QyBKUMA
f(x; ay, a, ..., a,) nuHeliHas OTHOCHTENbHO [ApameTpPoOB &,
ay, ..., a,. lelicrBuTenpno, nonaras

F(x5 ay, ay, onvy @) =@ (¥) + 0191 (X) 4 ... + 2,0, (%),
Oynem umeTb

n

S(ay, a5, ..., a,)= 2 (@191 (X)) ++ oo a0, () =Y
=1
rae Y;=y;—q,(x;). Otciona
n
S N

) @y (%) [0, (x)+ ...+ 2,0, (¥,)—Y;]=0, l

i=

108 _ %
e, 2 0, () [3,91 (£) + oo 20, (x) —Y;] =0. J
BBeas cokpaleHinle 0603Ha4yeHHs

(P Pp) =‘=21‘Pj (%) Pr (%) u (9 Y)=1=21 P (x) Y5,
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cucTeMy (D) :MOXHO 3amMCaTh B BHIE HOPMAALHOL CUCTEMbE

0, (91, P+ (Pr, @)+ ...+, (@1, Pp)=(0y, V),

4G (Pm P1)F (P P+ ovo +2,(Py 9,)=(9, T).

B uactHoM caydae, ecqn sMnHpuyeckas (YHKIHS eCTb NOJHHOM #)
y=agtax+ ... +a,x" 10 @;(x)=x" (j=0, 1, 2, ..., m),
OTtciona umeeM

M I i . .
(9, cpk)=§ xftt =[x/, (@ V)=(9,y) = ,-2‘1 *ly;=[x'y).

CnepoBaTelbHO, HOpMalbHas cucteMa (5’) OymeT MMEThb BHA

aon+ 0y [€]+ @, [22] + ... + 2, (£ = [4],

ao[x]+al (¥?] -l-az [x"]+ ----I-am[x"'“l— [xy] (6)

a, [x ]+a [x’”+1]+a [x'”+2]+...—|-a [xz’"]—[x y]

MeTon HaWMEHBUIMX KBaIpaToB 06/alaeT TeM MNPEeHMyLIeCTBOM, YTO
ecan cyMma S KBaapaTOB YK/IOHEHHH €; Maja, TO CaMH STH YKJOHEHHs
TdKke Maael no a6comoTHoH BemuunHe. s MeToxa cpenHMx, rie co-
cTaBasieTcs anre6panyeckas CymMMa YKJOHeHHH, Takoro BhIBOJA CIeJaThb
Heab3sl. .

HemocraTkoM MeTolNa HauMEHbIHX KBAaJAPaTOB AB/SETCS FPOMO3AKOCTD
Boiuncsaennfl. [TostoMy k Hemy npu6eraloT o6bIYHO NpH 0GpaboTKe Ha6.o-
IeHMH BBHICOKOH TOYHOCTH, KOFAA HYXHO MNOJYYHTb TaKXKe BECbMa TOY-
Hble 3HaYeHHs MNapamMeTpoB. 3aMeTHM, YTO B 3TOM C/Iyyae MPOMexy-
TOYHbIE BHIYHCJEHHSI HYXHO MNPOBOAHTL C HALJEXKAWHM KOJHYECTBOM
JHeCITHYHBIX 3HAKOB, TaK KaK B MPOTHBHOM C/yyae NpH HeGiaronpust-
HBIX YCJOBHAX HCKOMbie KO3duUHEHTH OyAyT HMETb Majl0 BepHbIX
3HaKoB. B yacTHOCTH, ecaM NpOHCXOAMT noTepst UHGP NPH BHIYUTAHMH, TO
BLIYHC/IEHHS JOMKHB ObITh NpPOBEAEHHl C JOCTATOYHBIM KOJMYECTBOM
3anacHbiX BepHHX 3Hayauux uddp. 31ech CJeIyeT PYKOBOACTBOBATLCS
C/eIyIOLUM TPAaBHJIOM: €C/IM YHC/EHHble 3HaueHus KO3(PQPHUHUEHTOB Kena-
TENbHO HMETb C /2 BePHHIMH 3HAYalUlMMH UH(paMH M ecid mpexBapu-
Te/lbHEe BHYHC/IEHHS TOKa3elBalOT, YTO INepBhie p LUDD HCYE3HYT NpH
BLIYHTAHMH, TO BBHIYHC/IEHHS HOJKHB ObITh NPOM3BENEeHH ¢ m--p 11
BEPHBIMH 3HaYauMMH uudpamMu Ha Bcex cramusx paGortu [5].

Ho rpy6uie 3nayenns 3Tux Ko03QPUUMEHTOB MOTyT OHITh mOJY-
yeHnl 3HAaUMTE/bHO MpoOLLe, T. €. IPUMEHEHHe MeToNa He Oyaer onpas-
AAHO.L: ..

*) Oas ypo6eTBa o6o3navennii MEL U3NEHsIeM HyMepauHio Kosdduunentos a;,
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Ipumep 1. Mcnosssys MeToj HaHMEHbIIMX KBaJpPaTOB, BHIBECTH 3MIIH-
puuecKyio ¢opmyay ans TabauuHOM GyHKIMH Q= [ (¢) npumepa us § 7.
P ewenmue. IMonaraem
y=ax?4bx+-c. (7

J.'Lna BBIYMCJIEHHS KO3((DHIHEHTOB HOPMAJBHON CHCTEMBI COCTaBJIsieM Tab-
auny 16. Torpa mmeeMm cjenywoulyl0 CHCTEMY HOPMaJbHBIX YpaBHEHHMi:
4088a+4 1546+ Tc=  399,7,
120736a-4 408864 154c= 7688,9, }
3795092a - 1207365 4 4088¢ = 186054,3.

Pewns a3ty cucremy, noayuum a=0,023381; b=—2,6066; c=100,791.

Ta6numa 16
Onpegenenne napamerpos smnupuyeckoii gopmyiau (7) meTonom
HaWMEHBIIMX KBaAPaTOB

/o ¢ £ o o Q tQ nQ

1 7 49 343 2401 83,7 | 585,9 4101,3
1 12 | 144 1728 20736 72,9 874,8 | 10497.6
1 17 280 | 4913 83521 63,2 | 1074,4 | 18264,8
1 22 484 | 10648 234256 54,7 | 1203,4 | 26474.8
1 27 729 | 19683 | 531441 47,5 1282,5 | 346275
1 32 | 1024 | 32768 | 1048576 .| 41,4 1324,8 | 42393.6
1 37 1369 | 50653 | 1874161 36,3 | 1343,1 | 49694,7
7 154 4088 | 120736| 3795092 399,7 | 7688,9 | 186054,3

CnefoBaTesIbHO, HCKOMAs SMIHpHUeCKas (OPMYJA 3aMHIIETCA TaK:
§ =0,023382 —2,6066¢ - 100,79. (8)

Ta6auua 17 nokasbiBaeT COrJIaCOBAaHHOCTb MOJNYYEHHOH smnnpnqecxoﬁ

$OpMYJBl C ONBLITHBIMH JAAHHBIMH.
Ta6auma 17

OueHka TOYHOCTH aMnupuyeckoin dopmyan (8)

Q, BHIUHCI. MO Yknouenune
{ Q dopmye (8) e=Q-0
1 83,7 83,69 40,01
2 72,9 72,88 4002
3 632 63,24 20,04
4 54,7 54,76 —0,06
5 47 5 47,46 +0,04
6 41,4 41,32 -+0,08
7 36,3 36,36 —0,06
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. 7 .
Vimeem ) ef =0,0173.
i=1

99

Mnul BHauM, uto dopmysa (8) cornacyercss ¢ SKCIEPHMEHTAJNbHBIMA AaHHBIMH
HeCKOJIbKO Jyuwe, ueM ¢opmyaa (7) u3 § 7, BHUAC/HEHHAS METOLOM CpPEfHHX.

Mpuwme p 2. Cnepyomasa Ta6auua [1]

t 14,5 | 30,0

64,5

74,5 | 86,7 | 94,5

98,9

k 0 0,004

0,018

.0,029 | O,

051 | 0,073

0,090

AaeT 3HaueHHs YjeJbHOM SJAEKTPONPOBONMMOCTH Kk CTeKJa B 3aBHCHMOCTH OT

TeMmneparyput ¢ B rpapycax C.
Tlopo6pate sMnupHueckymo ¢op-
Myny pis yukuuu k=Ff ().
Pemenue. Bce Touku
M;(t;, 1gk)(i=1,2,...,7), 3a
HCKJIOYEHHEeM T1epBofi, NPHMEPHO
PacnoJIOXKeHs Ha NPAMOK JIMHUU

(puc. 19).

[To3TOMY BHIGHpaeM SMIHpPH-
yeckyio ¢popmyay B Buge nokasa- 0,06

TeapHON QYHKIHH
k=be%,
Jns ypo6¢TBa NOJOXKHM
1000k = ce®,

rae ¢=1000b. Jlorapugmupys 497

(9), 6yneM umerh

kA
1,00 48
009 10
008 12
007 v ailr 14
/ W
/ <
005 ' Q\h 7 18>
004 Qn\' /r 1140
403 \‘\3 7 22
p,
) goz — g 24
26
x(V

y=1g 1000k =1g c+aMt, (10)

rpe M=Ige=0,43429,

Puc. 19.

IlpeoGpasoBanHLie laHHble NOMeIleHsl B TabJjuue 18.

7
0 1020 %0 40 506070 & 0 w0t

Ta6nunua 18
3HaueHnnss nepemMeHHbIX £ H Y

t 1000% y=I1g 1000k ky A\=k-k ky A=k=ky
14,5 0 — 0,0019 —0,0019 0,0025 —0,0025
30,0 4 0,6021 0,0039 —0,0001 0,0048 —0,0008
64,5 18 1,2553 0,0185 —0,0005 0,0200 —0,0020
74,5 29 .1,4624 0,0293 —0,0003 | 06,0302 —0,0012
86,7 51 .1,7076 0,0512 —0,0002 0,0499 -+0,0011
94,5 73. 1,8633 0,0731 | —0,0001 0,0688 - 40,0042
98,9 90 1,9542 0,0893 —0,0007 0,0825 -+0,0075
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Kosdduuuentsr 1gc u aM B dopmyse (10) onpegenum AByMA crnocobamw,
UTHOPUPYA TIEPBYIO TOUKY.

1. Metoa cpepuux. OnpegensieM yKJIOHEHHS:
€, =0,6021—(1g c+ 30aM); ey=1,7076 —(lg c-i-86,7aM),
e,=1,2553 —(lg c+64,5aM); e5=1,8633 —(lg c+94,5aM);
e3=1,4624 — (g c+74,5aM); eg=1,9542—(lg c+98,9aM).
Orciona, nonarast &,+¢€,+€3=0, e,4e;4-g4=0, nonyuum cucremy
3lgc4169aM =3,3198,  31gc--280,1aM =5,5251. (1)
Pewas cucremy (11), Haxoaum

2,2053
aM =m—0,01985,
a= = - 0,01985 =2,30258-0,01985 = 0,045
H
lge= % (3,3198 —169-0,01985) = — 0,0116 = 1,9884,
¢=10,9737.

CnepnosaresibHo,

k==0,9737.10~38.¢0,0057¢, (12)

II. Metog HauMeHbIHX KBajgpaTos. [lpomexyTouunle BouiuUCIe-
HuA npusejieHsl B Tabauue 19.

Ta6nuwa 19
Onpenenenue napamerpos dopmyast (10) mMeTogoM HauMeHbUIMX

KBajpaTos

Iz ¢ I y ty

1 30,0 900 0,6021 18,063
1 64.5 4160,25 1,2553 80,967
1 74.5 555025 1,4624 108,949
1 86,7 7516.89 1,7076 148,049
1 94.5 893025 1,8633 176,082
1 98,9 9781 .21 1,9542 193,70
6 449,1 36838, 85 8,8449 725,380

OTciofa mosyyaeM HOPMaJbHYIO CHUCTEMY
6lgc+449.1aM =8,8449,  449,1 Ig ¢+ 36 839aM =725,380
HR o
- lgc+-74,183aM =1,4742,  lg ¢+ 82,026aM = 1,6145.
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Pemiaa NOCAeAHION. CHCTeMY, Haxoxum aM =0,01789; a==0,0412 u 1g c._0,147l
403. TaknM o6pa3oM,

-k =1,403.1073.¢0,0412¢ (13)

Peay,nb'ra'rbr ‘BoluncsaeHuil no dopmynam (12) u (13) npusenenn B Tabaune 18.

§ 9. Hexkorouphie cooGpaxenuss o Bpi6Ope BuMAa
IMNUPHYECKONl (pOopMYJBl C NBYMs IapaMeTpaMu

Tlyetn AN DAHHOH CHCTeMbl 3HAYeHHH X, y; (=1, 2,..., n),
rme n23 1 x;<xy<...<x, Tpebyercs HalTH IMIHPHYECKYIO
dopmyny Buma

y=f(x; a, b), (1)
colepxKallylo JHINs :fiBA napamerpa a U b.
Ecin okaxercs, uTO

Ay;

—AT:-= const, (2)
TO UCKOMasi 3aBUCHMOCTb JHHeHHasi:

y=ax-+b, (3)

1 sajaua, TakMM 06Pa3OM, JIerKO pelaercs.
leymM NPOCTHIM C/yYaeM SIBJASETCS Ha/lMuHe KBAaAPATHUHOW 3aBH-
CHMOCTH
: y—y,=a(x—x)2+b(x—x,), (4)

KOTOpasi OGHADYWHBAETCS M3BECTHWMH mpHEMaMu (cM. § 3).

PaccmoTpum obuiuit ciayya#t, korna cootHoluenne (1), BooGuye roops,
ne cBoautcsa k dopmynam (3) u (4).

JlOCTaTOYHBIM YCJIOBHEM CYLIECTBOBAHHS SMIHPHYECcKOH GOpMysin Bu-
na (1), roe f—usnecmaa dyHkund, ABAAETCR COBMECTHOCTb (C 3anaH-
HOM TOYHOCTDBIO) CHCTEeMH ypaBHeHu#t y,=f(x; a, b) (i=1, 2, ..., n).
HMckmiouas - 01¢l04a HeH3BeCTHhe @ H b, NojydyaeM CHCTEMY YCJOBHH
1as Touek (X;, y;), OOecnedynBaiollyl0 CyllecTBOBaHHe 3aBHCHMOCTH (1).
Ho rtako#i noaxox siBisieTcst BecbMa CJIOXHBIM. ;

BhiBeneM HEOOGXOIMMOE YCIOBHE CYLLECTBOBaHHS SMIHPHYECKOMN ‘3aBu-
cumocTH BHAA (1) I/1s1 3aMaHHON CHCTEMBI TOYeK (X;, y;). [Tycts M; (X, y,),
M;(x;, y;), My(Xg, Yp)—TPH CHCTEMB 3HAYEHHH M3 Hamlel coaoxyu-
noctu.. Ilpeanonaras, yto kpupasi (1) MpPOXOAMT uyepe3 Touku M,
M, 6yneM MMeTh:

yi=F(xs a, b), y=F(x; a, b), g=F(xg a, b). (5

I/lcxmoqaa 3 CHCTeMH (5) napamerpu au ‘b, nofyyuM CoOTHOUIe-
HMe Buma’« vt

(D(x Jv x_k) yh yj’ yk):‘o'.v (6)

’
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Bunonnenne pasencrsa (6) ans mobuix 3savesnst I, f, kB (1<<i<
< j<k<n) HeoGXOLHUMO IAf CyulecTBOBaHHS 3aBucuMocTH (1).

Tak kak npoBepka COOTHOLIEHHs (6) CBA3aHA ¢ TPYLOEMKUMH BBHIYHC-
JIGHUSIMH, TO Ha NPaKTHKe OGHYHO OrpaHHYUBAIOTCA OXHOH TPOHKOM
TOYEK: HayaAbHOH (Xy, y,), MPOMEXYTOUHOH (X, y,) M KOHEUHOH (X, ¥,)
(c LeAbI0 JOCTHNEHHS HAMGO/bIIEro nnanasoua), T. €. nojarawot (=1,
Jj=s 1 <s<n)y, k=n.

Touky M, BeiGHpaOT Tak, 4TOOH cooTHOmeHnHe (6) Gbi0 Gul MO BO3-
MOXHOCTH TNPOCTHIM. 3aMeTHM, 4YTO HHOCAAa BMECTO MPOMEKYTOUHOH
Toukd M, BHroano 6path TOUKY M (xs, ys), He TNpHHALJeKaulylo Ha-
memy psay Touex M TOrZa KOOPAMHATH X, U !/s onpenesfOTCs HHTEp-
MOJINPOBAHUEM.

Mpumep 1. Ionyuurs HeoGXOAHMOE YycaoBHe BASA CYUECTBOBAHHSA CTe-
TMEeHHON 32aBUCHMOCTH

y= axbn (7)

npeanoaaras, 4ro x; >0, y; >0 (i=1, 2, ..., n).
Pewmenne. BbldepeM

Xy = V %ikn
W3 dopmyannt (7) umeem
b b
yl=axtl’, y,-=ax’;=ax1’ x2, y,,=axz. 8)
Hckmouaa u3 coorHomrenuit (8) mapamerpnl @ H b, mosyuum
YiUn=Y3% T e Y=V g1t ©

Taxkum o6pasoM, A/l CYILECTBOBaHHA cTeneHHoH 3aBucumocTH (7) Heobxo-
MHMO, YTOOBI CpPeHeMy I'eOMETPHUYECKOMY Xg 3HAa4YeHHWH Xy W X, COOTBETCTBOBAJO
cpeJHee reoMeTPHYECKOe ¢, 3HaueHHH y; M y,. Boobume, ecan HMeeT MecTo
cTeneHHass 3aBHCHMOCTh (7) H 3HauYeHHR X; o6pa3yiOT reOMETPHUYECKYIO mporpec-
CHIO, TO 3HAYeHHS y; TAKXKe 06pPa3ylOT reOMeTPHYECKYIO NPOrpPecCHIo.

Ecan 3Hauenue Xg= Vxlx,, He fBJISeTcsl TaGJIMYHBIM, TO COOTBETCTBYIOLIES
3Ha4YeHHE Yy, onpeje/igiercd C NOMOLIBIO HHTEPINOJHPOBAHUSA.

B nanmbuediiuem 8 stom maparpade Mm GydeM paccMaTpuBaTh HamGo-
Jlee 4acTO BCTpevalOLLHecss 3aBUCHMOCTH:

L y=ax+b V. y=at+Z. VL =5
1. y=ax®. V. y=—_lr-. VII. y=alnx+b.
. y=ab*,
AHanorudHo TOMy, KaK 3TO CLenaHo B npuMepe 1, mis cyuiectsosa-

nua aasucumoctelt I—VII nerko BhBecTH HpoCThie HEOOXOAMMHIE YC/O-
BHSi BHJA

Xs=Xs Ys=VYs
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§ 9

rie X, =@ (x;, x,) " Y= (y;, ¥,), NpHUeM npeanonaraercs, 470
x;>0my;>0(=1, 2, ..., n). Bupaxenus 111 X, 4 y, NpUBeELEHH
B Tabanue 20,

TaG6auna 20

MpocTefiune HeoGXoAUMBIE YCHOBHA I/l HANUYUSA SMNHPHUYECKUX
3asucumocteit 1 —VII

Ne: *s Vs Bua ?p'ﬁg’.&%:fmm nslpggr?ﬁgguna
Xy + Xn Y + Yn
| O : 2 =ax+b
(cpennee apud- | (cpennee apud- y T
MeTHYeCKOe) MEeTHYECKOe,
V %1%, Vo . Y=a+bX, '
11 (cpezmeé reo- (cpennee Teo- y=axb re X=I1gx,
MeTpHYEeCKOe) MeTpHUYECKOe) Y=Ilgy,a=lga
X+ x,. , _ Y =a4fx,
m 1—2—£ (ep V10, Z:zggx WM e Y=gy,
) cpeliHee reo- = ) a—=lga, B=1lgb
(pemnee apng- | (TS | T Fming | o=lee.8=le
261Xy Y1+ Yn b Y —axtb
v X+ x 2. _ b =ax+b,.
(cpem{lee rapmo- | (cpemtee apug- y=a+3 rae Y=xy
HHYeCcKoe) MeTHYEeCKOe) '
. m EE&‘_ 1 Y =ax4b,
\Y 2 Yi+Yn y=
(cpennee apud- | (cpenuee rapmo- ax+b rge Y =—
METHYEeCKOe) HHYeckoe)
2%1%n 2919, X Y =ax+b,
VI X1+x, Yi+Yn y=
(cpeanee rapmo- | (cpeiHee rapmo- ax—+b rge ¥ =—
HHYeCcKoe) HHYecKoe)
Y + Yn
V ax, A on _ .
2 _ y=aX b,
vil (cpepHee reo- (cpensee apd- y=algx+b rge X=lgx
MeTpHYecKoe) MeTHuecKoe)
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Ta6muua 20 o6neryaer BHGOP BHUAA SMIHPHYECKOH (popuynhf cpenu
ykasaHupx, Pexomennyercss mocTynaTh CleAyowuM 06pasoM: Ajs Mpo-
BepKH MPHFOAHOCTH OMNpeNeNeHHON smnnpnqecxoﬁ q)opmynu noJIb3yACh
HCXOI[HHMH JAHHBIMH, HAXO0AUM SHa‘leHHﬂ Xg _—x H ys H cpaBHHBaeMm

nocaeaHee co sHauexueM Y (yy, ¥,) = ys, nomewenHuM B Tabanue. [pen-
noyTUTE/NbHEe Ta SMnupuyeckas ¢opMysa, IIA KOTOPOH pacxowmeHue

|ys ys| BO3MOXHO Maso. s oxoHYaTeabHOTO BLIGOpA CllefyeT y4ecTh
TaKwe MPOMEeXKyTOuHble naHublie, Eciam Benanumna lys—ys| 6onbuias, TO
COOTBETCTBYIOULAs IMIUPHUECKast PopMysa HeripuromHa.

Ecan 3nauvenne @ (x;, x,)=X; HE HAXOAUTCA CPeAM HMCXONHHIX
BaHHBIX X;, TO OTBeyajoilee eff 3HAYEHHE MOMNHO OMNpEe/HTH NMOCPEnCT-
BOM JIMHEHHOH HMHTEPMONAUNH

go=vi+ = (=),

TIe X; U X;,, — IPOMEKYTOYHbIE JHAUCHUS, MENLY KOTOPHIMH COLEPIHUTCH
xs(xl<xs<xi+1)- )
Cnepyer uMeTb B BHAY, YTO TaKOH MOXXOL B Lie/oM siBAsieTcA rpy6Go
OpPUEHTHPOBOYHBIM, TaK KaK Mbl He YYHTHIBaeM IOBefeHHe BCeX INpoMe-
WyTOUHBIX JaHHBIX (X;, y;). Kpome roro, rta6muma 20 oxsarmiBaer
HeOOo/IbLIoe KOJNHYECTBO 3aBHCHMOCTEH M MOMXET CJAYyYHTbCs, 4TO fepe-
MeHHble X W Yy MOAYHHSIOTCS HEKOTOPOH 3aKOHOMEpPHOCTH, He Bouiendleit
B HAaLl CIHMCOK. ‘ ) '
3ameTuM, YTO BCe 3aBHCHMOCTH, NpHBeJeHHble B Tabanue 20, MeToLOM
BLIDABHHBAHUA MOTYT OBITh MPOCTO Mpeo6pa3oBaHH B uHeHHble (cp: § 2).
[lostomy 3mech MOXHO MCMONB3OBATh TAKKE KPUTEPUH NPsMOJMHEHAHOCTH
(§ 2, dopmyna (6)) ans npeoOGpPa3OBAHHHIX HCXOINHLIX JAHHBIX (X;, ¥;).
d>ymcupm I—VII MoHOTOHHB e, H, CleNOBaTelIbHO, OTBEYaIOLIUE
UM yHOpfiLOYeHHble JaHHble (X; Y;) NpH Ax,=x,-+1—‘x,.> 0: (i=
=1, 2, ..., n—1) nomkHbl 06/1a1aTh NOCTOSAHHKIM 3HAKOM IPHPALLEHHUS
Ay;=y;y—y; (U=1,2, ..., n—1),
Ecau 31O 06CTOATENBCTBO HEe UMeeT MecTa, TO 3aBucumocte. I—VII
NPOTHBOIMOKA3aHbI.

Mpumep 2. OnpenesuTs BHA SMOHPHYeCKOH (OPMYMH, OTBeuawULeil
caepyouei Tabauie:

x | 273 | 283 | 288 | 203 | a3 | 333 | 353 | 8713

y | 20,4 | 333 | 35,2 | 37,2 | 45,8 | 55,2 | 65,6 | 77.3
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.

Pemenue. DByaeM mckath aMnupnuyeckyio gopMymny cpexu saaﬂcnmocmﬁ
1—VII, nmeiomuxca 8 rTabimue 20, coraacso ykasanuomy peuenty. Pesyas-
TaTh BHIUMCJIEHMHt NpHBEientt B Tabauue 21, mpuueM B HeOGXONUMEIX CayuaixX
npuUMeHeHa JUHeHHas MHTEPNONAUMA;

Ta6anna 21 nokasmBaer, Y10 (OriacHO HeOOXOQHMOMY -KPUTEPHIO CJeLYeT
OCTaHOBHTHCS HA CTENEHHON 3aBMCHMOCTH y=axd. .

TIpumep 3. Cnepyromasi taGauua naer JaBJleHNe P HACHIEHHOTO napa
B kI'/cm?, cooTBeTCTBYIOMEE y,ne.nbﬂomy obbvemy v B mM3/kl.

v | 3,334 | 1,630 o,j3657" 0,4323 | 0,2646 | 0,1699 | 0,1146

Il

i H

p- | 0,482 | 1,03 | 2,027 | 4,247 | 7,164 | 11,48 | 17,60

Haiitn amnupmnueckyio q;bpmyny E,Lum 3aBHCHMOCTH F’(b, p)—;0[1]
Pewenue. Ilogbepem .Bup ¢opmyas:, nonpsysace Tabauueir 20. OcraHo-
BHBIIKCL Ha q)opmy.ne 11, nmeem

ve=V0,0,=V3, 334 0,1146=0,618,
D=V Pipn =V 0,482-17,60=2,92.

3nayenue ﬁ,, coome’rcmyxomee 5.=0,618, HalileM JHHeiiHON HMHTEpnoOJf-
uweit:

4,247—2,027 .

ps=2, 027+Tm (0,618—-—0,8657)-3,295.

Tak Kak .OTKJIOHeRHEe [p,—p:|=0,375 CPaBHHTEJIbHO HE3HAYHUTEJbHOE, TO
MOXHO BLIGpPATh aMNEpUUecKkywo dopmyny BHAa

p=a®. (10)

910 cornacyetcs TaKKe ¢ MPHPOAOH rasoBLHIX 3aKOHOB
Jlorapudpmupys dopmyay (10), 6ynem nmers

lgp=Iiga+blgo.
Orciona, nosaras
X=Ilgv, Y=Ilgp,
MOJIyYUM JIHHEHHYIO 3aBHCHMOCTb
Y=bX+lga. an
SHauYCHHUS .
X;=1gv; n Y; —lgp, (i=1,2 ..., 7
TIpUBEACHL B Tabaune 22.
MocTpous Toukn M; (Igv;, lg p;)*), ybexpaemcs, 4TO OHH pacnoJioxeHH

Ha TPAMON JHHHH (DHC. 20), CJIeOBATENbHO, BBIGOD BMIHPHYECKOH (BOPMYJIbI
npou3sBejileH NPaBHIbHO.

*) I[1pH NOCTPOEHHH PEKOMEHAYETCA N0JMb30BaTbCA JIorapudMudecKoi 6ymaroit.
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Kosppuuuentst dopmyast (11) smumcasem Meropom cpepuux. Cocras-
ass . yKJoHenust €;=Iga4-blgv;—

—lgp; (=1, 2, ..., 7) n pas- pj v
Onngaﬂ' X Ha JBe Tpymmbl: . . -08-06 -04-02 0. 02 04 08
e;+e +e3=0, } 5 t\ ' 12
B4+85+33+51=0' \ - :
. . %1 N 19
NOJIyYUM CUCTEMY 12 T \’i\/:(? —08
31g a-+0,67256 =0,0043, } 10 S 08
41g a—2,6522b =3,7886, sH; *\o/ >
oTKyZAa 6 N : 42
b——1,06. ! ' N
Ig a=0,2402 ¢ N g
H
a=1,740. ¢ i S e OV 42
o ; ,
umee(;?‘neuonareubuo,» OKOHYaTeNLHO - g5 10 15 20 25 30 35 40 v
pol, 088 —1,740. (12) Puc. 20.

B Tabanume 22 AaHbl PacXOMAEHUA 3daueHUl p,, MOJYUeHHBIX MO dop-
mydse (12), ¢ TaGNMYHBIMH RaHHBIMH p.

Ta6anunuma 22
OueHka TOYHOCTH IMmHpuueckoil dopmyan (12)

I O S B ey O B
3,334 | 0,482 | 0,5229|—0,3170| 0,482 0,000 0
1,630 | 1,034| 0,2122| 0,0145| 1,033 0,001 1.1078
0,8657 | 2,027 | —0,0626| 0,3068 2,028 —0,001 1-107¢
0,4323 | 4,247 | —0,3642| 0,6281| 4,241 0,006 36-10~¢
0,2646 | 7,164 |—0,5774| "0,8551| 7,176 —0,012 | 144.107¢
0,1699 | 11,48 |—0,7698| 1,0599| 11,48 0,00 0
0,1146 | 17,60 |—0,9408| 1,2455| 17,51 0,090 | 8100-10~¢

>1=0,084 | 3=0,0083

§ 10. Smnupuueckne (Gopmysbl, copepmxaline TPH MapaMeTpa

B stom naparpade Mbl paccMOTpPHM, AJs 3afaHHOH CHCTeMbl 3HaYeHUH

(%;, y;) (=1, 2, ..., n) TabMMyHBIX JNAHHBIX, BawHeHUIHEe NMPeACTaBH-
TEe/MM 3IMOUPHYECKUX (OPMYJ BHAA .
y=rix; a, b, ¢, 0]

rae @, b U ¢—HeKoTOophle 'MOCTOSIHHbIE,
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1°KBanpatuunasa 3aBucumMocTts, [lycts i
oL y=ax®4bx}c. (2)
Kputepun 1si KBaApaTHYHOH 3aBHCHMOCTH ObIM yKasaHu B § 4.
2° CTeneHnHas 3aBHCHMOCTH. [lonownm
. y=ax"+ec. (3)
Orciona y—c= ax®. Jlorapudmupys 3To Bhpaxenue, 6yneu HMETb
¢ lg(y—c)=Ilgatblgx.

Ortciona, nonaras 1g(y—c)=Y u g x =X, nonyunm auneHuylo 3apu-
CHMOCTD B - ‘

Y=b6X+lga. (4)

" Onpéiaénenne napamerpoB GopMyin (3) ClelyeT HayaTh ¢ HaXoxe-
nus c. Jlng sToro cocrasuM cpenxee reoMeTpuueckoe xs=Vx1xn, rue
X; ¥ X,—KpalHHe 3HayeHus IEepeMeHHOH X, W, MOJIb3YACh YEPTEWOM
WIH 'METONOM /NHHeHHOH HHTeprojsuMH Ans X, HalieM COOTBETCTBYIO-
uiee 3Havenue y.. [lpemnonaras, uto Ttoukm M (xy, y,), M (% ¥,
M, (%,, y,) pacnonoxens Ha kpuBo#H (3), GyneM MMeTb TPH PaBEeHCTRA:

pr=c+axl, y,=c+axb, y,=c+axl.

Boasons x,==) x;x, B cTenenb b U yMHONAs HA @, NOJYUHM

b __ —
axt=V axtaxl wm yo—c=VT5,—0) (5—0).
Pemas ﬁocnenHee PaBeHCTBO OTHOCHTeJlbﬂo €, HaxoIuM

Yy
Y1t ¥n—2ys"
Korna ¢ onpeneneno, crpoum Ttoukn N;(X; Y;), rae X;=lgx,,
Y;=1g(y;—c) (i=1,2, ..., n). Ecim 3TH TOYKH pacmo/IaraioTcs nps-

MOJIMHEHHO (MJH TMOYTH NPAMOJIHHEHHO), TO ONpaBLaHA 3aBHCHMOCTH (3),
npuyeM TNOCTOSIHHbBIE @ M & HaxonATCH OOLIMHBLIM Cnoco6GoM.

MNpumep 1. Jlas nepeMeHHBIX X U y JaHa Ta6auua 3HayeHHH:

X 250 500 900 1200 1600 2000

Yy 0,10 | 0,28 0,80 1,38 -2,56 | 4,10

Haiitn smnupuqecx&no dopMyJly, CBS3BIBAOWYI0 BTH TnepesMenunie -[12].
Pemenune. INocTpoum sminpuuecKkyio ¢opmyay BHEa

y=axb+c.
Haxoaym. #;;.J./;')T«}'n = V-250-2000=707. Ha rpaduxe:: 5TOMY - SHANEHHIO: &g
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cootsetcTByeT yy=0,507;: oTCioAa
e 0,10-4,10—(0,507)2
~0,10+4+4,10 —2-.0,507
OcranbHble TapameTphl @ H b HaiiZeM MeTOZOM CpeAHHK.
CocrasJ/ifieM HauaJbHbE ypaBHEHHS
lg (y; —0,048) =lga-t-blgx; (=12, ...,6).
byaem umetn
—1,2840=1ga+-2,39798, 0,1245=I1ga-3,07926,
—0,6345=1ga+2,6990 b, 0,4000=1Ig a-}-3,2041 b,
 —0,1238=1g e +2,95425, 0,6077=Iga-3,3010b.
Cpynnupyst 3TH ypaBHeHHs MO TDH, MOJSYYHM
—2,0423=31ga+4-8,05115, 1,1322=31ga-9,5843 5.

=10,048.

109

()

Pewas cucremy (5), naxomum a=>5,789-10"7 u 6=2,071. CnegosatennHo,

HCKOMas 3Mnupuyeckas ¢opmyna GylaeT HMETb BHJ
y=5,789-1077x2,07140,048.

(6)

CpasHeHHe 3HadeHHil y, nojaydyeHHbX mo dopmyse (6), ¢ TAGNANYHBIMU JAHHBIMU Y

NoKa3aHo B Tabauue 23.

Ta6auua 23

OueHka To4HOCTH smnupuveckoit dopmyan (6)

x Y J e=y -y x y v |e=yv-yg
250 0,10 0,102 | —0,002 1200 1,38 1,426 | —0,046
500 0,28 0,273 | 40,007 1600 2,56 2,552 | 40,008
900 0,80 0,808 | —0,008 2000 4,10 4,020 |--0,080
3° Moxasatenbnas 3aBucuMocTh. Ilycts
y=ae’* . (7)
[lepenocs cnaraemoe ¢ B/aeBO H JOorapudMupys, NOdyuum
lg(y—c)=Iga+(bM) x,
raie M=0,43429.
Takum 06pasom,
Y=Iga-+bMx, (8)

rae Y=I1g(y—c).

Cuavana omnpegenum napamerp c. s 3TOro, Kak u B MpPEdbAyLUEM
cayuae, BelOepem Kpaiinue Toukn M, (xy, y,) u M, (x,, y,) u cocrasum

cpenree apudmeTuueckoe

=x1‘|“xn

X 5

Jlnf. 3nadenual X¢ nallieM COOTBETCTBYIOLLEE 3HAYEHHE &, (MAH H3 YEPTRKA,
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HIH nuueﬁuoﬂnmepnonaumeﬁ). [Moncraensis 9TH 3HAUEHHS . B;.SMI"IHQH-.._
yeckylo popmyany (7), 6ynem HMeTb

(x4 +Xp)
y,=aebr1fc; y, = aetnt; ys—ae2 IS

Orciona y,—c=aeb, y —c = aeb*s, u, cnenosatenbHo,
(12— ) (g —¢) = (y,— )%
PelunB nocsnexHee ypaBHeHnHe OTHOCHTENbHO €, MOJYYHM
- ylyn_yzs
Y1+Ya—2s"

Ecau oGnapywena aunefinas 3aBUCHMOCTb (8), TO oOcCTajabphe napa-
MeTpH @ M b HaxoAsATCs OCbIYHBIMH MpPHEMAMH.

BuBenemM ananuTH4ecKHH KpHUTEpPHH nuas NOKa3aTeNbHOH 3aBHCHMO-
ctu (7), mpeamonaras, 4YTO 3HAYEHHS X; PABHOOTCTOAWHE, T. €.

Ax;=h=const (i= 1, 2, ...,n—1),
Us dopmyan (7) umeem y,=ae® i4c i y;, ,=ae’*i+h 4 ¢ Orciona
Yirr—Y; =0y, =a,ebn, (9)
rae a, =a (e —1). Jlorapupmupys pasencrso (9), moaydum
lgAy; =1g a, + bMx,.
Takum o6pa3oM, npH naamuuu: 3asucumoctH (7) Toukm N (x;, 1gAy;)

(i=1,2,...,n—1) pacnonoxenn na npamo# auuun. CnerosaTenbHO,
YUYHTHIBAS, 4TO AX; NMOCTOSAHHB, MOJY4aeM MCKOMbIA KPHUTEpHi
A(lgAy;)=const (i=1,2,...,n—2). (10)

3ameuvanue. Yro kKacaeTcs osMnupuyecknx (opmys, COLEpalUHX
CBBILIE TPEX MapaMeTPOB, TO OHM PEAKO BCTPEYAIOTCH HA MPAKTHKE, W Mbl
IeTanbHO PacCMaTPHBATh HX He OyneM.

ITpumep 2. lng nepeMeHHHX X M y AaHa TabJMNa 3HaYeHHH:
x| 0]o1]02]03]04]05]06]07][08]09]|1,0
y 1,80 |1,44 | 1,59 | 1,78 | 1,97 [ 2,19 | 2,46 | 2,74 | 3,06 | 3,42 | 3,84

Hailitn aMnupuueckyio ¢GopMyay IJs 3aBHCHMOCTH MEXIY X H Yy
Pewesnue. CocraBum Tabauny pasHocteii Ay; (Tabmanua 24).

Ta6anuna 24
Mposepka Ha nokasaresnbHyl 3aBUCUMOCTb

x y lAy [lg(Ay) | A (lg Ay) ‘ x | v Ay [lg(Ay) | Adlg Ay
0 1,30 | 0,14 |—0,854| 0,030 0,6 | 2,46 | 0,28 |—0,553| 0,058
0,1 1,44 | 0,15 |—0,824| 0,103 0,7 { 2,74 | 0,32 |—0,495 0,051
0,2 | 1,59 | 0,19 |—0,721| 0,000 0,8 | 3,06 | 0,36 [—0,444| 0,067
0,3 | 1,78 | 0,19 |—0,721} 0,137 0,9 {3,42 | 0,42 |—0,377

0,4 { 1,97 | 0,22 |—0,658 0,089 1,0 | 3,84

0,5 { 2,19 | 0,27 |—0,569| 0,016




§ 10] SMOUPUYECKHE ©OPMY/H, COAEPHALIUE TPH NAPAMETPA 111

Tak kak pasHocTb Ay MOHOTOHHO pacTeT, TG 3aBHCHMOCTb MEXAY X M y He
ABJIAETCA JIMHEARORA, C
Ilposepsem kputepuit (10) aas nokasarenpHodt 3aBucumoctH (7). M3 Tab-
JHUIB 24 BUAHO, WTO NMMeeTCsi 3HauMTeNbHBIN pasbpoc mas A (g Ay). Mostomy
(bophﬁuly y=ae’* 4 c MOXKHO NPHHATL /MWL B KauecTBe rpy6Oro NPUGIMKEHHS.
aiizem

1 1
xs=? (xl -l-x,», =§ 0+1,0)=0,5, y3=2,19;
OTClIola

__3,84-1,30—(2,19)%

C={3013.81—2.0.10 — 258

Mapametpw @ u b onpenesuM no Metony cpesunx. Vmeem
1g (y; —0,258) =1g a4 (bM) x; E=0,1, ..., 10).

CocTasuM IBa ypaBHEHHs:

5 5
Dlg(y:—0,258)=6lga+oM N x;,
‘ {=0

0
10
IR

i=a

=0

lg (y; —0,258) =5 Ig a4 6M
{=8

TogcTaBHB 3HAYEHHS X; W Y;, TOJYUHM CHCTEMY
0,9169=61g a+-1,56M,  2,2392=51ga-4,00M,

oTkyxa a=1,044; b=1,234. CnegoBarespbHo, HCKOMas SMIHpHuecKas Qopmynaa
HMeeT BHI

§=1,044¢1-2%4% 1. 0,258, (11)

CorylacoBaHHOCTb MNOJYy4eHHOH ¢OPMYJB C HCXOLHBIMH JAHHBIME IMOKa3aHa
B Tabauue 25.

Ta6auma 25

Ykaoxenns smnupuyeckoit dopmyani (11)
OT TaOJMYHBIX JAaHHBIX

7, BBIYHCI. -

x Y no opmy-| A=y —y
ae (11)

0 1,30 1,302 —0,002
0,1 1,44 1,439 +-0,001
0,2 1,59 1,594 —0,004
0,3 1,78 1,770 40,010
0,4 1,97 1,968 0,002
0,5 2,19 2,193 —0,003
0,6 2,46 2,447 40,013
0,7 2,74 2,735 +0,005
0,8 3,06 3,048 40,012
0,9 3,42 3,428 —0,008
1,0 3,84 3,844 —0,004
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§ 11. YTounenue moayueHHOil sMmupudecKolt dopmyib

YkaxeM npocToli mpHeM yTOYHEHHS TNOJYYeHHOR sMnupuyecko# ¢op-
MyJab B CJyyae, eC/IH OHa JaeT CYMMy KBanpaToB YKJIOHeHu#t GoJee
3HAYHTEJIbHYI0, YE€M 3TO WeJaTeJbHO.

ITyctb nns 3ajmaHHOM cucrembl 3Havennft (x;, y;) (i=1,2,...,n)
Hallnena smnupuyeckas dopMyna
y=r(x). (1)
Tpe6yeTcsl yMEHbIUMTh CyMMY KBAZpaTOB YKJIOHEHHWH
n n
s=Del= X [y;—f ()] (2)
=1 =1

rpe 8,=y,—f(x,) (i== ], 2, ceey n)*).
PaccmoTpum dynkumio

y=r(x+c,

FA€ ¢— HeKOTOpas MOCTOSHHAs BEJMYHMHA.
Ilon6epem uucio ¢ Tak, 4TOGH Cy.dMa KBaApaToB HOBHIX yxnouenuﬁ

= gl‘% = 3 v —f ) —cP (3)

6nina MuRMManbHoi., OyeBUAHO, MMeeM

"u
£V=

(c-—-a,)2

HOna mupnuMyMma ¢yHKuuu §=§(c) He06X01MMO, YTOGH

=2 Z(c-—ei)—

i=1

Otciona m::‘E €;, M, CJIELOBATE/NbHO,

i=1
1 n
i
c== ¢ )
i=1
0% , .
Tax xax 5 = 2n > 0, To 3Havenne (4) naeT HauMeHblliee 3RayeHue

RJ CYyMMBl KBaapaToB §. i
Hrak, nannyyuwell noctosnnoit ¢ aBAfETCS CpenHee apuqmemqedxoe
ymoneunﬁ €.

¥) Ias ynpouieHusi AadbHEHIWMX ¢(OpPMYJ Mbl M3MEHAEM SHAK YKJoHeBus.
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Taxum .06pasoM, ecan:c=0, To npubapienne K .NpaBoi yacTH IMNu-
puueckoft dopmynst (1) mocrosiHHOrO yucaa ¢, onpenensemoro gopmynoh
(4), NPUBOIMT K YTOYHEHHIO 3TOH (HOPMyJiH B CMBICAE CYMMHl KBaapaToB

ykjaonennlt, tak kak s <s. Ecm ¢=0 uin 61u3k0 K HyJl0, TO yKa-
3aHHBIA NpHEM He NaeT HYXHOro addexra. B atom cayyae Moxno noso-
KHTb

y=f(x)-+cqg (x),

rae cp(x)—-nanecmaa (pymcuml He oOpaulaloniascs B HyJlb BO BCEX

TOYKax X;, T. €. TaKaf, 4To Z @ (x;)> > 0. Orciona
(=1

n n
s= B [vi—f(x)—cq(x)P= 2 [ep () —e, .

L= : =

Heo6xonnmoe ycnoeue nisi MHHMUMYMa QYHKUHH s naer
- n
1 0s
 ra=Xetle)—e]=

C/IEN0BATENBHO,
&9 (x;)

————— (5)
[‘P(x;)l’

T!M: ﬁM:

Tak kax

ml
3

1 0%
VR ¢?(x;) >0,

i l

Il

TO Haunyyme# MOCTOSIHHOM IJs Hauied - 1eNH SBASETCS «CpeliHee B3Be-
wenHoes ykJaoHenu# e;, onpeneiasemoe dopmynoi (5). B wacrnoctn,
ecau @ (X)=x, TO HMeeM

Npumep: 1. Jnsa TabanuHbiX. NaHHBIX

1 x| 8 10 | 15 | 20 | 30 | 40 60}80‘

y 1,30 14,0 16,4 1 16,3 | 17,2 | 17,8 18,5|18,8
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nonyueHa sMmnupuueckas popmyna

— x
Y =05,051x 50,200 ° ®

INytem npuGaBieHus NOCTOAHHON YTOUHMTL 3Ty dopmyay.
Pewenune. [Nonaraem

sﬂe.
~ x =t 0,47
E = y = == 0,06
V=g Fom T e 8 8
(cM. TaGauny -26). ITostomy

x 1,0031x 40,0125

+0,06=

Y=70,051x + 0,209 0,051x+0,209 ™
PeayasTaThl yTOUHEHHA NpHBeAeHbl B TabJuie 26.
Ta6anua 26
CpasHenne smnupuueckux gopmya (6) u (7)
mn - T/ no -— - -~ -~
x y !’M;ge'b?sp) q{-;oeq?é) e=y~y et e=y-y et

8 13,0 12,97 13,02 +4-0,03 9.107¢ —0,02 4-1074
10 14,0 13,91 13,96 +0,09 | 81-1074 +0,04 16-10~4}
15 15,4 15,40 15,45 0,00 0 .—0,05 | 25.1074
20 16,3 16,27 16,32 +0,03 9.1074  —0,02 4.1074
30 17,2 17,25 | 17,30 —0,05 | 25.-1074 —0,10 | 100-10~4
40 17,8 17,79 17,84 40,01 11074 —0,04 | ‘16.107¢
60 18,5 18,39 18,44 40,11 | 121.1074 40,06 | 36.1074
80 18,8 18,65 18,70 +0,15 | 225.10"¢4 +0,10 | 100.10~4

3 0,47 | 0,0471 | —0,03 | 0,030l

§ 12. O6muit mMeTOA ONpeaeseHHss MapaMeTpoB
* aMOUpPHIeCKOit GopmyJibl

o cux mop Mb pacCMaTpHMBAJAM B OCHOBHOM 3MMHpHYecKHe dopmy-
b, AMHEHHO 3aBHCALIME OT MapaMeTpoB (M/IM OPHBOAMMbIE K TaKOMY
BHLY), U I/ STOTO YaCTHOTO CJy4asi HaBa/uch 3(PdexTHBHbHE METOAH!
onpeaenenus mapamerpos. Cefyac Mbl ykaxeMm OGLIHA MeTOX Ompexese-
HHfl MapaMeTpPoB IMNUPHYECKOH ¢opMynnl, He mnpeanosaras ee JHHeld-
HOCTH OTHOCHTEJbHO MapaMeTpos,

[ycts mns coBokymHocTH 3Havewudt (x;, y,) (i=1, 2, ..., n)
nocTpoeHa sMnupuyeckas Qopmyia

y=F (% ay, a5 ..., a,), (1)
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conepxauias m napametpoB (m < n), npuuem ¢yHkuna f umeeT Hempe-
PHBHbHIE YACTHHE NPOW3BOJAHHE M0 BceM CBOMM aprymentam. Tpebyercs
onpeneauTh napamerps a,, @,, ..., &, TaK, 4ToOu ¢opmyna (1) oka-
3aJ1aChb COr/IACOBAHHOK -C HCXOAHBIMH JAHHBIMH, T. €. HEBA3KH (YKJOHEHHS)
g,=y;—f(X; ay, ag, ..., a,) (i=1,2,...,n)

LO/MKHE GBLITh BO3MOXHO Ma/IbIMH 110 a6coN0THON BeUuMHe,

Ecnn 6 ucxoanbie AanHbe (X;, y;) He comepxann OWHOOK W 3aBH-
cumMocTb f Obila Obl TOUHOM, TO 3alaya OTHICKaHHs 3HayeHul mapawmer-
poB a;(i=1, 2, ..., m) cBenacp Gul K pewicHuio m ypasnenutt (m < n)
U3 cjenyloled CHCTEMB ;n‘ ypaBHenu:

y1=f(x1; al, .az,» . ‘.').am*)')
Yo =[(Xy; ay, @y, ..., a,),

D T T Y

(2)

y,=f(x; a4, ag, ..., a,).

OnHako Ha mpakTHKE, BBMAY OTCYTCTBUS YKa3aHHHIX OGCTOSITE/NbCTB,

cuctema (2) o6blYHO $SIBASETCH HECOBMECTHOM, T. e. 3HayeHUd mnapamer-
poB a;(i=1, 2, ..., m), HalleHHHE H3 HEKOTODPhHIX /M YPaBHEHHH CH-
CTeMH (2), He yHAOBJETBOPSIOT OCTAJbHHM f1—m YPaBHEHHSM.
« Jlas npuGaMNeHHOro pEelIeHHs CHCTeMH (2) MOCTymaloT CAeLyHOLiHM
ob6pasoM. Kakum-1n6o cnoco6oM (Hanpumep, rpaduyeckH wWiIM nyTeM
peledust BbiOpaHHLIX M ypaBHeHuHH CHCTeMH (2)) Haxonsit rpy6Onle 3Ha-
uenns napametpos a'®, at”, ..., al¥.

[ycts -

a;=a"4a;, (i=1,2, ..., m), (3)
rie o;—NONpaBKH, KOTOPHE CYHTAIOTCA «MaAbLIMH», H

e =y, —Flx; a® 0, ..., ) (j=1,2,...,n)

—cooTBeTcTBylomue Hepasku. [lomcraBass 3uauenus (3) B ypaBHenus
cucTeMbl (2) ¥ pasjarasi npasble YaCTH NOJYYEHHHIX YPaBHEHHH MO CTe-
NeHaM NONPaBOK @;, YJAEPXHBaf JHIIb YJleHbl NEePBOrO MOPSAKA OTHOCH-
Te/NbHO 3THX INONPaBOK, OyleM HMeTb ’

m
S (D N ()] (0) - L
y,=f(x,, a(1 y @a'y eeey Qm )+k2fak(x/» 010)’ a(g‘”, e a},‘,’)) @,
=1
(j=1,2,...,n).

BPOJIH COKpalleHHhle 0603HayeHus }‘;k (% al®, o, ..., al®) =’1;ﬂe
U=12,...,n k=1,2, ..., m), sHaxonum ’

glb/kak =& (j=1,2,...,n). (4)
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Cucrema (4) AuHeliHa OTHOCHTE/bHO HEH3BECTHHIX MONPaBoK a, (k=
=1, 2, ..., m) u aBisercs, BooGule TrOBOpPSI, HECOBMECTHOH, TaK Kax
YKCJIO yPaBHEHHH ee GOJbllle YHC/JIAa HEH3BECTHBIX. ,

YpaBHenusi cuctembl (4) Ha3HBAIOTCH YCAOBHbIMU, @ CaMA CHCTeMA —
cucTemoll YcaoeHbLX YpPABHEHU.

Cuctema yc/nOBHHIX ypaBHeHH# (4) MOweT OHTb «pemeHa» B M3BeCT-
HOM CMBbIC/Ie, OMUCAHHBLIM Bhbille MeTOXOM cpemHux (§ 7) wuam metromom
HauMeHbWNX KBaapatoB (§ 8).

TloacraBass B HenuHeliHylo cucteMy (2) HallieHHble 3HaYeHUs

aP=a"4q, (i=1,2, ..., m),

MOWHO OfIpEAE/INTD HOBBIC HEBA3KH BS‘I)

BTOPHTB MpoLecc,
'~ 3amevanue. Ecan 3Havenns y; B cucreme (2) nonydyeds B pe-
3y/ibTaTe H3MepeHu#, TO cJeayeT MO3aGOTHUTHCH, YTOOH ITH 3IHAYEHUS
Ouw paBHOTOUHWIMH. B nporusHom ciydae neoGxomumo BBeCTH COOT-
BeTCTBYIOULME Beca [11].

H B c/yyae HeOOXOAMMOCTH MO-

Ip

umep 1. PesyanTaTnl 3KcmepHMeHTa XapaKTepH3YIOTCA cJeaytomed
Tabauuedt [1

1}:

x 0’1\23

y 2,01 ’ 1,21 ‘ 0,74 | 0,45

I'Ipenno.uaraﬂ, 4YTO [MepeMeHHble X H Yy NOAYHUHAITCA MoKa3aTenbHOi 3aBu-
CUMOCTH

y=ae~b% (6)

ONpeesIUTh HaWJyullHe 3HAYEHUA NapaMeTpos @ H b.
Pewenue. IlogcraBass rta6auunsle nanueie B dopmyay (5), nonyquu
cucremy

a=2,01, ae~?=1,21, ae-Y2-0,74, ae=93=0,45. 6)

.. Pemas, Hanpumep, nepBrie [Ba ypaBHEHHSI STOR cHCTeMbl, GygeM HMeETb
rpy6nie 3naueHust napamerpos a®=2,01, 5©=0,51.

Jsl HAXOXKJEHHS TOMPABOK 0L == a——a(‘” ﬁ—b —b® cocraBuM cHCTeMy yc-
JosubIXx ypaBHeHuit (4). CooTBeTCTBYIOLIHe 3HAYEHUS TPOU3BOLHBIK

ay __,=bl0)x ay) (0 yp—bO)x
(3= ()= oo

H HeBA3OK &0 = y;a(°’é"b(°)” noMeuleHsl B Tabauue 27,
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1 Ta6nunua 27
KoadduunenTnl ycaoBHbix ypaBHennfi

' "_y) (24) 0
* (aa ) ob/o g

1 0 0
0,600 | —1,206 - 0,004
0,361 | —1,451 | O
0,216 | —1,302 | 0

WA = O

Orciona noJyyaeM CHCTEMY YCJIOBHBIX ypaBHeHHH
a=0,
0,6000.— 1,206p = 0,004,
0,361a— 1,4518 = 0,014, }
o 0,216 — 1,302 = 0,016.

(7)

IOas pemennst cucrembl (7) NPHMEHHM MeTOA HaUMeHbUIHX KBaapatos. Ilpome-
MYTOUHLIE BHIUHCJEHHS NpHBeleHH B Tabnune 28, rae ¢, H 3 0603HaYaIOT
Kosppuuventsl npu o B B B cHcreMe (7) M Co— COOTBETCTBYIOUIHE CBOGOAHBIE
YJieHbl.

Ta6bnuna 28

Pewenne cHcTeMbl (7) METOAOM HAHMEHBLIIMX KBaJAPaTOB

Ca ) o 3 o °B g €y Co B o

0 1 0 0 0 0
0,600 | —1,206 | 0,004 | 0,3600 |—0,7236| 1,4544 |0,00240 | —0,00482
0,361 | —1,451 [ 0,014 | 0,1303 |—0,5238| 2,1054 | 0,00505 | —0,02031
0,216 | —1,302 | 0,016 | 0,0467 |—0,2812| 1,6952 | 0,00345 | —0,02083

D) 1,6370 | —1,5286| 5,2550 | 0,01090 | —0,04596

CnenoBaTeslbHO, HOpMaJibHasi CHCTeMa YpaBHeHHil HMeeT BHUJ
1,563700— 1,5286p = 0,01090, — 1,52860} 5,25508 = —0,04596.

Pemus: o7y ‘cucTeMy, Haiinem a=-—0,004, f= —0,009. Otciona nonyuaem
ucnpassieHHble 3HAaYeHUs] MapameTpoB

' 4=2,01—0,004 =2,006, b=0,51—0,009=0,501.
Taxum o6pasom, HCKOMas sMmMpHuecKas tdopmyaa ectb
y==2 006e~ " 601x (8)

B rtabauue 29 npuBeieHo cpaBHeHHe peayub-rama, AaBaeMbix smnnpuqecxoﬁ
dopmyaoii (8), ¢ TaGAHINBIMHA LAHUBIMH,
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Ta6.nnua 29

CpaBHEeHHEe 3HAYEHHIH SMIHPHUECKOd
dopmyabi (8) ¢ TAaGAHYHBIMH JaHHBIMH

x v | ¥ e=y-7 e

0o |2,01| 2,006 | 0,004]|1,6-10-5

1 |1.21] 1,215 | —0.005 | 2.5.10~5

2 |o0,74] 0,736 |. 0,004 | 1,6.10~5

3 |0,45| 0,446 | 0,004 | 1,6.1075
> ef=17,3.10"¢

3amMeTuM, 4TO C TNOMOILBIO Jorapudpmuposanusi ¢opmyJst (5) Jerko noJy-
YATL SKBUBAJEHTHYIO (DOPMYJy, JHHEHHO 3aBHCSUIYI0 OT MOAXOASUIMX Iapa-
METpOB.

Mpumep 2. s nepeMeHHbIX X M Yy, 3HAUEHHS KOTOPHIX 3ajaHbi cJe-
Ayouleit Tabmuuedt:

X 0 0,2 ] 0,6 1,2 1,6 2

y 12,051,944 {1,638 10,907 |0,423 10,028

YCTQHOBJIEHA SMMNHpHYECKAass 3aBHCHMOCTb

§=¢°* (@ sin x-+ b cos x). 9

OnpepeauTs 3HaueHus napameTpos a, b u ¢ B dopmyne (9).
PeweHue. [logcraBus B 3MIHpHYecKY (GopMyay (9) NaHHble 3HAUeHHS
(%;y Y;), MONY4YHUM CJEAYIOULYIO CHCTEMY YypaBHeHHii:

2,06 =b, | )
1,044 = ¢°-2° (0,1987a -+ 0,98015),
1,638 = ¢%+%¢ (0,5646a -+ 0,82535), l
0,907 =¢'*%¢ (0,9320a +- 0,3624b),
0,423 =15 (0,9996a — 0,0292b), ]

(10)

0,028 =¢%*® (0,9090a — 0,41695).

Pewast mpu6nuxKeHHo, Hanpumep, nepBble TpU ypaBHeHus cucteMnl (10),
naiinem qy=1, by=2,05, ¢co= —0,495.

Monoxum a=ayt+o, b=0b+p, c=cy+7.

[nst onmpenesieHHst MoONpaBoK &, f M Y COCTABUM JIMHEHHYIO CHCTEMY YCJOB-
HBIX ypaBHeHMit (4). 3HaueHHs NMPOU3BOLHBIX

ay . oy ay )
(%)t’:e%x sin x, (%)o =eCo¥ COS X, (%)‘,:xe%x. (@ sin x4 by cos x)
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H HeBA30K
€0 =y —ecox (ag sin x 4 by cos x)
noMeuieHu B Tabauue 30.
Ta6auuna 30
KoatdhpuuueHTn ycJOBHLIX ypaBHEHMI
ay oy oy A
* ) | G, | (), o0
0 0 1 "0 0
0,2 90,1795 0,0886 0,3992 —0,0540
0,6 0,4183 0,6114 1,0030 —0,0336
1,2 0,5167 0,2009 1,1141 —0,0214
1,6 0,4536 —0,0132 0,6832 —0,0034
2 0,3378 —0,1549 0,0404 —0,0072
OTclofa CHCTeMa ypaBHEHHHl [/ IONPABOK HMEET BHE
, p=0,
0,1795c+0,08868 +0,3992y = —0,0540,
0,41830+0,6114p + 1,0030y = —0,0336,
0,5167c+0,20098 -+ 1,11419 = —0,0214, (11

‘0,45360t. —0,0132p 40,6823y = —0,0034,
0,3378a—0,15494 40,0404y = —0,0072.
Pemtenne cucremst (11) 6ynem uckaTb MeTOAOM CpPeAHHX.

YPaBHEHHS CHCTEMBI, MOJIYYHM
0,1795a.+1,0886f + 0,3992y = —0,0540, }

Fpynnupya no zea

0,9350a+0,81238 42,1171y = —0,0550,
0,7914a—0,1681p +0,7227y = —0,0106.
Pemasi o6biuHbIM MeToxoM cucTeMy (12), naxogum a= —0,0266; f= —0,0466;
v=0,0036. CaeygoBaresbHo,
a=1—0,0266=0,9734; b=2,05—0,0466=2,0034;
= —0,495+0,0036 = —0,4914.
Takum o6pasom, HCKOMas sMNnUpHYecKas (GopmyJsia HMeeT BHUJ
Y =e~9%4914% (0,9734 sin x -+ 2,0034 cos x). (13)

B Ttabauue 31 paHbl pacxXoXIeHHS MeXAY 3HaYeHHAMH (YHKIUH y~, Haii-
JLEeHHbIMH N0 3MIHUpHYecKoi ¢opmyJde (13), n TaGJIHUHEIMH 3HAUEHHSIMH Y.

(12)

Ta6bauuma 31
XapakTepHCTHKAa TOYHOCTH SMNHPHYecKoil ¢opmyant (13)
x y v A=y-y x I ¥ A=y-j
0 2,050 2,003 0,047 1,2 |0,907 | 0,906 0,001
0,2 1,944 1,960 —0,016 1,6 |0,423 | 0,417 0,006
0,6 1,638 | 1,640 —0,002 | 2 0,028 | 0,019 0,007:
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FrJTABA III

MPUBJWKEHHOE PEUIEHUE
OBbIKHOBEHHBIX JH®$SEPEHUUAJIbHBIX YPABHEHHMIA

§ 1. O6mue 3ameqanus

[Ipocrefimrum oBnikHoBeHHBIM AnddepbuunanpinM ypapuenuem [1]—
[5] amaserca ypasHenue nepBoro mopsuka

y'=r(x, y). (1)

OctioBHan 3amaua, OTHOCSILLASCS K 3TOMY YPaBHEHHWIO, €CT> 3asadya Koww:
#HalTH peuiexne ypaBHenus (1)

y=y(x), (2)

YAOB/IETBOPAIOILEE HAYANOHOMY YCAOBUIO Y (X,) =Y, HHBIMHA CaOBamd,
TpeGyeTcsi HaTH MHTErpaJbHYI0 KDHBYIO
y=y(x), NPOXOAAUYI0 uepe3 3aAaHHYIO ¥
1Toyky My(xo, Yo) (puc. 21). Ecau npamas
yacte f(X, y) HempepniBHa B 06sacTH

Y=z

./
R, onpenensieMol HepaBEHCTBAMH ¥
[x—x,] <a, |y—yol <8, Yo y
TO CyLIeCTBYeT Mo MeHbule# Mepe onuo peme- &1 %o & z
Hue (2), onpeneseHHoe B HeKOTOPOL OKpecT- Puc. 2I.

HoCTH | X — Xxo| < h, rie h —mnonoKHTE b~
HOe YHC/IO. DTO pelIeHHe eIUHCTBEHHO, eC/qu B R BHIO/IHEHO ycaosue
Junwuya

1f(x, 9)—F(x, H|I<N|y—yl (3)

rae N-—nocrosinHaa (koncrawra Jlunuminua), 3aBucsuias B oGLieM
caydae or a u b, Ecmm f(x, y) wumeer orpaxudendyio dpous-
Boauyio f, (X, y) B R, TO MOXHO MONOKUTH

N=max|f,(x, y)| npu (x, y) € R.
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Ilns mugdepeHunansioro ypaBHesus 7-ro nopsuKa
Yy =rx yv, ¥, ..., y")

sagaya Kol COCTOHT B HAaXOWIEHHH pelleHHs y=y(X), YAOBJIETBO-
PAIOLIETO HAYAALHOLM YCAOBUAM

y(*o)=Yor ¥ (X0)=Yo -+, Y* V(%) =y%7",
TIE Xo, Yo, Yo +++ » Yo P —3anannbe yncia.

Mpamep 1. Jlnq)(bepeﬂuua.nbﬂme ypaBHeHHsi CBOGOAHBLIX KoJe6GaHHi
MasiTHUKAa B conpoTuBjaswouelca cpege [6], [7].
MMycts ©—yron orkaonenus ‘(puc. 22), t—spemsa. [lpeanonaras,
YTO CONpPOTHBJIEHHE cpelbl R NPONOPUHOHAJLHO CKOPOCTH, NOJyYaeM Lis
0 - ©=0 () wenuneitnoe auddepenunasbHoe ypas-
'HeHHe BTOPOro Nopsjika

bsin 0,
dt2 7+ dt 7+bsin 6= (4)
9 rpe a n b—nonomnteﬁb}lue NMOCTOAAHHBIE,

/ " Haua/ibHHe YCNOBHS HMEIOT BHJ

© (o) =60 O(to) =6y,

rae
- do
e ==
dt’

R T. €. B HauaJbHLId MOMeHT {=1{, 3ajgaiorce:

1) HauaabHOe OTKJOHEHHEe 6,
2) HayaJnbHasfg yraosas CKOpoOcTb ©,.

m

Pue. 29. y B npunoxennsix 4acTo BCTpeYaloTCs CHCTe-

Mbl OOLIKHOBeHHBIX AMddepeHuHalbHbIX ypaste-

tuli, OrpaHuyuMcs paccMOTpeHHeM HODPMAaJAbHOH CHCTEeMBb 7-r0
nopsiixa O6HKHOBEHHbIX AUddepenianbHbiX ypaBHEHHH:

d
yl =f1(%, b1, Ygr -+ » Yn)s
d!/z
x , Y ve ey y
=fo( !/1 Yo Y,) (5)
dy,,

B;= n(x) yla Yoy o0 yn))

rle X-—He3aBUCHMas TEPEMEHHas, Yy, Yg, ..., Y,—HCKOMbE QYHKIMH,

CucTeMy, COAEpxaUlyl0 NPOU3BOAHBIE BEICLIMX NMOPSIAKOB M paspeLleH-
HYI0O OTHOCHTENbHO CTaPIIMX IIPOM3BOAHLIX HCKOMHEIX GyHKUMHA, nyrtem
BBEIEHHS] HOBBLIX HEH3BeCTHHIX. PYHKIMH MOXHO HPHBECTH K BHALY-(5).
B yactHocTh, mas nuddepennnanpHoro ypaBHeHHS 7-ro HOpaiKa -

yI=F% 5 ¢, ¥0Y), (6)
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noxaras Y, = y',_ Ys=Y", «ev s Yp1=4""P, Oynem HMeTh 9KBHBa-
JEHTHYI0 HOPMAJbHYI0 CHCTEMY :

dy

‘E=y1v
dys __
W‘—ym
c e e e e [ (N
dyn_
N ;[xs:yn‘—.l) o
dy,, _ N
%‘—"f(x’ !/,A!/n teey yn—_l}'

Bocnosb3oBasmnCh BEKTOPHBIMH 0GO3HaYEHMSMH

doy
y.l dy d.x
y=i:p a | D
Yn | %n
[ dx
cucTeMy ypaBuenuit (5) MOXHO 3amucarh Gosiee MPOCTO:
' d
Z=r(x, 9, (8)
f1 |
rae f=| : |—3anannas BexTOp-pyHKuUS.
Iu . '

TMox pewenuem cuctemsr (D) mNoHHMaercsi /106asi COBOKYMHOCTH
dyHKumi

Y1
Y

ey, =@; (%), ..., ¥,=P,(x),
KoTOpas, 6yayyn mOACTaB/IeHa B
ypaBHenust (5), obpaiaet HX B
TOXHECTBA. ['eoMeTpHYECKH KaK-

0
noe peiuenne (9) mpencrasiaser /
f/

Yn
/]

sF-A\-1tx
8
P

€0601i HeKOTOPYIO JNHMIO L (uKTe-

2pansvbHas Kpusas B TPOCTPaH-

cree B l={x, y,, ..., u,}, Puc. 23.

puc. 23), a  COBOKYNHOCTB

BCeX  peuleuii o6pasyer mojie HH TErpajibHHX KDPHUBHX.
Tak xak cucrema nuddepeHUHaNbHHX YPaBHEHHH HMeeT GecuHC/IeH-

HOE MHOXECTBO peleHHil, TO HAAH BBLIIEICHHA OMHOIO KOHKPETHOTrO



124 PEIIEHHE OBHIKHOBEHHHIX NHU®OEPEHUHMAJBHLIX YPABHEHWH [rn. .

pemiennst y =y (X), KpOME ypaBHeHHsl, HYKHb JOTIOJHHTE/bHHIE yeaonus.
B npocrefimem ciyyae 3amalOTCS HA4QAbHbIE YCAOBUA

. Y (x0) =99, (10)
YTO NPHBOAMT K 3adaue Kouwiu. A '
Banaua Kowwu. Haittu pemenne y=y(x) cucremn (5) nau
COOTBETCTBYIOLLErO BEKTOPHOTO ypaBuenus (8), ydOBJeTBOpsiollee 3a-
JaHHBM HavaldpHeM ycaoBusiM (10), rae x,— duKcHPOBaHHOE 3HayeHHe
HE3aBHCHMOH TNepeMeHHOH u

0)
Y

y(o)'= :
yi»

— naHHaf CcHCTeMa YHCel.

TeoMeTPHYECKN 3TO 3HAYMT, YTO TPeOGyeTCs OTHCKATbH HHTErPaNbHYIO
xpusylo L, NpoXonsiulyio uepes sananuyio 1ouky My (xo, v, ..., ¥
npoctpanctea E'*1 (puc. 23).

Ecin X MHTePNIpeTHPOBAaTh KaK BPeMs, a yi, ..., §,—Kak 060G-
lleHHBle KOODAMHATH HEKOTOPOH MeXaHMYecKOM CUCTeMBl, TO MOJY4uM
cneaylomuit acnext 3anaun Kowm: suas nnq)cpepeﬂunanbume ypaBHenus,
YUpaBASIOUHE MEXaHHYECKOH CHCTEMOH, a TaKwke COCTOSHUE ee B Hayasb-

Hbifi: MOMEHT BPEMEHH X,, ONpPENEJHTb COCTOSHHE CHCTEMH B: JHOGOH
MOMEHT BpEMeHH X.

FapaHTHs OIHO3HAuHOM pa3pewmMocTH 3amaun Komm naercs npuBe-
JIEHHBLIMH HIDKE JOCTATOYHBIMH YCJIOBHSIMH. -

TeopemMa cyuecTBOBaHUS M ENHHCTBEHHOCTH pe-
menus, ITycte 8 HexkoTOPOU OKPECTHOCTU HAYAAbHBLX 3HAYeHuil

U{lx—x| <@, |y1—y"|<by, oo |,— 0] <8}

cuctema (5) obaadaer caedyroujumu ceolicTeamu:
1) npassie wacru fi» fos oo+ [, Onpedenenst u Henpepoigror. 8 U,
" 2) ¢yuryuu f; (i=1, 2, ..., n) e oxpectnoctu U ydoserersopsior
yeaosuam JIUnwuya no 3a6UCUMbIM NEPEMEHHbIM Yy, Ygy v v y Yy» T. €.

-~ ~ n .
.|fi'(x’ yl) ceey y")_fi(x) Y1y oo 0 s yn)lgNXI yj_yll(]])
: =1 . 1
(i=1,2,..., n),
20e
(xy yl) vee yn)EU’ (xv 1;1'» ee ey Jn)‘eu

u N—nexorgpas nocroannas (Koucranra Jlunuwuya). B srom cayuae
cyuecteyer eduncTeennoe peuzeuue cucremot (5) Y=y, (), ...
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ooy Y=y, (¥), onpedesennoe 8 HekoTOpOU oOKpecTHOCTY | X — X0 | < h
U ydosaersopalouee 3a0AHHbIM HAYANbHOIM YCAOBUAM:
Y1 (%) =!/(1°), ceey Yp(Xg) =yl

MubiMu cnioBaMu, npu BeiMoJiHeHHH ycnaoBui 1), 2) samaya Kowwu pas-
pewnMa M peuleHne eXMHCTBEHHO, T. €. yepe3 Touky M, (xo, 4(%, ..., yg"’)

NPOXOAUT eNAHHCTBEHHAadA MHTErpajbHas KpuBas cucTeMul (5).

Y ]

Puc. 24.

3ametum, yTo BMecTo yca0Bu#t Jlumiuuua AOCTaTOYHO MOTPEGOBATH
ofi 1+
HAJUYUA OrPAHUYEHHBIX TPOUIBOLHBIX a—’y—‘/(z, j=1, 2, ..., n) B okpe-
crioct U; torma 3a KoucTauTy JIMILHIA MOWHO MPUHATD

9f;

Oy]

. N = max
i

Paccmotpum npumepsl HeKOTOPhIX cHcTeM AHddeperiunanbHuX ypas-
Hetuit.

IMpumep 2. (OcHoBHaA 3ajaua BHemHe# Ganauctuku [8].) [Tpusesem pud-
¢depeHnuanbHbie YpaBHEHHS NBHXKEHHs MaTepHal/ibHOH TOYKH (CHapfija) B COMPO-
TuBJsiiomeiics cpefe (puc. 24). .

Ilyets m—wmacca TOYKH; X, y—TeKyllle KOOPAHHATHI TOYKH B BepTHKa/b-
HO# muockocTH Oxy; t—BpeMﬂ; 9 —BeKTOp CKopocTH; @ —yroJs, o6pa3oBaHHbI
BEKTOPOM CKODOCTM C TFOPH3OHTaNbHOH ocblo Ox; R—BeKTOp conpoTHBIeHUs
cpeAbl (HampaBjieH NO KacaTeJbHOH K TPaeKTOPHH); g— YCKODEHHe CHJIB Tf-
HECTH.

Ha ocnoBanunu BTOporo 3akoHa HeioTona mnonyuaem aupdepenuuansHsie
YPaBHeHHA JABHIKEHHUSA

d2x d?

Y .
m g =—Rcos®, mzyz=—mg—Rsin®. (12)

drz
Oﬁwmo npe;monaralor [8], uto Beanunna cnnu conpomaneﬂnu cpeuu
R =mF (v) H (y), (13)
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rhe MHOXHTeab F () 3aBHCHT TOJbKO OT BeNHYHHEl CKODOCTH U==|®|, a BTOpOi
H (y)—or Bhicotnl nouusatus y. Pyuxkuun F(v) u H (y) sagawrcs :TaGnuyHo,
C yuYeTOM peanbHOH O6CTaHOBKH. )
IMoxcrasasa Bhipaxkenne (13) B cuctemy (12), mocsie cokpauieHus Ha m
6yneM HMeTb :

dix

——==—H(y) F (v) cos 8,

“i’zt"’ : (14)
dti’: —g—H (y) F (v)sin 8.

Yro6u npuBecTn cucremy (14) x Hopmanbuomy BHRY (5), BBeZeM HOBble
nepeMeHHbIe

u=uvcos 8, w=vsin O,

KOTOphle MPEACTaBASIOT c060fi COOTBETCTBEHHO FOPH3OHTaJIbHYIO (U =0Uy) M Bep-
THKaNbHYI0 (@ =U0,) MPOEKUHH CKOPOCTH D.

F d
Beousi o06o3uauenve G (v) = l(’v) M YYATHIBas, YT0 u== dh)tc"’ w=‘g—f{'

BMecTO cHCTeMHl (14) mMoJyynM HOpPMaJbHYIO
My(Zy,4,,3;) CHCTEMY YETBEPTOro MNOPSAKa:
dx
dt
Y dy
dt
r ' (15)
’ & HGGW

My (25,45, 23) dw
5 = —g—H(y) G (v)w,
miz,4,2) TRe V= Vi Fut.
Ecan npeanonoxuTb, YTo cHapsa Gwia
Puc. 25. 6poluleH B MOMEHT BpeMeHM ! =0 U3 TOUKH
O (0, 0) co cKOpoCTbIO, IO BeJMuYHHE paB-.

1ol Uy M HanpaBleHHOHW MOX yraom 6, K TOPDH30HTY, TO HayaJbHbie YCJOBHSA
OyRYT HME€Tb BHJI

x(0)=0, y(0)=0, u(0)=uvycos By, w(0)=uyv,sin B,. (16)

"Cunras, uro Gyukuun H (y) u G,(v) HenpepriBHO AndpdepeHUHPYEMH, JIErKO
y6enutbes, uro 3agava Komm (15), (16) wumeer einHCTBeHHOe pelleHHe, T. €.
HauaJibHble: ycJoBusi (16). OLHO3HAYHO OMpeAeNsIOT TPaeKTOPHIO CHapsja.

.B o6uiem cayuae cucrema (15) aneMeHTapHO He MHTerpupyercs, Tem GoJiee
uyto pyHkuun H (y) ¥ G (v) HOCAT BSMIHMPHYECKHH XapaKTep M 3ajaiorcs Ta6-
auyHo. [lostomy cucremy (15) mpuxoauTcs pewratb YHCJEHHO.

OGLIUHO HHTEPECYIOTCS ellle MaKCHMaJbHOH BLICOTOH MoAbeMa CHapsaaa
Ymax =4(f1) B R2JIbHOCTBIO NONIETA Xmayx =X (f;). [l17 HAXOXKJEHUSA STHX BEJHYHH
HYKHO COOTBETCTBEHHO pEIUHTh Kpaesbie 3ada4u (cM. ra. 1V)

Y (t)=0 B y(ty)=0.

Tlpumep 3. (Bamaua Tpex Ten [9]). Peur uper o andpdepenuuanpHeIx
YPaBHEHHSAX JBHXEHHS TPEX MaTepualbHEIX TeJ, B3aHMOAEHCTEYIOUIMX MEXAY
co6oil 1o 3aKouy BcemupHoro tarotenusn HoloTona. o

=u,

= w,

Il
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Mycts B npocrpanctBe Oxyz MMEIOTCA TPH TeJja C MaccaMu fmy, my H Mg
(puc. 25), 3anuMalomue B MOMEHT BpDEeMeHH f COOTBETCTBEHHO: MOJIOKEHHS X;,
Yi» 2; (i=1, 2, 3). KonkpeTHoit Molesbl0 HalleH 3ajaud :MOXKET. CJHYHHTb, Ha-
npumep, cucrema 3emas —JIyHa —COYTHUK. -

B mexanuke nokassiBaercs [9], uto past cuctemnl m; (i=1, 2, 3) cyuecrt-
BYeT MOTeHUHaJbHad QYHKUHS

mym meom, mgm
— 12 23+31.

v +

- ry ry ry

Orciopa pubdepeHunanbHpie ypaBHEHHs JBHMXKEHHS CHCTEeMbl Tpex Tea GyayT

dix;_oU dty; U a2 U
m; W—E, mi.dt—z—ayi y m; e —0—21 (l-—l, 2. 3). (17)
ITonaras
dx,- _ dyl . dZ[__
T g T @
GyneM uMeTh HOpMaJbHY10 cucTemy 18-ro nopsagka:
dx,- dy,' dZ,‘
=7 =Up- =V —r =W
dt at at (i=1, 2, 3). (18)
m A _0U - du oU - dw;  0U
tdt oxg Ldt oy’ Ldt oz

HagaapHube yciaoBHUA CBOAATCA K 3aJaHHIO CHUCTEMBbI BobeMHaﬂu.aT" quceJa
0 L]
xi(to)=1‘50)n Yi (t0)=y(l ')1 Z; (t°)=z£' )’

up(t)=ul® v (t)=0{", w;(te) =w®

}(i=1. 2, 3) . (19)

—Haya/bHLIX MOJIOXKEHH TeJ M MPOeKIHH HX HAYANBbHBIX CKOpOCTeil.
Pewns 3agauy Kowwu (18), (19), monyuum 3aKoHbl [JBUMKEHHS TeJ B KOHEY:
HO#i (opme: )
=9, (O, yi=vi(®), z=x(0 (=1,273)
W JONOJHHUTENbHO 3aKOHB! H3MEHEHHS HX CKODOCTe#:

w=ut), v;=vI), w=x(t) (=1L, 2 3.

Iaxe nns npocrefimero aud@depeHUHaIbHOTO YPaBHEHHS MNEPBOro
nopsaaka (1) HaxowmeHHe peLIeHHsl, OTBEYAIOLIEro 3aAaHHLIM YCJIOBHAM,
BOOOLIE HEBHIMOJHHMO C MNOMOLIbI0 KOHEYHOTO YHC/A MAaTeMaTHYeCKHX
onepaunti. Tem Gonee 310 HeocyllecTBUMO JAasi cucrembl auddepenuu-
a/bHBIX YPaBHEHHH.

YKa3aHHoe OOCTOSITEJNbCTBO MNPHBEJIO K CO3JaHHIO OGOJBLIOrO YHCAA
METONOB npubiuxerHo2o pewenus nnd@depeHUHaIbHBIX ypaBHeHUH, oc-
HOBAHHBLIX HAa CaMbIX Pa3/UYHBIX HAERX.

Bce 3TH MeTOmbl B 33aBHCHMOCTH OT (OpMH, B KOTOPOH OHH mnpen-
CTaBJAIOT pellleHHe, B OCHOBHOM MOXHO Pasle/HTb Ha TPH TPYMIH:

1. AHaAuTHYEeCKHE MeTOAbl, AAOUUE NPUGIMKEHHOE PelleHHe
JuddepeHunanbHOro ypaBHeHHs B BHIE AHAJUTHYECKOTO BHIPAaXKEHHd.
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2. Tpaduyeckxune MeToRH, naomue npubJMKeHHOE pelleHKE
B BuIe rpacduka.

3. UncneHHnbe MeTOAH, Jaiouue npubGaNeHHOe pelleHue
B Bule TaGJaHIbI.

Cnexyer OTMETHTb, YTO NpHBedeHHas KiaacCHUKaLUA MeTONOB: NpH-
G/MIKEHHOr0 HMHTErPHPOBAHHA ABJSETCH B HM3BECTHOH Mepe YCJIOBHOH,
Tax, nanpumep, epaguueckul merod aomansix 3Iiirepa HaeT OXHOBpe-
MeHHO Croco6 Yuc/aeHHOT O peiedns auddeperunanbHOro ypaBHenus.

[pu pmanbHeidimeM H310xeHHH OyneM mNpeANoJaraTb, He OroBapuBas
3TOro Kax Il pa3, yTo NI paccMaTpuBaeMbix AH¢depeHuHalbHEX ypaB-
HEHUH BHIMOJIHEHH OOBIYHHIE YCJIOBHSI CYLUECTBOBAHHA U €NHHCTBEHHOCTH
pewesuit, Jlna npuMeHHMOCTH HEKOTOPHIX MeTOXOB mnoTpebylotcs 6Gonee
WECTKHe YCJIOBHUSA, KOTOPHE OYNYyT yKa3aHH B COOTBETCTBYIOLIHX MeCTax.,

§ 2. UnTterpuposanne nnddepennnaNbHpX yPaBHEHHH € NOMOMbIO
CTENeHHBIX PALOB

PacemotpuM cHavana nudepenunanbHoe ypaBHenne 11epsoro nopsaxa
| Y =f(%, y) (1)

€ HayaJbHBM YCJIOBHEM
¥ (X0) = Y, (2)

TycTs npaBas yacTh ypaBhenus (1) siBasercs anaimtndeckoil dynkumeit
B HayaJbHOM TOuke (X4, Y,), T. €. B HEKOTOPOH OKPECTHOCTH 9TOH TOuKH
MoxeT ObiTb pa3/okeHa B CTeNeHHOH pal BHIA

w®
fle, )= 2 ¢, (x—%0)" (4—yo)%
P, 4=0
rae p, g —LeJHe HEOTPHLATE/NbHHE YHCIA H C,, —NOCTOSHHHE KO3)-
duumente. Torma cyuieCTByeT eIMHCTBEHHOE peuleHne y =y (x) and-
depenunanbHoro ypashenns (1), ymoBieTBopsioliee HayaJbHOMY yCJO-
BHI0 (2), MpHYEM STO pelieHHe SBJSETCS AHATHTHYECKHM B TOYKE X¢ M,
c/enoBaTeN bHO, MoxeT OHWTb mpenctaBieso B Buie pana Teitmopa (2]
@
px) = Ze,(x—x0)? (| x— 0| <), 3)
p=
Fie
1
opz;!—y‘m(xo) (r=0,1,2,...)
N h — HEeKOTOpoe TNOJIOKHTENbHOE YHCIIO.
Kosdduunenr ¢, pasnowenns (3) onpenensiercs HENOCPEACTBEHHO
M3 HAYaJbBHOTO YCJOBHR (2):

toes

€0 =Y (Xo) = Yo;
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caenyouni KospGHUMEHT ¢; HAXOAMTCH HAa OCHOBaHHM Auddepenyanb-
Horo ypasHenns (1)

01=y, (xo)=f(x0, yo)'

Uro KacaeTcsl OCTaNAbHHX KO3(pPUUHEHTOB ¢, (p>1) pana (3), To onn
MOTyT ObITh LIAr 3a LIAroM HalaeHb ﬂyTeM NOC/JeA0BaTENBHOTO ANd-
(epenunpoBanns aannHoro auddepenunanptoro ypasuenns (1). Hanpumep,
nuddepenunpys no x o6e yactH ypasHeuns (1) M MCnOAbL3ys NpPaBHAO
nnddepenunpopanna cN0OKHOH ynkinu, GyneM uMeTh

V'=fc X, N+ry(x 9y
Orciona

] ”n r ’ ’
C=75Y (xo)=§l‘[fx (%0, Yo) + Sy (X0, Yo) Yo)s

TIe uncio Yo =f(Xy, Y,) yXKe H3BECTHO,
Hanee naxonum

Ill

1
Cs=7%¢Y (o) =
1 " " , " , , ”
=F[fxx (x0, o) + 2fxy (X0, Yo) Yo "l'fyy (X0, Yo) ys + fy (X9, Yo) !/o]'

Ananornyso Moryt ObITb onpenesneHbl KO3p@UUHEHTH C,, €, H T. 1. H,
clenoBaTeNbHO, (OPMAJbHO MOCTPOEHO aHAaJUTHYECKOE peuieHne y (x).

.Bonpoc 06 ouenxe pammyca cXoAHMOCTH £ cTenexHoro psna (3)
Gonee cnowen [2], [11], u 3mech Mbl ero paccMaTpuBaTh He Gynem.
3aMeTHM TOJBKO, 4YTO ecan auddepeHnurasbHoe ypaBHeHHe JHHeHHOe
Y =fo(X)+f1(x)y n bdyskuuu fy(x), f;(x) ODonyckaloT pasomenust
B CTemeHHhle DPAAH B HayaJbHOR TOuke X, C OGLIMM pAXHyCcOM CXOZM-
MOCTH R, TO MOXHO MNOJOXHTb A=R.

Mpumep 1. Hanucarb HeCKOJBKO YJIEHOB Pa3joKeHUs B CTeNneHHON paAR
pewenust y=y (x) puddepeHUHaILHOrO ypPaBHEHHsA

’ Y ’
= 4
x4y “
YZOBNIETBOPSAIOLLIEr0 HauajbHOMY ycJoBrio: y(l) = 2.
Tlosnb3ysick NOJIYYEHHBLIM DasJioKeHHeM, NpHOAHKeHHO HaiitH y (1, 2).
Peuwenne. [lonaraga xo=1u

’ 1 - |
Y= Yo+ Yo (x—xo)+ 35 Yo (x—%o)* + 31 Yo (x—x0)3+

(Y0 =yP (x0); p=0, 1, 2, ...),
6ynem nMeThb

N

W=2 Y= =
o152 3

Huddepennnpys ypasHenne (4), noJaydnm

=Y =y (+y)_x '—y
(x+y)? R
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Orcioga

12,
v=Tiror T

JnpdepeHuupys eme pas, 6yaeM uMmeTsb
or XY ) —2(+y) (' —y)

y ®+opP
Ilostomy . .
- —97 3+2’_ T‘)’--—i
0= 27 7"

Ananornuno Moryt 6biTh HafiileHbl OCTaJbHbIE IPOH3BOLHBIE y(o”) (» > 3).
Takum oGpasowm,

2 2 2
y=2+_~§(x—l)—2—7(x—l)2+ﬁ(x—l)3+... (5)
W3 dopmyan (5) umeem y (1, 2)=24-0,1333—0,0030+0,0002+-... =~ 2,1305.

Msnoxennbii Boire cnmoco6 Haxowmenus pemienns nuddepenunans-
HOTO ypaBHEHHUS: METOAOM CTeMeHHBIX DPSAIOB Jerko obobuiaercd Ha cay-
yall auddepenunanbioro ypasienus n-ro mnopsimka. Ilycrs, Hanpumep,
Mb HMeeM Iud@epenurasbHOe ypaBHeHHe BTOPOro Nopsiiaxa

y'=fx9,9) (6)
C HAYaJbHHIMH YCIOBHSAMH: .
y(xo)=Yor ¥ (Xo) =1 )
Ipeanonaras, uro ¢ynxuusa f(x, y, y’) aHaIMTHYeCKas B HavyaJbHOM
TOYKe (Xo, Yo, Yo), OyleM uckaTh  pewenne 3agauu Kowmm (6), (7) B
Bume psana Te#nopa _
e Yo
Y () =2, T (x—x0)". 8)
p=0
3necp y, M Yy, U3BECTHH M3 HayaibHbix ycaoBuil. M3 ypaBuenns (6)
nojayyaem

Yo=1 (X0, Yo, Yo)-
Huddepenunpys nocnemoBaTensHo ypasienue (6) mo mepemento#t x
cornacio mpasuay IauddepenunpoBanus caowHoft ¢dyHKUMM M moJjaras
X =X,, OyleM HUMeTb

2

Yo =Tx (%o, Yo» Yo) + Sy (%o, Yo, !/o) Yo +fy (X0, Yos Yo) Yo

u 1. 1. TakumM 06pa3oM miAr 3a IarOM MOXeT GHWTh NOCTpoeH pix (8).
Bompoc 0 ¢XOZHMOCTH 3TOro psAa OCTaBHM OTKPHITHIM,
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Npumep 2. HamucaTh HeCKONBKO 4JIEHOB Ppas/oXKeHHs B CTeneHHoON psg
pelleHHs Yy =Y (x) YPaBHEHHUS

Yy +xy’ +y=0, ®
YIOBJIETBOPSAIOILETO HayaJdbHHM ycaoBuam: y (0)=0, y’ (0)=1.
PemeHne. [Tonaraem

" (0
s W=y O+y O+ 50t
rae y (0)=0 u y' (0)=1.
H3 ypasHenus (9) noayuaem
Y'=—xy"—y. 10
Orciopa y" (0)=—y (0)=0. dnddepenuupys nocnenoBareqbHO ypaBHEeHHE
(10), 6yneM uMeTb
ylll=_ xyﬂ—zyl, ylv=_ xyl{l_syll' yv —— xylv-_4ylll' e
U3 atux paBeHCTB BHITEKAET, 4TO
Y 0)=—21=—2, yv(0)=—3.0=0, yv(0)=—4-(—2)=8.
CaegoBaTesbHO,

X3 x5 .
YO =r—S+ g5+ (11)

Hanucare o6muft unen psana (11) m wuccnegoBath ero cxo;wmoc'rb He npegq‘
cTaBafieT GOJbIINX 3aTPYLHEHUH.
Mpumep 3. 3nas puddepenunansuoe ypaBHeHHe zmmxeﬂnn TOUKH [10]

dx
dt°+(1+0 1$) x+0,1 (dt) =0, (12)

C TIOMOILbIO PA3NOKEHHA Pewenus B cTeneHHoN psAl HalTH cKopocTb X' M YCKO-
penne x” TOUKH AJIA MOMEHTOB BpeMeHH t, pasnnx 0,1; 0,2; 0,3; 0,4; 0,5, ecan
x(0)=1, x'(0)=2.

PemeHnue. s ypaBHenus (12) 6ynem HMeTb

X =—x—0,1tx—0,1x"% 13)
Orcioa ¢ NOMOLBIO NOC/ENOBATENHHOTO AHMPEPEHUHPOBAHNA TIONYUUM

2" = —x'—0,1 (tx'+ x)—0,2x'x",

2V = —x -0 1 ("4 2x)—0,2 (x'x'* 4 x"%),

xV = —x"""—0,1 (¢x""" 4 3x")—0,2 (x'x1V 4 3x"x"""),

V1 = — x1V—0,1 (¢x1V - 4x""")—0,2 (x'x1V 4 4x"x1V 4 3x""'%)

T K
Tlonaras B atHx paeeHcTBaxX £=0 ¥ HCNOJbB3Ys HayaJbHbie YCJOBHS xo=l
x0_2 HaXoUHM
s

Xo=—14, x =—154, x}V=1,224, xV=0,1768, x)'=-0,7308.

Taxk kak Ha ocHoBanHH psaa Teitnopa
o xs 1V Vs gVl

x,t
x=.xo+x;,t—|-—2—°l—+ °3, =ttt
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TO ANl UCKOMOTO peuieHus ¢ TOYHOCTBIO N0 18 noayuaem

x=1+42¢{—0,7¢2—0,2567¢2+0,051¢ 4-0,00147£5 —0,00101¢8, (14,
CnegoBatenbuo,

x'=2—1,4{—0,77{2 40,2043 4 0,00735¢* — 0,00606¢5, (15)

x"=—1,4—1,54f 4 0,612¢24-0,00294¢3 —0,0303¢2. (16)

B rabanue 32 nomeuweHs! 3HaueHus x, x' w x” gas t, passoro 0; 0,1; 0,2;
0,3; 0,4; 0,5, noacunTaHHbIE COOTBETCTBEHHO MO (opmynam (14), (15) u (16). Man

KOHTPOJIS MPHUBeJeHbl 3HAYEHHHA %", DOMYYeHHBIE HENOCPEACTBEHHO W3 TOYHOrO
ypasuenus (13).

Ta6nuua 32

Bolaucaenue anaueuuu pemenua X anddepenunaabuoro ypasHenus (12).
M €ro npoM3BOAHBLIX X' ¥ X’ NPH NOMOWM Pa3NOKEHHS B CTENEHHOW pan

t X ¢ ' rd ="
0 1,000 2,000 —1,400 —1,400 0,000
0,1 1,193 1,852 —1,548 —1,549 --0,001
0,2 1,370 1,692 —1,683 —1,684 40,001
0,3 1,530 1,517 —1,806 —1,806 0,000
0,4 1,673 1,330 —1,917 —1,917 0,000
0,5 1,795 1,137 —2,015 —2,015 0,000

Takum o6pasom, BujiHo, uto npn 0<<?t<C1/2 dopmyasn (14), (15) n (16§
JI2I0T pellleHHe 2aJayH, TOYHOe 1O TPeThero AeCITHYHOro 3Haka. [lpu yBenuuenuu ¢
TO4HOCTb 3THX (popmyn Gyner, BooGlle ropops, y6biBaTh, H NpH GOJbIUHX ! npu-
JleTcsl YYMTHIBAaTh JONOJIHHTeJIbHBIE uJieHbl psiga Tefinopa.

3ameruM, yto dopmyna (14) coBepureHHO HempHroAHa AJA aHaNM3a YCTOH-
YHBOCTH IBHIKEHHS NpPH { — 00; JJIS 3TOH IeJH HCNOJNb3YIOT PSbl HHOrO BHAA.

MeTon cTeneHHbIX PAJOB NPHUMEHUM TaKkKe K HOPMaJibHbIM CHCTeMam
auddepenunanpHpix ypaBHenui

d 3
yl f((x ylr'-wy”) (l=1, ooy fl)

C HAYaJBHBIME YCHOBHAMH Y, (Xo) =y, (i=1, ..., n).

Ecnn dyskuwn f;(x, yy, ..., y,) (i=1, ..., n) ananutudeckue, TO
KOMIOHEHTH pelieHns y—{yl (x), ..y, (x)} CHCTEMbl MOXHO HCKAaTb
B Buje psaos Teiaopa

w
g’(xo)

!/i(x)=2

p=0

(x — x,)? (i=1,...,n).
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Koadduumuentel 3THX PAAOB MOTyT ObiTh HaiAeHbl C y4eTOM HayalbHhIX
ycaoBuit nocenoBaTenbhbM  auddepeduupoBanneM ypaBHeHR nasHOM
CHCTEMH.,

Mpumep 4. Ilns cucremu

d—y=xsin t+ycost (17)

—_xcost—ysmt, it

dt

NOCTPOHTL pellleHHe B tj)opme CTenesHOro psja, YUOBJETBOPSAOLIEE HAaYadbHHM
ycaoBusiM x (0)=1, y (0)=0.
Pemenue. INonoxnm

2= @+x O t+ 50 p L X0

R T (18)

X (O)

yO=yO+y O t+LD p Oy (19)

M3 nauanbHbiX ycdosuil uMeem x (0)=1, y (0)=0. [Tonaras t =08 cucreme (17),
noayusm x’ (0)=1, y’ (0)=0. Ouddepenunupys no ¢ cucremy (17), 6ynemMm nMeTh

2 N
g———xsmt—ycost +—cost-—-‘1y- sin ¢,

dt? dt (20)
d”y_
an xcost—ysmt—}-dt smt—i—dt cos t.

Orciona x” (0)=1, y” (0)=1. dndpdepenunpys cucremy (20), nonyuum

ddx . dx dy d2x d?y .
as=" xcost-+tysint+4+2 ( T sint— ar cost> +¢Tt7 COSt_t_it_z_ sint,
ddy dx dy . dx . d?y
W-—xsmt—ycostﬁ-?( cost— ar sin ¢ +a-2—51nt+aé-cos;.
Cneposateanto, x'’’ (0)=—1-+41=0, y’’’ (0)=3. AHajOrHyHEIM nNyTeM MOTYyT

6biTh HaljeHbl M JaJbHeHIine NPOU3BOAHLIE.
" Hcnoabsys dopmyasl (18) u (19), okonuareqbHo nMeeM

x(t)=1-l—t—|—%t2+..., y(t)=% tz—i—%t"—l-... (21)

W3 ¢opmya (21) MOXHO B OKPECTHOCTH HayajJbHOH Toukd !=0 npuGamxenno
HaliTH YHMCJeHHble 3HaYeHHsI HCKOMOTo pememm Hanpumep:

x(0,1)=140,14 ? .0,01=1,105,

y(0,1)=% . 0,01+-—;— 0,001 =0,0055 n T. 1.

Meron pasnoxenus pemenns andgepesnnasbHOro ypaBHeHHs B CTe-
neHHble PSIB 4acTO MCMOJAb3yeTCs KakK 3/eMeHT 6o/iee NpakTHYHHX Me-
TOAOB NPUGJHKEHHOrO MHTErpupoBaHusi AuddeperuHatbHbIX ypaBHeHui.
B yacTHOCTH, JAJsf HEKOTOPHX WYHCJEHHBIX METOJOB WHTErpHpOBaHUSA
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InddepennnanbibiX ypaBHeHH TpeOyeTcd ONpeneJHTh 3HaYeHHS HCKOMBIX
(yHKIMI B HECKOJbKHX TOuKax. ODTH 3HAUEHHS TIPH COOGJIOJEHHH H3Be-
CTHBIX YCJMOBHH TJAaJKOCTH MAaHHOTO YPaBHEHHS MOryT ObITh C JI0GOH
CTENeHbID) TOYHOCTH MOACYHTAHB C IMOMOILBIO CTEMEeHHLX PSAIOB.

§ 3. MeToa mocsenoBaTe/ibHBIX NPHOJIHEKEHHH

CHayasa M3JI0XXHM 3TOT METOJ MPHMEHHTENbHO K AnddepenunasbHoMy
YPaBHEHHIO MEepBOro MOpSIKa

y' =f(x,9) (1)

C HayalbHbIM ycnoaueM
y(xo) =y, (2)

[Tpennonaraercsi, 4T0O B HEKOTOPON OKPECTHOCTH TOUKH My (X4, Y,)
ypaBrenue (1) ynoBieTBOpsieT YC/AOBHSIM TeOpeMbl CYLIECTBOBAHHA W
€IHMHCTBEHHOCTH peuIeHns,

Bynem cTponTh HCKOMOE pelieHHe y =y (X) LJs 3Hadenuit x == x,.
Cnyvait x < x, Bnosue anajoruyed. Murerpupys npaByio u JeByI0 yacTu
ypaBhenus (1) B npemenax OT X, A0 X, NOJNy4dM

y () —y (xg) = F(x, y)dx

Xo
HAM, B CHJy HayaJbHOro yc/0BHS (2), Oydem uMeTb
x

v (%) =y + § £ (x, ) dx. 3)

Xo

Taxk wxak uckomas (QyHKUMS y =y (X) HAXOAMTCA MOX 3HAKOM HHTET-
pana, To ypaBHeHue (3) fABAseTcs HHTerpaabHuM. OueBHEHO, pe-
LIeHUE MHTErpajibHOro ypasHewus (3) ynosaerBopsier muddepenunann-
HoMy ypastenuio (1) u wawaapHOMy ycnoBuio (2).

Ias HaxoxIeHust 9TOrO pelleHHs NPUMEHHM MeTOJX MocJe o Ba-
TeNbHB X NPUOGAUXKeHHH. 3aMeHsiss B paBeHCTBe (3) HEHM3BECTHYIO
(PyHKUMIO y HaHHBIM 3HAYEHHEM Y, TNOJAYYHMM MepBOEe NMPUOIU XK e-
HHE

x
p=yo+ 7%, yo) dx.

Xo
Hanee, moacTaBuB B paBeHCTBO (3) BMECTO HeHW3BECTHOH yHKIMHU y
nailgennylo ¢yHskuulo y,, 6yneM uMeTb BTOpPOe NMPUONHKEeHHUeE

X
a

Ys="Yo+ _\f(x, Yq) dx.

Xo
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Boo6uie, Bce naaphefinmine npub/mxenus crpostcs no dopmyne

x

yn=y0+Sf(x)yn—1)dx (fl=1, 21 "')‘ (4)

Xo

['eoMeTpruyeckn mnocienoBaTeNbHble NPHOMMMEHUS NPENCTABAAIOT oGOl
kpuBble y,=y,(x) (n=1, 2, ...), npoxonsuue yepe3 oOULYyI0 TOUKY

My (%o, Yo) (puc. 26).
y=y(x)
Yn

/ /—-—
Y
= —
— ]
LM Y=Yo
Yo
0 I x  aph z

Puc. 26.

B yue6nukax no anddepenunanpupm ypasuenusm [1], [2], [4] mo-
Ka3biBA€TCH, YTO NPH BHIOJHEHHH ycJ0BHA JIHnwuuna

If (%, 9)—f(x, ) |SN|[y—y| (5)

110C/Ne0BaTebKbEe NPHOIMNKEHNs Y, =y, (X) Ha HEKOTOPOM AOCTATOYHO
MasioM OTpesKe [Xq, Xo - /) HMEIOT CMBIC/] M PABHOMEPHO CXOUSATCS, NIPH-
yeM npeneibHas yHKuus

y (x)=limy, (x) (6)
n—>w
ynosaerBopsier auddepenunasbHoMy ypashennio (1) M HayanbHOMY
ycaoBuio (2).
Ecan mpasasi uacts f(x, y) auddepennnansoro ypasneunus (1) on-

peneseda W HenpepnBHa B obnactn R{0<Cx—xo<a, |y—yo|<<b}
u MZ>=max|f(x,y)| npu (x, y) ER, TO 3a BeAMYHHYy A MOXHO IpH-

v k= min (a i) (M
— L2,

NpUYeM HHTErpaibHas KpuBag y=y (X) npu X, <X < x,+h 6yner
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CONePKATBLCA B yIJle MeXAy TpsiMbiMu (puc. 27)

Yy=yo+M(x—x,) U y=y,—M(x—x,).
Jlnas OlleHKH NOrpeutHoCTH
e, (%) =|y (¥)—y, (x)|

u3 Qopmynet (3) Buiutem Qopmyny (4), Torma Gydem umersb
y(x) —y, (%)=

= S[f (xyy)—f(xv yn—l)]’

Orciona nmpu  x, << x <

b < x4+ h noayunm

£, (X) =]y (¥) —y, ()| <
X

<§ 17w =7 (e, g,_plax.

b Xy

B cuny ycaosus Jlnnmu-

T  pa (5) HaxoaUM

If(xy y)_f(xv yn-l)l<

Puc. 27. <Ny (x0)—y,_, ()<
<1\,811-1 (x)

CnepoBatenbHo,
x

e, (0) < Ne,_y () dx (=1, 2, ...), (8)

Xo

rae BBegeHo oOo3HaueHHe €, (X) =]y (X)—yo|. Tlpumenna dQopmyny
Jlarpanwa npu x, < x < x,+h, OGynem umeTsb

8o (X) =y (%) —y (x0) | = (¥ —x0) | 4" ()],
tae x, <E<x.
Orciona, tak kak |y’ (8)]| = |/ (§, y (§)) | < M, nonyuum
£ (X) < M(x—x,).

Hanee, ucnosnbdys ¢opmyny (8), mocnenoBaTe/NbHO HaXo1uUM

(x—xp)?
I

£, (x) éNSao (%) dx < NM S (X — x,) dx = MN
X Xo

x x
2 (0) < N (e, () dx < mave [ El g — e
Xo %o
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U T. A. B urore okoHyaTe/qbHO MOMYyYUM

n (x—x)" +1
B”(x)gMN W (Il=0, 1, 2, ...). (9)
W3 dopmynst (9) BuTekaer, 4T0 €, (X) — 0 npH 71— 00 paBHOMEPHO Ha
orpeske [x,, Xo+ £].

3amevanue. [Ipn MeTone mocienoBaTesbHbIX npubianmeHnit B Ka-
YecTBE HAyaJbHOrO MPHOJMKEHHS y,, BooOLLe TOBOPf, MOMHO BHIOHPATb
Mo6y10 PyHKLMIO, JOCTATOYHO OJH3KYI0O K TOYHOMY pELUEHHIO Y.

Hanpumep, uHOrna BHIFrOAHO B KayecTBe y, GpaTb KOHEYHHI OTPe30K
psina Tefinopa HCKOMOro peuleHwus.

3aMeTHM, YTO NPH MOJb30BAHUH METOMOM MOC/ENOBATENbHBIX NPUOIU-
WEHHH aHaMUTHYHOCTb NpaBofi 4acTH AHddepeHLnalbHOrO ypaBHEeHHs He
obs3aTenbHa, NMOSTOMY METOJ 3TOT MOXHO NPHMEHATb H B TeX CaAyvasx,
Korja pas/oxeHHe pelueHus auddepeHHaNbHOrO ypaBHeHus B CTENeHHOH
psiAl HEBO3MOXHO,

[Tpumep 1. Metogom nochefoBaTeNbHbIX MPHOJHMKEHHH HadTH npubau-
JKeHHoe pewetHe AHbdepeHIHaNbHOrO YPaBHEHH s
y'=x—y, (10)

yAOBJIeTBOpSsIOllee HauasbHOMY ycJaoBHio Y (0)=1.
PeweHue. B kauectBe HauajibHOro NpPHOAMKEHHS BO3bMEM Yo (x)=1,
Tak kak

X
y=1+{ x—y)ax,
[1)
TO GyleM UMeTb
x
2
y1=l+j (x-—l)dx:l—x—l—%.
0

Aunanoruuto
x .
x2 3

y2=l—(—5‘ (x—1+x— S ) dx=1—x+x2——’;—.

0
[MonoGHbIM XKe 0Gpa3oM MOJyuYNM
2 x
== — 2——- —
Yg=1—x-+x 3—{—24,
X8 xt xP
=1— 2__ 4 =~
pa=l—rtr—3+ 51

HT. A

OueHUM MOrpeutHoCTb, HapHMep, YeTBEPTOro NPUOIUMKEHHA Ys =y, (x). Pac:
CMOTpMM HekoTopyio o6Jacte R {O<x<a, |y1<b}, rie npasas 4acte Aud-
tepennuanpioro ypassenus (10)

f(x, y)=x—y (11)
ompegeneHa H Henpepblaua.
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Tak xak ¢pynkuua (11) HenpepniBHa Bo Bceit mnaockocty Oxy, To 3a a u b
MoryT GHITb B3fTHl JIOGHE NOJOMHTENbHbie YHCJA.
Mpu (x, Yy ER umeem

[Ex pI<lx—y|<|x|+|y|<at+b=M.
ITosToMy, mpexnonaras a==1, u3 dopmyJn (7) noayuaem

he=min(a, 2 ) =min (a, -2 )=—t_
- M) "a+b) a+b’
Bri6pas paa onpenenesnocty a=1 u b=1, 6yzem umers h=1/2.
Koncranra Jiunmuuna ana ob6jgacth R B laHHOM cayuae 6yjier

N=max|f;(x, y)|=1.

Ucnonbsys dopmyay (9) npu 0<Cx=<C1/2, okoHuaTeJbHO NOJYUYHM

3
& (x) =y () —ys ()| <2-1¢ 5|—x—
1
H, CJIelOBaTEJIbHO, £;==mMaXx &, (x)<60 35 =1990 " Herpyauo sugers, uto
Y =1—x+2 -]- -)—(—])”f': +(_1)n+1 x
n 2! 31 e a1 (n+l)l

(n=3,45, ...)
H, CJIEJlOBaTeJIbHO,

y= lim y,=1—x+42[e~*—(1—x)]=2"*—(1—x),
n-> w

npHYeM CXOAMMOCTb paBHOMepHa Ha Jio6oM oTpesxe [0, a].

3aMeruM, yTo IHbdepeHunanbHoe ypaBHeHHe (10)—.mHeiiHoe, ¢ nocTosH-
HBIMH KO3(p(duuHeHTaMn, U MOSTOMY TOYHOE pellieHHe, YAOBJETBOPsAIOllee 3aJaH-
HOMY HayaJibHOMY YCJiOBHIO, MOXET ObITh HallJleHO 3JIeMEeHTapHO.

Herpyano Takxe pasBHTb METOJ NOCA€AOBATENbHBIX NPUHOIMKEHHH Bas
cucTeMH auddepeHLralbHBX ypaBHeuui

Y_gwx ), (12)
rupe
Y (%) =¥, (13)

3amnceiBas BekTOpHOe ypaBHenue (12) B muterpanbholt popme, 6ynem

HMETDb
x

y=yo+Sf(x, y)dx, (14)
Xo
rAe NOJL HHTErpajJoM OT BEKTOP-QYHKLHH
S

F=|
LS d
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fIOHHUMaeTCqd BEKTOP

X

S f1dx

Xo

Sxfndx

—Xo

MMocnexopatenbume npuGmnkenns y@P (p=1, 2, ...) onpeneasorcs
no dopmyie

¥ =y, +§ £ (x, y770) dx, (15)

npuyeM OOGBLIYHO MOJAraloT
YO =y,.

DTOT MeTOX romMTCH TaKke And AH(EHEpEHIHAALHOTO yPABHEHHS 71-TG
NOpPSAAKA, €CJAH €ro 3amucaTh B BHIE CHCTEMBI.

Mpumep 2. IMoCTPOHTH HECKONLKO MOCJEIOBATENbHHIX NPHOMHKEHHH LIS
pelleHHs CHCTeMbI

dy, _ s s e
T =X =Ry

YIOBJIETBOPSIOIMEro HayalbHEIM ycaoBuaM y; (0)=1, y, (0)=0.
Pemwenue. Umeem )

x

X -
y1=1+S(x+y1yz) de, Ya= S (x®—y?) dx.
L) o
@rcoga, noJaras y(1°)=l. y‘,°)=.0. noJyyaeM

X
y‘l”=1+g (40 dr=1+%,
0

3
P PR

R T

=14 § e (145) (o) =i

0

y(22)=§ [xz-_(1+x2 +—x;:—>] dx=—-x__2£(;
0

nT. &
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§ 4. MeTox uHC/IEHHOTO UHTErpUPOBAHNSA

TMocnenoparesbHbie NPUOIHKEHHS HAXOLATCA MPH MOMOLIM KBaLPaTyp.
MoxeT CAyuyuTbCs, YTO 3TH KBAaJLpaTypsl He BHIPAXAKOTCA B 3JIEMEHTAp-
HbiX ¢ysKLHAX. B Takom cayyae npuxomutcs npuberaTbh K npuOIMKEHHBIM
METONaM WHTErpHpOBaHuUS.

IlpuBenem oaus u3 npuemoB [14] uncieHHOro HaxoIewns nocjeno-
BaTe/NbHBIX MPHOMKEHHH IJIS pelleHHs ypaBHEHHs

y =s(xy) (1)

NPH HAUANBHOM YCJOBUH y (X4) = Y.
Mycts X; =X+ ik (i=0,1,2, ..., m)—paBHOOTCTOAWHE 3la-
YyeHHus apryMmeHta X C HeKOTOpbIM 1aroM ki u

yi=y(xi)’ y;:‘f(xiv yi)‘
M3 ypaBuenus (1) umeem

xq 4

y;—yo=5y' dx=hgy’ dq, (2)
Xo 0
rae ¢= —x——hi . Orciona, npuMeHnss OBy M3 KBanpaTypHux ¢opmys,

IpUOAHAKECHHO MOJYYHM

m
Yi—Yo="h 12 ADy;. (3)
=0

Kosddpuuuentsl A}’) O6GbLIYHO ONpENeNsioTC U3 TOrO YCJIOBHUS, YTOOH
¢dopmysna (3) siBAgaCh TOYHOH AAS BCEX LIEJBIX NOJHHOMOB CTENEHH He
Buinte m-+ 1, Jlas sToro Heo6XOAHMMO M 1OCTATOYHO, YTOGH 3Ta Gdopmyna
6bna cnpaBenuBoli aas ¢yskumit y=x, x2, ..., x” x™*1 npu suGope
Touek Xo=0, x,=h, x,=2h, ..., x,=mh.

lMoncTaias 3TH 3HaueHnss B dopmyay (3), moayuuMm mjas onpepene-
pus m -1 HEHM3BECTHHIX Aﬁ” (j=0,1,2, ..., m) npu xkaxnom ¢puxcupo-
BanHoMm I (i=1,2, ...) cucremy m-+1 ypaBHenuii

F=k DAY (k=1,2, ..., m+1), (4)
i=o

wpuien

AP =i,

Ms

~
]
°
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Hanpumep, npu m =4, UCNOAb3Ys yKa3aHHbIHl IpueM, mojayyaem cie-
pywouue GopMyJbl:

Yy Yo = 75 (25155 -+ 646y, — 264y, + 1065, — 1957),
Y2—Yo =§5 (2945 + 12441 + 2445 + 4y5— ),

Yo —Uo = o5 (279 -+ 1024}, -+ 724 -+ 4245, — 3y).
Ya—Yo = 3—’5 (Tyo+ 3291 + 1245 + 3245 + Tya).

Ecan y € C [x,, x,], TO COOTBETCTRYIOUINE OCTATOUHBIE U/EHbI OYAYT
pasus [14]:

3
Rl—mhs (6) gl)y R3 =mh8y(6) (§3)’
—8
Ry=guhy® (&), Ry =gg 4™ (Ey),

rae E; € (%, x,) (i=1,2, 3, 4).
JLas BuigMcReHHA 3HaUeHHH MOCAen0BaTe b HbIX npuGmuennit y'P* V(x ) =
=yP*Y (p=0, 1,2, ...) nonoxum

m
g —yy=h 2 A" 47, (6)
=0

’ ’ ;
me g0 =F(x, g, GO =F (5 P (p=1,2, ...), AD—r03p-
dulmenTs, onpenensieMsle U3 cucTeMbl (4), npuyem y'® —u3BecTHOE HA-
yanpbHoe NPUOAMMKEHHE; B YACTHOCTH, MOXHO NPUHATH y'® ==y .

[Mpumep 1. Yucnenno HafiTH HeCKOJbKO MNPHOGJIMIKEHHH peureHust ypas-
uenusn [14)

y'=sinx-cosy, y(0)=0. )
Pewenue TouHoe BhIUHC/IEHHE NOCAeJOBATENbHBIX NpuGAHKeHud y*)
(n=1, 2, ...) NpUBOAUT K He6epymuMCﬂ KBazpartypam. [loaToMy uJs Haxox/e-

HUA NPUGIHMEHUH NMPHMEHUM YUCJEHHBIH MeTOX.

BoiGepem war h=0,2 u, nosn3ysch (popmy.nou (6), Onmpefie/IuM 3HauyeHust
nocneoBaTe N bHbIX npuﬁnumeﬂuu y™ (n=1, 5), Hanmpumep, B OATH
Toukax (m=4): x=0; 0,2; 0,4, 0,6; 0,8.

3a HayanbHOE npu6uumeuue npuMeM y‘°’=y(0)+xy' (0)=x. Orcoza
y:.("’ =sin x; -+ cosx;. Ucnoas3ys 3tot pesyabrar, no dopmyaam (6), rre Kosp-
GuuneHTH Ai.") 6epytcst u3 dopmyn (5), HAXOAUM 3HAUEHHSN yﬁ“’ nepsoro npu-
6MMeHUs U, CJIeJIoBATe/bHO, MOJyyaem

y AV =sinx; + cosy!t).

JroT mpouecc NOBTOPAEM HYXKHOe uHMcao pa3. Pesynvratel BeiduciHeHud
rpusegeunt 8 tabauue 33.
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Ta6nunna 33

YucaeHHoe HAXOMKACHUE NOCAENOBATENbHBIX NMPHOJMKEHMH MHTErpana
auddeperHunanntoro ypasuenus (7)

x y sin x cos y v Hpnnﬁ}.lneume-
0 0 0 1 1

0,2 0,2 0,19867 0,98007 1,17874

0,4 0,4 0,38942 0,92106 1,31048 Yo (x)
0,6 0,6 0,56464 0,82534 1,38998

0,8 0,8 0,71736 0,69671 1,41407

0 0 0 1 1

0,2 0,21860 0,19867 0,97620 1,17487 .

0,4 0,46836 0,38942 0,80231 1,28173 Yy (X)
0,6 0,73931 0,56464 | 0,73893 1,30357

0,8 1,02065 0,71736 0,52281 1,24017

0 0 0 1. 1

0,2 0,21839 0,19867 0,97625 1,17492

0,4 0,46538 0,38942 0,89365 1,28307 Ys (x)
0,6 0,72538 0,56464 0,74825 1,31289

0,8 0,98108 0,71736 0,55612 1,27348

0 0 0 1 1 .

0,2 0,21840 0,19867 0,97625 1,17492

0,4 0,46547 0,38942 0,89361 1,28303 Y3 (x)
0,6 0,72636 0,56464 0,74760 1,31224

0,8 0,98596 0,71736 0,55206 1,26542

0 0 0 1 1 -

0,2 0,21840 0,19867 0,97625 1,1749

0,4 0,46547 0,38942 0,89361 1,28303 Ya (¥)
0,6 0,72631 0,56464 0,74763 1,31227

0,8 0,98552 0,71736 0,55243 1,26979

0 0 1

0,2 0,21840 1,17492

0,4 0,46547 1,28303. Ys (x)
0,6 0,72631 1,31227

0,8 0,98555 1,26976

MoxHO npuHATb y(x)==ys (x) ¢ TouHoCThiO Ao 1076 (3a HCKJOYEeHHEM
x=0,8). B cnyuyae Heo6xonuMocTH TabJ MIy MOXKHO TNPOJZOJIKHTb, NPHHAB IO-
CJIEHIOI0O CTPOKY NPHUGJHIKEHHS Yg (X) 32 MePBYIO CTPOKY HOBOi TaGJMIEI M TaK
lajee,

Cnenyer OTMETHTb, 4TO JIY4IIYI0 CXOAMMOCTb MpPOLIECCAa YHC/IEHHHIX
npubnmxenuit noayyuMm, ecnud Bmecto ¢opmya (3) 6yleM MOAb30BATHCH
LEHTPAJbHHIMH CHMMETPHYHLIMH (POPMY/AMH, KOTOPhIE ONMPEAELNSOT 3Ha4e-
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HUSL TIOCTENOBATEMbHHX NPHGMMKEHHH B TOUKaX, JEWAIMX CHMMETPHUYHO
no o6e CTOPOHH OT HadyajbHOM TOUKH,

s cucTeMH MATH PABHOOTCTOSILUMX TOYEK X _,, X_;, Xo, Xy, X OTH
dopmyan umeror Bunm [14]:

, , 41164® \
_2_!/0——‘—(29!/_2—[ 124y, +24y,+4y;—y) + 3goo(§)'

-1—.‘/0 == — m (—]9y_2+346y'_1+

, , , 1148 (6)
4564, — 744/ + 1) + St} (8)

1146y®
1y_,— 74y L+ 456y, 4 3464, — 19y}) + —— ®

Y= 720( 1440

h 41h8y®
Yy = ( y _|_4y 1—[—24y0+124!/1'|‘29y2) + 3!6/00(§)’

rae h=Xx; ,—X; U 3HaUCHUS TIPOU3BOAHBIX y'® GepyTcsi B HEKOTOPHX
NPOMEXYTOYHBIX Toqxax npuyeM npeanoJaraercs, 4yto y € CO[x_,, X,].

MMpuwmep 2. IlpomHrterpupoBath Ha oTpe3ke [—1,2; —O0,8] ypaBne-
Hue [14] _
Y =xt—y?
npu HauaJdbHOM ycaoBun y(—1)=0. ‘
Pewenne. HMcnonpsyem MeTox nocjefoBaTebHbix npuGanxennit. IToso-
KHM  Yo=0, TorAa
X

1
y1=S tﬁdt=— 3

-1

X
Yo = S [t*-—-% (t“+2t3+l)] dt =-1—%-5(33—-14x—|—42x3—7x4—2x7),

Ys =

Q/vx,.'.

2__TH 921\
[tz 5 876 (33—14f 1 42¢2 T4 —2¢7) ] dt=
-1

=31 95 20 (724780 — 179685x +- 76230x2 +- 862400x° —

— 114345x* 4 54054x% —5390x¢ — 41580x7 — 14850x8 —
—1925x9 4 252051 — 385x12 — 44 £15),

Orcioa BUAHO, K KaKHM I'DOMO3JKHM BBIYHUCJIEHHSM MOXET NPHBECTH METOX
nocJieJ0BaTeMbHbIX NPHUOJHKEHHN.

3ameTyM KCTaTd, 4YTO 4YeTBEpTOe NPHOJHKEHHEe Y, BHIPASHTCS NOANHOMOM
31-it cTemeHu, a ys;—moJUHOMOM 63-i cTemeHwu.

Jns ynpolieHUss BbHIYMCJIEHHA NPHMEHHM NPOLECC YHCJEHHOTO HAXOMAEHHUS
NpuGMKEH i, BMOJIHE aHAJOTHYHbIH pa300paHHOMY Bhillle, HCIOJB3YS A/ 3TOrO
dopmyau (8). 3a HavaabHOe MPUGIHIKEHUE NMPHMEM:

yO=x+1.
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PesyabTaTel BHUNCAEHMI NpUBeJeHEl B Tabauue 34.
TaG6anuna 34

YucleHHoe HaXCXAEHHE NOCJAENOBATEAbHLIX NPROXKIKEHUHH HWHTerpasa
auddepeHIHANEHOTO ypaBHEHKsT ¢ NOMOLLBIO HEHTPaRLHBIX (Gopmya

x Yy y' TNpubauxenuel x y y TIpuGanxenne
—1,2 | —0,2 1,40 —1,2|—0,23914( 1,38281
_ — 0 — -
U TE S e S 0 L o o
—0,9 0,1 0,80 KEHHE | __'g| 0,09005|0,80189| KEHME
—0,8| 0,2 0,60 —0,8| 0,16074/0,61416
—1,2| —0,240 | 1,3824 —1,21]—0,23916] 1,38280
- — 9 — L
i L LT et B O
—0,9| 0,09 | 0,8019 HERM —0,9| 0,09005|0,80189| €H
—0,8 0,160 | 0,6144 —0,8]| 0,16073(0,61417

Mbl BuguM, 4TO 3-€ M 4-e npHOJAMKEHHS COBIAJAOT MeXLY cofoit ¢ Tou-
HOCTBIO JO0 4-TO JeCATHYHOrO 3HAKa.

Ykaszauubifl cnoco® YHCIAEHHOTO HaxoxIeHus nocjenoeaTesbHblX NpPH-
Ganxennit pemenns AuddepeHLHaNbHOrO ypaBHEeHHst ¢ HCMNOJb30BAHHEM
KBajapaTypHuX (GopMysa dBiAsfeTcs BeCbMa 3(PeKTHBHBIM LA NOJYYEHHS
HECKOJIbKHUX HaYajbHbIX 3HAYEHHH HCKOMOTO peleHns, HeOOXOLMMBIX Jif
Hayala BbIYUCJEHHH B psae METONOBR NPUOAMNKEHHOrO0 WHTErPHPOBANUSN
(cM. HMKe).

§ 5. Meton 3iinepa

[lycts nano auddepenunanbioe ypaBHenue
y' =r(xy) (1)
C HayaNbHLIM YCJIOBUEM Y (X,) = Y,-
Bui6paB ZOCTATOYHO Maibiii war f, MOCTPOMM CHCTEMY PAaBHOOTCTOS-
UIMX TOYeK
X; =Xy} ih (i=0,1, 2, ...). (2)
McKOMYI0 HHTErpajsbHyI0 KPHBYIO Y = y(X), TNPOXOAAMYIO Yepe3 TOuKy
M, (%o, Yo), npubamikenHo samenum (puc. 28) nomanoit MMM, . .. [3],
{4) ¢ Bepmunamu M;(x;, y;) (i=0,1,2, ...), 3Benbs kotopoit M;M;
NPSIMOIMHEHHE MeXKAY MNPAMBIMM X =X, X=X, ; K HMEKT NOAbEM

Yi+1—Yi
h —f(xiv y;) (3)

(Tak HaswiBaemasi aomaxan Jiarepa).
Takum o6pasom, 3Benbs MM, , Jomanofi Dilnepa B KaxApOR
Bepwnne M; uMelOT - Hanpasiesue y; = f(x;,y;), COBNajawuee ¢ Hanpa-
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BJIEHHEM WHTerpasbHOW KpuBOH ypaBHewns (1), npoxonmsime# uepes
Touky M;.

V3 ¢opmyan (3) BhiTekaeT, uTO 3HayeHHs y; MOryT ObTh onpene-
neunl (merod 3Jiaepa) mo ¢opmynam

.‘/i+1=!/i+Ayi, Ay,-=hf(x,-, y;) (i=0,1,2, ...). (4)

JIlns reoMeTpHuyeckoro mocTpoeHus Jomano# Jfisnepa BhiGepeM momOC
P(—1, 0) n na ocn opannat otnoxuM orpesok OA, = f (x,, Y,) (pHc. 28).

% \{’4\
Mg

¥

Puc. 28.

Ouesnano, yrnosoit kosadpduument ayya PA, Oyaer pased f(Xqy, Yo);
NnoatoMy, 4tobbl MOJY4YHTb NEpBOe 3BEHO JOMaHOH finepa, MOCTATOYHO
us Toukn My nposectn npamyro MyM;, napaanenbuyio aysy PA,, 1o
nepeceyeHnus ¢ MPAMOA X = X; B HeKOTOpPoH Touke M, (xy, ¥,).
lpunse Touky M, (%;, y;) 33 HCXOIHYIO, OTK/IalAbLIBAEM HAa OCH
opanHat otpesok OA,=f(x,, y,) ¥ yepes TOouky M, mpoBomum nps-
Myio MM, || PA, no nepeceyenns B Touke M, C npsiMoil X=X, H T. L.

Meton Jiiepa fBAsieTCss NPOCTeHINMM YMCJIEHHLIM METOLOM HHTErpH-
poBauus auddeperunanbroro ypasHennsi. Hemocratkn ero:

1) Manas TOUYHOCTb;

2) cucTeMaTHYeCKoe HaKomJeHHe ouHbOK.

MoxHo nokasatb 1], uTo ecam npaBas wacTh f(x, y) ypaBuenus (1)
HENpepLIBHA, TO TNOC/AENOBATeJbHOCTb JOMaHbIX itnepa npu h— 0 na
NOCTaTOYHO MaJOM OTpeske [Xo, X,-+ /1] paBHOMEpHO CTpPeMHTCA K HC-
KOMOH MHTerpaJpHOfl KpuUBOH y= y(x).

Meton Diinepa nerko pacnpocTpaHseTcs Ha CHCTeMbl AHGdepennuab-
HbIX YpaBHEHHH.

Npumep 1. Ilpumensas wmeron Diinepa, cocraButh Ha orpeake [0, 1]
tTaGauly 3HauyeHnil wHTerpasna AuddepeHUHATLHOTO YpaBHeHHS

XY 5
y_2’ ()

YAOBJICTBOPSAIONIEro HauaabHoMy ycaosuio y (0)=1, pwi6pas mar h=0,1.
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PemeHnne

Asly g

PesynbTarsl Bhluncyienuil npuBeleHsl B Tabauue 35. [las

CpaBHEHHS B TNOC/IENHEM CTO/IGUE MOMElEHE! 3HAUEHUST TOUHOrO PeleHus y=e"/s,
Hs npusesenHoii TaGauub BUAHO, Y4TO aGCOMIOTHAs MOrPEUIHOCTh 3HAYEHHS Yig

01, I3 .7.'5 J’. az:g &z

Puc. 29.

coctaBssieT €59=0,0361. Orciopa or-
HOCHTEJIbHASl NOrPemHOCTh MPHMEpPHO
pasHa 3%.

HOns cpaBHeHus NPUBOANM rpaduk
TOYHOrO pelieHHs (BblAEJEHHBIH XHD-
HOM JMHHEH) M COOTBETCTBYIOILYIO JIO-
manylo ditnepa M(M M,. .. (puc. 29).

Merton ditnepa, BoOGuIE TOBO-
psi, o6namaer MaJoH TOUYHOCTBHIO U
JlaeT CPaBHUTEJNBHO YIOBJIETBOPH-
TeJbHbIE pe3yJbTaTh (B CMLIC]e
NOrPEWHOCTH) JMIUb NPH Manbix
3nayenusix k. Dto o6GCTOATENBCT-
BO MOHSATHO, TaK KaK 70 CYLWLECTBY
Meron Jiisepa 3aKJI0YaeTCs B TOM,
YTO HHTerpaa auddepeHnnanbHoro
ypaBHenusi (1) Ha KawaoM yacTHu-
HoM oTpeske [X;, ‘X;,,] npencras-
JAsieTcsl ABYMs 4YJeHamu psiza Teii-
Jnopa

y(x;+h=y(x)+hy (x))
(l:O, 1) 2’ "')y

T. €. IS 3TOro OTpe3Kka HUMeeTcs MOrPeIHOCTh nopsanxa h?,

Ta6auuwa 35

Uurerpuposanne nudgepennnanabuoro ypapuenus (5) meronom Jinepa
N e = | aymoafe g | TOMOS Bpeme
0 0 1 0 0 1

1 0,1 1 0,05 0,005 1,0025
2 0,2 | 1,005 0,1005 0,010t . 1,0100
3 0,3 | 1,0151 0,1523 0,0152 1,0227
4 0,4 | 1,0303 0,2067 0,0206 1,0408
5 0,5 | 1,0509 0.2627 0,0263 1,0645
6 0,6 | 1,0772 0,3232 0,0323 1,0942
7 0,7 | 1,1095 0,3883 0,0388 1,1303
8 0,8 [ 1,1483 0,4593 0,0459 1,1735
9 0,9 | 1,1942 0,5374 0,0537 1,2244
10 1,0 | 1 ,2479 1,2840
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KpoMe TOro, mnpd BHUYHCAEHHH 3HAYEHHH Ha CJIELYIOLIEM OTPe3Ke
HCXOJHble JaHHblE He SBAAIOTCH TOYHHIMH H COLEPXKAT MNOrpelHOCTH,
3aBHCAlIHE OT HETOYHOCTH MPENIIECTBYIOUIHX BLIYUCJIEHHH,

B cnenytouem naparpage 6yayT pacCMOTpPEHH HEKOTOPHE NPHEMR
yTO4YHEHHS MeTOma Dilnepa.

§ 6. Monudukauun mertoga ditnepa

Paccvorpum cHoBa anddepenunanbHoe ypaslexne

y'=r(x, y) )]

Y (Xo) = Yo. (2)
Bui6pae wmar £, nosowum

X;=Xxo+ih (i=0,1, 2, ...).
CorsacHo Merony &iﬁnepa NoC/JeN0BaTe/NbHbIE 3HAYEHUS ucxomoro pente-
Hus Bbl'-lHCJIﬂ}OTCﬂ no npHOIMKeHHOH (popmy.ne

yl+l y1+hfu f; f(xn y) (3)

BoJiee TOUHLIM 5iBAAETCHA yCOBEPIUIEHCTBOBAHHBN METOL AOMa-

C HayaJbHBIM yCJOBHEM

\

¥
yk*l
’ jurctg f
Yi ylo}
g
% Tyed ee z
h =
Puc. 30.

Hux [18], Npu KOTOPOM CHayana BHYMCASIOT MPOMEXYTOYHbE 3HAYEHHS
h h
X, 1=%+75, yl.+_3_=yi+7fi
2 2

H HaXOIAT 3HAaYyeHHe HANpaB/eHHs MOJIA HHTErpaibHBIX KPHBHIX B Cpel-
Hell TOuKe (X T. €. = X a 3ateM
( i+% ’ yi+-§-> ! ft+% f( i+% ’ yi+—;-) ’

nonarawor (puc. 30)
yi+1=yi+hfi+in 4)
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[pyro#t monnduxauueit metrona Oiinepa ABAsSETCA yCOBEpUW €HCT-
BosaHHuH Metron Dihnepa—Komu [18], npu koropom cnauana
onpenensercs «rpyboe npubamxe-

p Hue» peleHud
A -
-‘/i+|=.‘/i+ hfi
MCXOASl M3 KOTOPOrO HAXOQUTCS Ha-
Yoy npaB/eHHe MO/  HHTErpalibHbIX
~ KPUBBIX
fisl - -
fi+1=f(xi+1’ yt‘+l)’
3aTeM NpUOGIMIKEHHO NOJAralT
9z h Zies T P -
fetFiva
Puc. 31. Yip1=y;+h="—5"* (d)

(puc. 31).
Mpumep 1. [lepssiM 4 BTOPHIM YCOBEPLICHCTBOBAHHLIMH MeTOxaMu Jilse-
pa UPOHHTEr pUPOBATL ypaBHEHHE
2x
!/'==y——y". y(0)=1 (6)

Ha orpeske [0, 1].
Pewewnwue. [Tpuvem war h=0,2 u f(x, y)=y—2xy~1.

[TpuGnuikennsvie 3HaYeHHss HCKOMOrO pelleHHst Y=y (x), ONpefeseHHble
C [IOMOL(bI0 YCOBEPILUEHCTBOBAHHOrO MeTOAA JIOMaHbIX (4), momeuleHbt B Tabanue 36,

Ta6nuua 36

Unterpuposanune nuddepeHunanbHoro ypasHenus (6) ycoBepieHCTBOBAHNHBIM
' MEeTOAOM JIOMaHBIX

h

1 xi Yi 2 Fi xi+—;- yi+l- Ay; hfi+l
0 0, 1 0,1 0,1 1,1 0,1836

\ 0,2 1,1836 | 0,0846 0,3 1,2682 0,1590
2 0,4 1,3426 | 0,0747 0,5 1,4173 0,1424
3 0,6 | 1,4850 | 0,0677 0,7 1,5527 0,1302
4 0,8 1,6152 | 0,0625 0,9 1,6777 0,1210
5 1,0 1,7362

B ‘tabanue 37 npuBefeHbl Pe3yJbTaThl BbIUMCJEHHH HHTErpasia ypaBHeuun
(6) ycoBepLieHCTBOBaHHbLIM MeTojoM Jitnepa— Koy, npuuem wwar coxpauen
npexHuit; h=0,2.
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Onn __CPaBHeHNs NPHBOAHM TOYHOE pelueHue y= Vﬂﬁ, oTKyza
y ()= V¥ 3=1,73205...
Ta6anna 37

HnTterpuposanne nnddepennnannnoro ypasrenns (6) ycosepiieHCTBOBaHHBIM
MeTonom Jitnepa — Kown

i xi Ui -g-fc Xid, Yi+1 —:~h+1 A!/i=’%(/£+fi+~)
010 1 0,1 0,2 1,2 0,0867 0,1867

1 0,2 1,1867 | 0,0850 | 0,4 1,3566 | 0,0767 0,1617

21 0,4 1,3484 | 0,0755 | 0,6 1,4993 | 0,0699 0, 1454

3 10,6 1,4938 | 0,0690 | 0,8 1,618 0,0651 0,1341

4 10,8 1,6279 | 0,0645 1,0 1,7569 | 0,0618 0,1263

5 1,0 1,7542

YcopepuiencTBoBaHHb Meton Jitnepa —Komn Moxuo eme Gosee
YTOYHHTb, NPHMEHsAs MTEpauHoOHHyl0 06pab6oTky [19] Kaknoro
3HaueHns y;. A uMmeHHO, Hcxons M3 rpy6oro nprbawikenns

Ul =i b 5o 0,

NOCTPOMM HTePaUMOHHHH npoluecc

W =yt [ 9) W 5] k=1, 2, 0. (D)

VlTepaumo npoao/mKaeM A0 Tex fMop, NnoKa HEKOTOphie HABA NOCJenoBa-

TeJIbHLIX NpUGIHKeHHs g y,(v'.':}”) He coBnaayT Mexay coboii B cOOT-

BETCTBYIOLIMX AECATHYHBLIX 3HAKaX. [locne aToro nonaraem Yiva %;g'_’:’,,

rae Y, —obwas yactb npubamkennit yi7y u yirT Y

Ecnu anroput™ yTOYHEHHS YUCJEHHOTO 3HAYEHHS y; HCKOMOTO peile-
HUR MocJe Tpex-4eThipexX HTepaunuit He NMPUBOAMT K COBNALEHHIO TpeOye-
MOro YHuCJia JIeCSATHYHBIX 3HAKOB, TO CJelyeT YMEeHbWHUTb ILAr BhiYM-
cienus h.

OTMeTHM B 3aKJlO4YeHHe, 4YTO MeTOL Jilnepa ¢ HTepauuoHHON o6pa-
GOTKOH OpAMHAT AaeT H3a KaXIOM llare rOrpeuisocTh nopaaka he
Y HepeIKO NpHUMeHdeTCd B BHIYHC/AHTENbHOH NpakTHKe.

Mpumep 2. [IpuMensns MeTo HTepanHoRHOil 06paGOTKU, C TOYHOCTLIO RO
yeThIPEX. COBNAJAIOUWMX JAeCATHUHBIX 3HAKOB Hality 3Hauenue y (0,1) uurerpana
anddepeninalbHOro ypaBHeHNs

y=x+ty yO=1
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Pemeune. [puvem utar h=0,05. [Ipumenss urepaunonHslii npouecc (7) -
H yuuThiBast, u4to f (¥;, ¥)=0,05-4y, nocnenoBaTeJbHO GyAeM HMETh:

y(IO) =1 +0,05'1 = 1»05'
y(ll) =1-40,05 .Ll'w:l,oszs.

2
y1(2) =14 Qos.ﬁ%l??ﬁ: 1,05256,
y§3).___1 +0’05.%102£= 1,05256.

CrexosaTeNbHO, YAepHKas 3amacHON 3HAK, MOXKHO MOJOXHTh Yy ==1,0526.

Ananornyno, npunas x;=0,05 n y, =1,0526 3a HcxoxHBlE JAHHBIE W TIPH-
HUMas BO BHHMAaHue, 4TO [ (¥, ¥)=0,1-4-y, ¢ nomompbio TOro e HTEpalUUOH-
Horo mpouecca (7) noayuum:

y(2°) =1,05264-0,05-1,1026 =1,1077, -

1,1026 41,2077
2

y{V=1,0526+40,05 - =1,1104,

yi¥ =1,0526+4-0,05 «
Orciona y,==1,1104.
JJis cpaBHeHHMS NPHUBOAHM TOUHOE 3HAUEHME
' y(0,1)=2%1—1,1=1,1102.

Mpumep 3. C nomoupio HTepaUHOHHOH OGPaGOTKH YTOUHHTh 3HAUCHHUS
y; (=0, 1, ..., 10) uarerpana ypasneHus (§ 5, mpumep 1)

1,1026-51,2104= 1,1104.

y=2, yo=1

Pemenue. Hocne Tpex-ueThipex mepecyetoB 0 dopmynam (7) npu
h=0,1 MB NpUXOAUM K COBNAJEHWIO YETBEPTOrO 3HAKA IOCJE 3aNsAToi B
snavennax opanHar g u y{**1), PeayabTath STHX BhIMMCJeHMH noMeuteHm
B Tabauue 38. ]

L Ta6annua 38
Huterpuposanue anddepenunaisHoro ypasHenus METOOM
ditepa ¢ nocJdenyowei UTepanueit 3HaAYEHUI

1 x y e o) =£2y_ B (x, 1) T°q";z :fzb'ie""e
0 0 1 0 0 1

1 0,1 1,0025 0,0501 0,0050 1,0025
2 0,2 1,0100 0,1010 0,0101 1,0100
3 0,3 1,0227 0,1534 0,0153 1,0227
4 0,4 1,0408 0,2082 0,0208 1,0408
5 0,5 1,0646 0,2661 0,0266 1,0645
6 0,6 1,0943 0,3283 0,0328 1,0942
7 0,7 1,1305 0,3957 0,0396 1,1303
8 0,8 1,1738 0,4695 0,0470 1,1735
9 0,9 1,2248 0,5512 0,0551 1,2244
10 1,0 1,2812 , 1,2840
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M3 Ta6nuuel BEAHO, YTO npefesbHas abCoO/IOTHAS MOrPEIIHOCTL NPHOJHIKEH-
Horo pemenus Ha orpeake [0,1] menbie 3-1073, T. e. npezesbHast OTHOCHTEJIb~
Has NOTrpPeIlHOCTh cocTaBJsieT npumepHo 0,2%.

Meton Oiinepa u ero MoOAUGHKAUUM ABAAIOTCA NPOCTEHIIMMA nOpes-
CTABHTESAMH KOHEYHO-PG3HOCTHOLX METONOB (wazosbix meTodos) AAa NpH-
6/1MKEHHOTO penleHnsi OOBKHOBEHHHX HuddepeHialbHblXx ypaBHeHni BuIa

Yn=Sp(X, U1, Yay o0y Y) (B=1,2, ..., 1) (8)
l'lpPl 3a1aHHLIX HA4YaNAbHAEX yCJIOBHHX
Yy (%) =yt (=1, 2, ..., n). (9)

[lpy nNPUMEHEHHH KOHEYHO-Pa3HOCTHOTO METOAa HCKOMOE pelleHne
Yo=Yy, (x) (k=1, 2, ..., n) nocnemosarenbHo CTPOHTCH Ha CHCTEME
Todek (y3noB) x;=x,-+ik (i=0, 1, 2, ...), rae h—BhOpaHHHH
wiar. [lpouecc BHuHC/IEHHE pacuieHsieTcs Ha 01HOO6PA3HO NOBTOPSIOULHE-
€l UMKJBl, KaJIbli H3 KOTOPHX o6eCrneynBaeT NEpPEeXOod OT 3HAYEHHd
Yy (%;) K 3nauednio y,(x;,,), HaunHas ¢ savanphoro y®. losTomy cxe-
Ma BhYHCJIeHu#, BooOuie roBops, Jerko nporpaMMupyercs W yaobua aas
peanusalliid Ha 3JEKTPOHHO-CUETHHX MammuHax. Eciy npashie uwactd f,
cucteMbl (8) cnOXHH, TO TpebylOTCH CNelHalbHHE NOAIPOrpamMMmul -Iif
noxcyera y (x;).

§ 7. Meton Pyure —Kytta

[Mycte mano nuddepennnanbHoe ypaBheHHe NEepBOro NOPsAKa
y'=r(x, 9 (M
C HaualbHBIM YCNOBHEM Y (Xq) = V.
BuifepeM mar 4 u AJa8 KPaTKOCTH BBeLEM 0603HauyeHMs Xx; =X, il

y=y(x) (i=0,1,2 ...). X;=x; ,+nh
PaccmoTpuM yucna:

i i h k)
k(].):'hf(xn yi)) k(3)=hf (xi_*_?v yl—}_Tz') )
[0} (2)
0] h ky (i) )
k2 =hf xi +'§) y1+ 9 ’ k4 =hf(xi+h» yi+k3 )'

CornacHo o6hyHomy metony Pywre—Kyrra [18]—[20] nocnenosartens-
Hble 3HAYEHHs y; UCKOMOH QYHKUMH y onpeneasloTcs no dopmyne
Yis1=Y; + Ay,
rae
Ayj=g (k1) 269 + 26+ £7) (1=0,1, 2, ... (3)

i

o) —
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MowHO 10Ka3aTh, YTO MOrPELIHOCTb STOTO METOJA Ha KaXIAOM Luare
ectb BenuduHa mopsaka h® [18], B mpexnonowennn, uto f(x, y) € C®.
Monyyenn Taxme dopmyan THna Pydre —KyTTa ¢ MHBIMH mopsinkamu
Tounoctn [18], [24].

Ins Boluncnenus no dopmyae (3) yno6HO moab30BaThbCA CXeMOH,
npusesextoit B taGanue 39,

Ta6nuua 39
Cxema meropa Pyuwre — Kyrra

{ x y k=hf (x, y) Ay
Xo Yo k(lo) k(IN
(0)
h k
X0t 5 !/o+_§ k(zm 2[3(20)
’ h kY 0) 0)
xp 4 3 Yo - 5 ) k(s ‘ 2k{‘s
)Co-l—fl o+ kf;o) kgm kf‘o)
1
- - — — & 2="00
| Xy Y, ves -

AddexTuBHas oueHKa norpewHocTH merona Pynre —Kyrra satpynnu-
tenpHa (cm. [18]). [lostomy nans onpenenesns npaBH/BHOCTH BHIGOpa
wara 'k Ha-npakTuke OOGBLIMHO HA KaXJIOM 3Tane M3 ABYX LAaroB NpuMe-
HAIOT ABOHHOH nepecyer [26]. A HMeHHO, MCXOLS M3 TeKYLIEro BEPHOTO
3HaueHns y(x;), BHIYMCARIOT BEJIHYHHY y (X;4-2k) ABymst cnocoGamu:
omuH pa3 ¢ waroMm h, a apyro#t pas c nBo#nmM wwarom H=2h. Ecan
pPacxXowieHHe MOJyYeHHbIX 3HAYeHHH He NpeBHlIaeT 10MyCTHMOH norpeud-
HOCTHM, TO wWAar k A5 NaHHOTO 3Tama BhIGpaH NMPaBUJAbLHO H MOJyYeHHOE
C ero nOMOLLbIO 3HAaUeHHe MOXHO MPHHATH 3a y (X; +2h). B npotuBHOM
C/lyyae War yMEeHbINAIOT B 1BA pa3a. Takoro pona BLIHCAHTE/NbHYIO CXeMy
Nerko 3anporpamMMHpOBATb JJIsi PaGOTHl HA 3/MEKTPOHHO-CYETHBIX MaLIH-
nax [26]. YuotpeGaserca Takie MpHGIMNEHHAs OLEHKA MOTPEIIHOCTH
(cm. § 13).

Meton Pyure—KyTra o61anaeT 3HauHTeNbHON TOUHOCTBIO H, HECMOTPS
Ha CBOID TPYLOEMKOCTb, IHPOKO HCIONb3YeTCs NMPH YHC/IEHHOM PeUIeHHH
nuddepenunaibHbIX ypaBHeHHi C NOMOLIBIO 3/1EKTPOHHBIX BBIYHCIHTE/b-
HHX Mawnd. KpoMe TOro, BaXHHIM TPEHMyLIECTBOM 3TOr0 MeToja fB-
ASeTCA BO3MOXHOCTb MPHUMEHEeHUH «IIePeMEeHHOro 1arar,
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3aMeruM, 4TO AN Havana BbiuucaeHuidt no meromy Pyure—Kytra
HE HYMHO CTPOMTb Haya/bHbii oTpe3ok (cMm. § 8).

[Tpumep 1. Meronom Pynre—Kyrra sbluncauts na orpeske [0; 0,5]
uHTerpan aud¢epeHUnaNbHOrO ypaBHEeHHS

y=x+y, yO=I, @
npuuas war h=0,1.

Peweunune. [Nokakem Hauamo npouecca.
Bouucneunue Y. [TocsienoBaTenbHO HMeeM:

) = (0+41)-0,1 =0,1,
k(zo)=0'05+(1 -+0,05)-0,1 =0,11,
k{® =0,05 4 (14-0,055)-0,1 =0,1105,

£ =0,1+ (1+40,1105)-0,1 =0,12105.
Orciona
Ay, =% 0,14-2.0,114-2.0,110540,12105) =0, 1103,

M, CcllefoBaTelbHo, .
Yy =Yo+ Ayy==1+40,1103=1,1103.

Ananorvyno BLIYUC/IAIOTCA JajbHelllune npuGJHKeHUsa. PesyabraTel BoluucaeHuil
npusefenst B Tabauume 40. Taxkum o6pasom, y (0,5)=1,7974. Oas cpasHeHus

NPUBOJUM TOYHOE pelleHHe y = 2e*—x—1, oTkyna y (0, 5)=2}e—1,5=1,79744..

Meron Pyure—KyTra npumenum takxe 18 0pHOTHXEHHOrO pewenus
cucTeM OOLIKHOBEHHHIX AHMQdepeHiinanibHbiX ypaBHEHHH.
[lycte mana cucrema nuddepeHunanpublx ypasdenuit

Yt 9 (53

M HaYa/IbHBIE YCJAOBHS Y (X,) = ¥,.
3anaBIUMCh HEKOTOPHIM [AroM £ u BBeAR CTaunAapTHHIE 00603HAYEHHS

X;=Xo+4ih u y;=9;(x), Ay;=9;,,—y; wpn i=0,1, 2 ...,
0JIOWHM:

k(O) — hf(xOv yo)
k(o)
k(O)*‘hf(xo‘l‘Q,yo‘l" )

(0)—hf(xo+ L. (o))

kY = hf (x4 +h, ¥o +&5").
‘Coraacto metony Pyure—Kyrra Ay, npuGinmenno onpesensor no
Gopmyne

Ay =3 (A 4+ 26 + 265" + ), (7)
orciona ¥, =y, +Ay,.
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Ta6auumwa 40

Huterpuposanne puddepenunannioro ypasueuus (4) meropom

Pynre— Kyrra

i X y k=0,1 (x+'y) Ay
0 0 1 0,1 0,1000
0,05 1,05 011 0’9200
0,05 17055 01105 09210
0’1 1°1105 01210 01210
1
& +0,6620=0,1108
1 0,1 1,1103 0,1210 0,1210
015 1,1708 0’1321 0.92642
015 11763 0’1326 09652
02 1,249 0’1443 01443
% .0,7947 = 0,1324
2 0,2 1,2427 0,1443 0,1443
0,25 173149 01565 03130
0% 1/3209 0’1571 03142
03 1/3998 0’1700 0’1760
% .0,9415=0,1569
3 0,3 1,3996 0,1700 0,1700
035 14846 01835 03670
0.35 1)4904 0’1840 03680
04 15836 0’1984 0’1984
1
+ -1,1084=0,1840
4 0,4 1,5836 0,1984 0,1984
045 16828 02133 0’4266
045 116902 02140 04280
05 1.7976 02298 02298
é— .1,2828=0,2138
5 0,5 1,7974
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Hanee, npunsie (x;, ¥,) 33 UCXONHHE HaHHKIE M MOBTOPH TOT Xe
npouecc, HaXOOMM 5. AHANOrMYHO BhYHCAfOTCa ¥, (i=3, 4,...).

IMMpumep 2. Merogom Pyure—Kyrra mnpouHTerpupoBaTs ypaBHeHHE
KosneGaHU#l MasTHUKA B conmporuBasioleica cpege (cM. § 1, npumep 1)

" "METOX PYHTE — KYTTA

d2e de .
W—!,-O,Qa-t—{—lOsm@:O (8)
. . de
np4 HayanabHbeIX ycjaoBusix © (0)=0,3, ©(0)=0 8=—d? .
Ta6aunma 41
HurerpupoBanne cucteMsl AHGPepeHUHANBHBIX ypaBHeHHRd (9) MeToxoM
Pyuwre — Kyrra
il e ) o &M =010P=0,16 A8 Ao
o 10,3 0 0 —0,2955 0, —0,2955
0 0,05|0,3000{ —0,1478 | —0,0148 | —0,2926 —0,0296 —0,5852
0,05(0,2926| —0,1463 | —0,0146 | —0,2855 —0,0292 —0,5710
0,1 |0,2854] —0,2855| —0,0286 | —0,2810 —0,0286 —0,2810
—0,0874 1 -1,327 L_
, = =13 =
=-—0,0146 =—0,2888
0,1 [0,2854| —0,2888 | —0,0289 | —0,2759 —0,0289 —0,2759
1 0,15(0,2710| —0,4267 | —0,0427 | —0,2592 —0,0854 —0,5184
0,15{0,2641| —0,4184 | —0,0418 | —0,2527 —0,0836 —0,5054
0,2 |0,2436] —0,5415 | —0,0541 | —0,2304 —0,0541 —0,2304
' 1 1
—0,2520~—6-= —l,5301~-6-=
=—0,0420 =—0,2550
0,2 0,:2434 —0,5438| —0,0544 | —0,2301 —0,0544 —0,2301
9 0,25|0,2162; —0,6589| —0,0659| —0,2013 —0,1318 —0,4026
0,25/0,2105{ —0,4645| —0,0644| —0,1960 —0,1288 —0,3920
0,3 {0,1790 —0,7398 | —0,0740{ —0,1633 —0,0740 —0,1633
—0,3889-L — | —1,1805. L —
’ 5 | 6
=—0,0648 =-—0,1980
31(0,310,1786( —0,7418 | —0,0742 | —0,1647
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ao
Pewenne. [lenaras — =, 3anuweM ypaBHeHue (8) B BuAe CHCTEMHI

dt
mmddepenunanbHbEX ypaBHeHU
8=0, 0=—0,20—10sin©, (E))
npnueM 6,=0,3, wy=0. BrGepem war
h=At=0,1
H NOJOXUM
e B
S=\|.1] k= ’
® k2
rme =0, 0=—020—10sin® u komnonents kM, k2 onpeneasiorca u3
dopmya (6).

PesynbraThl BeIuHCHAeHMA no ¢opvynam (6) m (7) nomeweHs B Tabauue 41.
Xop panpHeHIIWX BBIYHCJEHHIl MOHATEH M3 NpuBejeHHOro obpasua.

§ 8. Meron Anamca

DTOT MeTOL YHC/IEHHOrO HHTerpuposaHus pas3paGoTaH Amamcom B
1855 r. no npocbbe H3BeCTHOrO aHrauiickoro apruanepucra baumdopra,
3aHUMaBUIErocsd BHellHeil GannucTHKoii. BnocnemctBunm stoT Metonm Obin
3a6bIT ¥ BHOBb OTKpPHIT B Hayaje Beka HopBexckum marematnkoMm Llltep-
mepoM. [lonynspusauns merona Anamca M najbHeiillee ero ycoBepllieH-
crBoBaune cpsizann ¢ umexem A. H. Kprinosa [10].

Wanoxum meron Anamca [10], [19], [20] npumenutesbho K ypapue-
HMIO MepBOro nopsiaka

y' =r(x, y) M
C HayaJbHHIM yCIOBHEM
§(Xe)=Yy. (2)
Mycets x,;(i=0, 1, 2, ...)—cucrema paBROOTCTOSILHUX auaqeunﬁ
c marem h u y,_y(x) Oqemmno nMeem
xi+1
Ay;= S y'dx. ()

X
B cuny Btopoil mHtepnoasiunontoit ¢opmyas Heplotona (cm., wanpumep,
[13]) ¢ TouHOCTBIO HO pasHOCTEll YeTBEPTOro MOpALKA MOJyyaeM

y —Jl+qAJl 1+q(q+l)A2 ’ -]—g_(q_ﬂ—MA3 ! (4)

X—X;
h

rie g = nan

o : : . 3432429 55 ,
¥ =yi+ 90y —l-i——;L—q A2y1-2+9i‘é+—q Adyi_s. (4')
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[Moxcrasnss Buipaxenue (4') B popmyny (3) u yuuthiBas, 4to dx = hdq,
Oyaem umertn

31 3 2 »
—hS(y[+qut.+"+"A2 +Mmy )dq.

Orciona noay4aem 3KCTDANOAAUYUOHHYO opmyary Adamca
4 1 ’ 5 ’ 3 s, ’
Ay;=hy,+ 5 A (hy;-,) +E A? (hy;_,) + ) A (hy;_y). ()

Ins wayana mpouecca HyxHH YeThiDe HAYAJAbHBIX 3HAYEHHN Y, Yy, Ya, Y3,
TAK HAa3biBaeMblfi Ha«aabrbil OTPE30K, KOTOPbLIH onpene/siloT, UCXOAA U3
HAYaJbHOrO YCJIOBHA (2), KaKUM-HHOYIb 4YHCJEHHBIM MeTOLOM. MOXHO,
HanpuMep, UCnonn308ath Merod PydHre —Kyrra miam pasnoxenne B psix
Teitnopa

n

—y(xo"i‘lh)'_Jo"l‘yo(‘h)‘l— (ih)2 4. ..,

rne i=1, 2, 3 (umm i=—1, 1, 2 ¢ COOTBETCTBYIOUUM H3MEHEHHEM
nymepaiuun)., 3uasi 9TH 3HayeHus, u3 ypasHexus (1) MOXHO HaliTh 3ua-
YeHHUS MPOU3BOIHHIX Yo, Y1, Yo, Ys U COCTaBHTb TaGJHLy pasHOCTei:

A (hyo), A(hy), A (hys), A% (hyg), A% (hyy), A®(hyy). (6)

Hanbnefine sHavenns y; (i =4, 5, ...) HCKOMOTO DeLIEHHH MOMHO
luar 3a WAroM BLYHCAATh M0 ¢GopMyse Anamca, NONOJHAS 0O Mepe He-
o6xoxumMocTH Tabmuuy passoctedt (6).

Hns kontpons pexomenpyerca ([8)], [9]), Bwuucaus nepsoe npuGau-
wenne mna Ay; no dopmyne

p 1 , 5 P 3 )
Ayi = hy;+ 5 (hAy;_y) 435 A% (hyi_o) +5 A% (hy;_s),

I
onpene/uts Yy, ., =4y,+ Ay;, NOACYUTATh KOHEUHHIE PA3HOCTH

A(hy)), A% (hy;_y), A% (hy;_,) (M)

u 3aTeM HalTH BTOpoe npubamkeHue no 6osee ToyHoH dopmyne (cMm. § 9)
, 1 1 p

Ayt =hy;+ 5 A (hy)) —15 A® (hy;- 1)-—~ A% (hy;-s). (8)

Ecin Ayl u Ay,-” OT/IMYAIOTCS JIMIUb HA HECKOJbKO €AMHHIL MOC/Ief-
HEro COXpaHAeMOro AeCsTHYHOTO Pa3psaa, TO MOXHO NOJIOKHTL Ay, = Ayl
a 3arteMm, Ha#aa Ay;, ,=y;+ Ay; NepeBHYHCANTb KOHEYHbIE PA3HOCTH
(7). locne sToro, crporo roBops, CAeAyeT CHOBAa HaHTH Ay,!I no ¢op-
myne (8). [Mostomy mar % nomxed ObITb TakuM, 4TOGH STOT Mepecycr
ObiJl U3/HLLIHKUM, '
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Ha npakTtuke mar A BuOGHPAlOT CTOJb MajbiM, YTOOGH -MOXHO OnJIO
npeHebpeyb YNEHOM 2l"As(}zy;_z) B ¢dopmyae (8).

Ec/m xe pacxowaeHue Beauunn Ay, Ay,!I 3HAYHTEJbHO, TO CJAELYET
yMEHbWIUTb wiar #,

OO6KYHO 1ar 7 yMeHbILAIOT POBHO B 1Ba pa3a. [lokaxeM, KaK B 3TOM
ciyyae, uMes 1O HEKOTOPOrO 3HaueHusi i Tab/uly BeIMUHH X, Y,

Y,= =hy; (j<{i) ¢ warom Ax,—-}z MO)KHO npocTo nocrpomb TaéJmuy

BEJHYMH x,.+k’21, (x + k= ), nk_—y {x 4R+ ) (=0, 1,

2, ...) ¢ warom 5[28]. Ins kpatTkocTn BBeleM COKpalleHHhe 0603Ha-
YeHHs:

h h
X =X k = (x.—{—k—), y’ = ’(x. k—
—I- yl'-}-—:- Y i 2 JI+—’§- !/ [+ 2)

z+—-—-
(i=0,1,2 ... k=0, =1, &2, ...).
Ha ocnoBsanun ¢opmynn (4) 6ynem umerhb

1 1 2
=Y+ gAY, + LD pry, L EFTEED sy ()

rae Y=hy'. Orciona, nonaraa j=i—2 u ¢=1/2 n yuntnBas, 4to
x=x,._2—|—7=x s » HaXOUHM

fo——

1 3 5

Yi_i= Y,»_,-l-? AY,_3_+§A2Y,._4+T§A3Y,-_5. (10)
2

Ananornyno npu j=i—1, ¢=1/2 n3 dopmyan (9) mnonyyaem, uTo

aprymenTy X =x;_,+h/2=X | COOTBETCTBYeT 3Hauenue

f——

2

1 3 5
Vo =Yty At g A%t gAY, (11)
2

Yrto kacaercs 3uayenufi Y;_; u Y;, To onM mMmeloTcs B cTapoil tabiuue.
INocne atoro cocraBaseM HayaibHblfl OTPE3OK AN HOBOH Tab/HLbL:

1 1 ! !
Ng=7 Yi_i » Mg =5 Yiey, M= D) Yi-——l—- v Me=73g Y;
2

2
H HaXOIMM KOHEYHHe DPa3HOCTH:
0Ny = Npy1— My (k=—3, —2, —1),

62nk=6'nk+1—6nk (k-‘=‘--—3, _2))
asnk=62nk+1_—62nk (k= _3)-
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Hanpwe Ta6auua npomomkaercs OObIYHBIM MYTEM, MOCPEACTBOM COOTBET-
cTeylomelt Moxuduxkanuu GopMyan (5):

1 5 3 ca
6y1+L= Tl,-l-g 6711_1 +’l§ 627]/_2 +§ 637]/_3,
2

Y =Y _+6y , U=0,1,2 ...).

(411 +L
+ i+ 5

Ins paGoThH Ha 3JEKTPOHHHX CYETHBIX MaiuuHax dopmyny Anamca (5)
BHCONHO MPHUMEHSTbh B PAaCKPBITOM BHIE. YYHMTHIBast, YTO
Ay =Yi— Y,
A%y =Y1—2y1 1+ Y1
Ay s=1y;—3yi1 +3Y1-e—Yis
nocae npuBefeHHs TMONOGHBIX Y/IEHOB HMEeM
y1+1 y;+24 (‘)Syl -59y;—1+37y2—2——9y;—3')$

npuyeM x; , =X;+h.
Mpumep 1. Meropom Apamca wuaiiTh Ha orpeske [0, 1] murerpan ypas«

HeHUs
y=x+y, yO)=L

Pemenne. [lpumem mar h=0,1. Jaa Hauama npomecca Hucnosb3yeMm
3HaueHus, HadpeHunsle MetonoM Pynre —Kyrra (cm. § 7, npumep 1), 7. e. yo=1;
y,=1, 1103 Y= 1,2427; ys=1,3996.

NanbHeiliune BHIYMCJEHHS pacnojiaraeM B JBYX G6J/IaHKaX: OCHOBHOM
(ta6auua 42) ¥ BcnoMorateabHoM (Tabauna 43).

Ta6auma 42

OcHoBHOI GaaHK JJsi HHTerpupoBaHus auddepeHUHaNbHOrO ypaBHEHHS
MetoaoM Ajamca

4 x Yy Ay hy A(hy') | A% (hy) | A® (hY") v

0] 0, 1, 0, 1000 210 23 1 1

1] 0,1} 1,1103 0,1210 333 24 2 1,1103
21 0,2 | 1,2427 0,1443 257 26 5 1,2428
3(0,3 ] 1,3996 | 0,1838 | 0,1700 283 31 2 1,3997
4| 0,4 | 1,5834 | 0,2137 | 0,1983 314 33 3 1, ,5836
51 0,5 | 1,7971 | 0,2469 0 2297 347 36 5 1,7974
61 0,6 | 2,0440 | 0,2833 | 0,2644 383 41 3 2,0442
710,7 | 2,3273 0,3235 0,3027 424 44 2,3275
81 0,8 | 2,6508 | 0,3682 0,3451 468 2,6511
9109 3,0190 0,4172 | 0,3919 3,0192
10 1,0 | 3,4362 , 3 ,4366




160 PEWIEHHE OBBIKHOBEHHHX IHOOEPEHLUANBHHIX YPABHEHMR [rn. wui

Ecan npaBasi yactb nupdepeHnHaNbHOrO YPaBHSHHSA CJOXHA, TO B OCHOBHOM
6naHKe NPHXOAMTCS BBOAHTb mnpoMmexyTounsie Tpade [10]. Tlpu sanoanenun
BCTIOMOTraTeJbHOro 6JaHKa MCNoJb3yioTcsl corsaacHo ¢opmysie (5) HaKJOHH LI e
CTPOKH.

Ta6auna 43

Bcnomoratenbhbiit 6naHK Ans MHTerpupoBakusd Rujdepeninanrbuoro
ypaBHeHHs1 MeToiom Ajamca

i 3 4 5 6 7 8 9

hy; 0,1700 | 0,1983 | 0,2297 | 0,2644 | 0,5027 | 0,3451 [0,3919
SAGy oy || el as7| | ae| 22| 234
> A%y ) 10 11 13 i4 15 7| 18
%A”(hy’_a) 0 1 2 1 1 2 1
Ay;=Y | 0,1838 | 0,2137 | 0,2469 | 0,2833 | 0,3235 | 0,3682 |0,4172

B nocnenneMm crosbie Ta6auubl 42 npuBeleHb AJSA CPaBHEHMS TOYHbE 3Ha-
ueHuss peweHust y*=2e*—x—1. Orciola BHIHO, YTO MaKcHMaljbHasi olKHOKa
NPUOGNHKCHHOTO pelleHUs Y He NPEeBOCXOAHT YeThipeX eAMHHIL TOCJeHero Jnecs-
THYHOTO pa3psiga. MoXHO GbLIO OBl YMEHBIIMTL 3Ty OWKHOKY, NPHMEHHB IBOHHON
nepecuer NMo KOHTPOJbHON GopMyJse M BBeis COOTBETCTBYOWMe nonpasku [18].

Meron Anamca [10], [19], [20] nerko pacnpocTpansieTcs na cucTemy
AnddepeHHanbHbiX ypaBHEeHHH

d
71% =f(x, y)

NpH  HayajlbHbIX YyCIOBHAX ¥ (Xy)=Io. A HMeHHO, HuMes BeKTOPHHI
HavyalbHLf OTPe30K ¥, ¥, Vs, V3, AajbHellIMe 3HAYEHHH KOOP-
IUHAT WCKOMOH BeKTOP-QYHKIMH Y=y (X) onpeiensem, HCAOAb3ys
Gopmyny

3 .
Ay =hy; 44 A (hy;_y) 3 A% (hy; )+ 5 A (hy; _g) (i=4, 5, ...).

ﬂ.ﬂﬂ YHUCJEHHOrO HAXOXIAEHHS PEUIeHUss MOXKHO HCNOAL30BATH ﬁﬂaHKVl,
aHaNornyHble NpHUBEAEHHBLIM BbiLE.

MMpumep 2. YpaBHeHHe KojeGaHuMi MasTHUKaA KMeeT BuL (cM. § 7,
npuMep 2)

420 40 )
@+ 024+ 10sin =0, (12)
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npuuem-. 8 (0)=0,3,, 8 (0)=0. MeTosom AnaMca onmpeieJuTh yr.noay:o CKOpoOCTh
MasiTHHKa NPH NepBOM MPOXOXKIEHHH NOJIOXKeHHSI paBHoBecus O =0
Pewenne. 3anuceiBaeM ypaBHeHHe (12) B BuAe CHCTEMBHI

=0, o= —0,20—10sin 0.

HauanpHuift otpesox nnas mara h=A{=0,1, nogcuuraHusii MeroloM Pynre—
Kyrra, 3anMctByeM u3 § 7 (npuMmep 2), npuyeM OrpaHHYMBaeMCsl TPeMs JeCATHY-
HLIMH 3HaKaMu:

t=0; 8=0,300; ,=0; :
t=0,1; ©6,=0,285; ,=—0,389;
t=0,2; 6,=0243; ©,=—0,544;
t=0,3;, ©,=0,179; ;= —0,742.

TMosib3ysick 8THMHM IaHHLIMM, 3anonNHseM ccHOBHON 6JaHK (ta6auna 44) m Bcno-
MorareJibHbBI GJaHK (Tabanua 45).

TaG6aunna 44

OCHOBHO# GJaHK AJNA pelleHHA CHCTeMbl AHddepeHHANBHBLIX YpaBHEHHIT
meToaoM Apnamca

i t ) A® ) A (h©) A? (h6)
0 0 0,300 0 —29 4
1 0,1 0,285 —0,029 —25 5
2 0,2 0,243 —0,054 —920 8
3 0,3 0,181 —0,082 —0,074 —12 8
4 0,4 0,099 —0,088 —0,086 — 4
5 0,5 0,11 —0,089 —0,090
6 0,6 —0,078
5% (h6) ® Ao ho A (he) A (h@) | A (ho)
1 0 —0,296 20 26 — 5
3 -—0,289 —0,276 46 21 —5
0 —0,544 0,230 67 16 —10
—0,742 —0,122 —0,163 83 6
—0,864 —0,033 —0, 1080 89
—0,897 -+0,051 0,009
—0,846

Takum 06pa3oM, MHTEPECYIOMKH HAC MOMEHT Bpe\16HH IJil KOTOPOFO OTKJIO-
Henne O (f)=0, ynosaerBopsier HepaseHcTBy 0,5 < ¢ < 0,6
Jlast yTouHeHHs COCTaBMM TabJuily pasHocTeit (Ta6.nnua 46).
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Ta6nmua 45
BcnomorareabHbiii GJaHK AJAS pemieHHs CHCTeMH HHp@epeHnaNbHbIX
ypaBHeHHit MeTomoM Agxamca - -
i 3 4 5
he; —0,074 —0,086 —0,090
%A(h@i_;l) — 10 | — & | — 2
> a2 46,y + o2 |+ 3 | + 3
—38- A3 (h8; _3) 0 41 0
AB; =, —0,082 —0,088 —0,089
i 3 4 5
hay; —0,163 —0,080 40,009
—;—A (h; _y) + + 42 | 4+ 4«
%M (ho>; _2) + 9 + 7 + 2
. %Aa (h6o;_y) — 12 | - 2 - 4
Ao;j= D} —0,122 —0,033 40,051
Ta6anuma 46
KoHeuHble Pa3HOCTH BeJH4YHH O H ©
t (5] AB A0 ®» Aw Aw
0,3 0,181 —82 —6 —0,742 —122 89
0,4 0,099 —88 —0,861 —33
0,5 0,011 . —0,897
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Mycts ¢=(t—0,5)/0,1=10 (£—0,5). [IpiMens BTOPYIO HHTEPNONALHOHHYIO
¢opmyay Helorona, 6ynem umern
—e— g(@+1)
0_8_0,011+q(—-0,088)+—2——;(—0,006).

Orerona _0011_0, 003

Ipumenss MeTox noc/efoBaTesIbHbIX NPHOJHKEHHH, NOJYYHM
q©=0,125,
q»=0,125—0,034-0,102-1,102 =0,125 —0,004 = 0,121,
q?=0,125—0,034.0,098.1,098=0,125—0,004 =0,121.

Cne}loaa*renbﬂo,; MoxHO npuHaTs ¢=0,121 u t=0,540,1¢=0,512.
CHoBa MoJib3ysicb BTOPOH HHTepIoJsHOHHOH (opmynoit HbloToHa, Haxoxum

m=—w£m+qp—am&+iﬁgilopw=—m3w—omﬁ+am&=_awa

Takum o6pa3oM, OKOHuaTeJbHO HMeeM = 6= —0,895.

§ 9. Meron A. H. Kpnuiosa nocienosatenbHbiX COJAHmKeHHi

Kak BHAHO H3 mpeanpyuiux naparpa¢oB, MHOTHE METOAB YHCJEHHOTO
HHTerpupoBauusa auddepenuranbHLX ypaBHeHHH, BkJoYas MeTon AZnamca,
pacnazaioTcs Ha JBa 3Tana:

1) HaxoxIeHue HAayaJbHOrO OTPE3KAa HMCKOMOFO pelieHHs, T. €. Ha-
4ajJoO peuleHuss MJAM BXOJX B Tabauuy;

2) BbiyHC/IeHHe JajibHeHIINX 3HaueHHH HAa OCHOBE HalI€HHEIX BEJIHYHH,
T.€. NPOLOAXKEHHEe TabaulH.

3necs M uanowum npunamnexawmit A, H. Kpuaosy [10], [8], [22]
crnoco6 MOCTPOEHHST HAYAJbHOTO OTpe3Ka MeTO00M nocAedO8ATEeAbHbLX
cbauscenud. 10T MeTon 0coGeHHO yxobeH, KOraa npasas 4acTb HHG-
¢epeHINaNbHOrO ypaBHEHHs 3ajaHa TabJAWYHO, 4YTO, HAampHMep, HMeeT
MeCTO B 3aflayax BHemIHeH 6a/NCTHKH.

Jas npoCTOTH 3amHCH OTPaHHYMMCS paccMoTpenneM muddeperHunaib-
HOTO YypaBHEeHHSl MepBOr0 MOpsAIKa

y'=r(x, 9 (1)

C HayaJbHHM YCJOBHEM y (Xo)= Y,.
BuiBenem ¢nHayana pga BcnoMoraTesNbHHX (OpMyJ, moJaras

yi=yxo+ih)y u y;=f(x; y;) (=0,1,2 ...)..
B cuny ¢opmyan Apmamca (cm. § 8, (5)) nmeem
1 5 3
Ayf=ni+7Ani—1+T§A2ni~2+§Asn"“" (2)

rZe paiu KPaTKOCTH BBeleHO o6Go3Hauenue ;= hy;=hf(x;, y;).
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dopmyna (2) OOBIYHO HA3BIBACTCS (POPMYAOL HAKAOHHOL CTPOKWU, TaK
KaK B Hell MCMONb3YIOTCS PA3HOCTH, CTOSLHME HA AMArOHANH TaGaHLb
pazvocrefi, YyurniBasg, 4TO

An_y=An—A%_y, APy =A%, — A%y, _,,
M nojaras MOCTOSIHHBIMH KOHEYHble PAa3HOCTH TPETbero mopsamKa
APn;_s = APny_y,
u3 dopmyast (2) 6ymem UMETb
1 5 3
Ay;=n;+ 5 (An;— A%, _) + 15 (AP0, — A%, ) + 5 A%y,

Orciona nosiyyaem mepBYyI0O BCNOMOraTteldbHyl ¢GopMynay—
TaK Ha3bIBAGMYIO nepeyto (opmyry AOMAHOL CTPOKU

1 1 1
Ay,-=n,-+7 A'fli_ﬁAzni-L_ﬁ A%, _,. (3)

Hanee, yuutwiBas, 4to A?q;_, =A%, —A%;_; u Adn,_,~A3n,_,, us
¢dopMyas (3) BbLIBOAMM BTOPpY IO BCMOMOraTenbHyio dbopmy-
Jy—TaK Ha3biBaeMyl0 6TOPYO (PopmyAsy AOMAHOL CTPOKU

1 1 1
Byy=m;+ g An;—g A+ g A%y, @

Hakoneu, nonaraa A®n,_;=A3n;, noayuaem ¢opmysry eopusontarsrod
CTPOKU.
1 1 i 1
A!/,'="]i‘|“2—A"li—ﬁA2ni+2_4 Ay, (9)
3amertum, 4To (opMyny (9) MONKHO MOJYYHTb HEMOCPEACTBEHHO C IO-

MOLLbIO HHTel‘pHpOBaHHﬂ B rpeneiax oT X; X0 X, , pasjoweHus y’
no nepeoi uuTepnoasuuonHoit ¢opmyne Hprotoua:

Y “!ll‘l"qAJrl‘q — l,+q____——3q —|—2qu f

[Mepexonum k omucannio meroma KpeloBa mnocsexosarensHbix c6:m-
WeHUuH.

[lepBoe cOnmKeHne COCTOMT B BLIYUC/IEHHH MPHOAMNEHHOTO 3HAYEHHUSN
Ay, (AR SACHOCTH 3TO 3HAYGHHE M AHANOTHYHBIE eMy nonqepxuym onHoi
Jundeld) Mo OmHOYNMEeHHOH dopmye

Ago=mo. (6)

[Mocne atoro nHaxoaum _/1 Jo—{—AJO H COCTaBJSIEM pPa3HOCTh Ano—
=N1—"No, TAE "1_1—”}0("51’ Y1)

Hafinennbie 3uadenns 3aHocum B pasgen | ocHOBHOro 6Jlamca (Ta6-
auta 47).
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. L Ta6anua 47
CxeMa BBIYHCJEHMS HAYaJALHOTO OTPE3KA METONOM :
NOCAEel0BATENbHBIX COAMKEHHI

Ne c6nuxeHHs iv x Yy Ay n An A%y Aly
1 0 | % | %o | Mg | M | Am
1 *1 h LI
0 Xo Yo _éi_o Mo Ang . A?n,
w (s Ay N Any
2 | % | % Y
0 | %o | % | A4 Mo Ang | A% | A%ny
Llm | n| 3 | o Any | A%,
11 2 b x ZE A——i—z iz Kj —
3 X3 | Ys T s -

llanee nepexonum ko BTOpoMy cOamkenuto. [as sTtoro, ucnoab3ys
JlaHHBIE MEPBOro Pasiena, BHYHCAsSeM NpuOImKeHHbe 3Hauenus Ayg 1 Ay,
(9TH 3HaYeHHs, KAK M 3HAYEHHs, CBA3aHHHIE C HHMH, MONYEPKHBAEM HIBYyMs
yepTaMH) MO IBYXY/IEHHHM QopMynam:

1
Ayo=mo+5 An,, (7)

D

1

JByxunenuse q)opmynu M0J1y4yaloTCH COOTBETCTBEHHO U3 (opmyan (5)
npu i=0u u3s ¢opmynu (2) mpu i==1 B pe3yabTaTe OTKHUIAHBAHUS
pasHOCTed Mopsiika Bhbilue MepBoOro.

N Takum 06pa3om, nosyyaeM BO3MOWHOCTb HaHTH

ﬁ—yo'l‘ﬂ) H g"—”é‘i‘%,

B pe3yabTaTe 4Yero MOXHO BbLIYHCJIHUTD - o
Mm=hf(%, i) Me=hf(¥e, Ya):

N COCTaBHTb Pa3HOCTH

’ Ang=my—to, Am =11y, A =An—An,.
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[lonayyenusie pesynbTaTel BnHchiBaeM B pasmea I ocwosHoro Gaanka
(rabnuua 47).

Jnsi HaxoXIeHHs TpeThero CO/MMMCEeHHs] MDUMEHseM TpexuyeHHne ¢op-
MyJIH, KOTOpHe nojydaiorces u3 dopmyas (5) mpu i =0, u3 dopmyaun (3)
npu i=1 u cdopmyan (2) npu i=2 nocie OTKHAMBAHUA pa3HOCTEH
TpeThero nmopsika. A UMeHHO, HCMOJb3ys HaHHHe pasfena I, BuuyuciseMm
npubmnkenspe 3davenns Ayy, Ay,, Ay, (TOLUEPKHYTH TPeMS JIMHUSIMH)
N0 Tpexu/JeHHnM (opmynam:

A.‘/o no+ A"]o Az"]o: 9
1

Ay =n+5An A, (10)
1 5

Agy =y + 4+ Any+ 5 A, (11)

OTciona MOXHO HalTH
y_1=yo+éﬂ); Yo = Y1+ Ay, Ys=Ys+ Ay,

H BBIYHC/HUTH "11» nz, na. [locne 'storo Moxuo 3amoiunts pasgen Il

OCHOBHOTO Gnanka (Ta6mma 47), walind HyXKHbe Ppa3HOCTH OOGHYHBIM
NOPAAKOM.

" ILnst konTponst mepesuuncaseM Ay,, Ay, 1 Ay, MO NMOJHEM YeTwpex-
unensbiM dopmynam (5)—npu i =0, (4)—npu i=1 u (3)—unpu i=2:

1 1 1
Ayo=no+?ﬂ)‘-ﬁAzno+2—4Aanov (12)
1 1 1 .
Ay1=n:1+.§ém—'i§ Az"h‘l‘ﬁ Ay, (13)
1 1
Ay, =&‘|“‘2“_A7|2—1_2 A%q Mg Adn,. (14)

O6muto nepeBmuncnenne Ay, u Ay, mo dopmynam (12) u (13) B mpe-
Ienax 3aJaHHOM TOYHOCTH He JaeT HMYEro HOBOTO MO CpaBHeHHIO ¢ Ay,

u Ay,. Uro kacaercs 3Hauenns Ay,, TO, KaK NpaBH/O0, OHO OTMHYHO OT Ay,.

B srom caywae cnenyer wucnpasuth Ay, Ha Ay,. TlpakTnueckm yame

BCEro MPHUXOAHUTCA MEHATh MOCACAHMH MecATHYHHH 3HaK, H Tnpoluenypa
CBOAHMTCA K TOMY, 4TO 3TOT 3HaK Oepercd B CKOOKH H IOMHCHBaeTCH
HOBBIHl AecATHYHBIA 3HaK. 3aTeM BHOCATCH COOTBETCTBYIOLIME HCMpaBJe-
HUS B 3HAYEHHS Yg, Ny, An,, A2n, u Adn,. [locsre sToro moxuo mepeiitu

K HODMa/JbHOMY XOAy BHUMCAeHuH no dopmynam Anamca,
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Ecmn Ay, u Ay, oTnmynn coorBeTcTBeHHO OT Ayy u Ay, B 3aman-

HHX JECATHYHHIX 3HAKaX, TO npouecc cOMMMEeHHH He MOXeT CYHTaThCs
3aKOHYEHHHM. B Takom ciyyae cienyer uan HafiTH yerBepTOe CO/pkKeHne,
MOJIHOCTbIO MEPEBHYUCANB C noMowpbio ¢opmya (12)—(14) pasmen I
OCHOBHOTO GJIaHKA, ¥ 3aT€M JUISl KOHTDPOJISl NPOBEPHTDb 1O TeM ke HopMyJiam
ycrofiunBocTs Beamunn Ayg, Ay, Ay,, wim ke NOBTOPHTH Bech XOX
BHYHCJEHHH C MEHbIUMM ILATOM, '

3ameruM, 4TO npu BhHGOpe mara k£ mjs MeToma cGamxennit nque
omu6aThcsi B MEHbIIYIO CTOPOHYy, 4YeM B 66ibwyio. Jleno B ToM, uTo
NPH MaJoM LIare MOXHO GHCTPO 3aKOHYMTh COMIKEHHS, A 3aTEM, YABOHB
ILAT, ONPEAE]HTh HELOCTAIOUIHe 3HAYeHUs OLHHM M3 DEryJspHHX METO-
0B, B TO BpeMs KaK NPH 3aBHIIEHHOM Iluare BCIO paGOTy NPUXOAMTCH
nepefe/LBaTh 3aHOBO.

3ameuanune. MoxHO ykasaTb 6oJiee TOYHHH BapuaHT MeToza
noc/nef0BaTelbHbLIX COMMKEHnH.

A umenno, natins Ay, mo copmyne (7), Mu }MeeM. BO3MOWHOCTDb
BLIYHCAHTL Yy, M;. ¥ An,, nocne yero Ay, onpenensiercs no GoJjee Tou-
HOH ¢opmy.ae

1 .
2 =Nty lthe

AnanornunnM 06pa3oM MOXHO NOCTYNUTh NP BRIYHCIEHHH Ayz. A umenno,

BHLIYUCJIHUB Ayo H Ay1 no ¢opmyaam (9) u (10), naxonum y1 U Y3 H BRuHC-

nsieM nl, 'qz, Ano, Am,, A%n,. 3atem Ay2 onpenensercs no ¢opmy.e

Mpumep 1. MeronoM nocsegoBaTesbHBIX COJHMKEHHH JJsi MHTerpana
zuddepeHIHaNbBHOTO yPaBHEHHUSA

y'=x+y, y(O)=1 (15)
HaliTh 3Havenus y,;=y (0,1), y,=y(0,2), yz;=y(0,3), npuuss war h=0,l.
Pewenue. Bouucjenne G6yleM BECTH C TpPeMs JECATHYHbIMH 3HAKaMB

nocje 3anstoii.
Ionaras n=0,1 (x4-y) u npumensis ¢opmyay (6), nomyyaem

Ayo=0,100,  y;=1,0004-0,100=1,100.

Mocae , sToro 3anonusem pasges 1 ocHoBHoro 6naHka (ra6auna 48), pagee
C IOMOWbIO ABYXUJEHHLIX popMya (7) u (8) Haxoxum

1 1
%:0,100-}—,.7 0,020=0,110, A_yl"—"0,120+7 0,020=0,130,
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Haxkouern,, ucnoJsb3ays TpexuseHHble q)opmy.nbl ;(9)— (ll), 6y11eM HUMeTh:
%:0,100+l-0 021—%2‘0 002=0, 110,
N 1

%:0,121-!— -0 023—1—2 -0,002=0,132,

y2=0,l44+ ++0 023+ O 002=0,156.

>

[

C noMoupio MOJMY4YEeHHBIX JaHHBIX 3amMoJHdeM paane.n IT1 ocuoauoro 61aHKa
(rabauna 48).
Ta6auuwa 48

Buiyucienne HaA4YaJAbHOTO OTPe3ka MHTerpasa nuddepeHuHaNBHOrO
ypasueHus (15) mMeToAoM nocaeloBaTeNbHbIX CONHMKEHHH

{ x y Ay ) n an | Al | A%
i oo 1,000 0,100 | 0,100 20

1] o, 1,100 0,120
‘u| o |o 1,000 0,110 | 0,100 21 | 2

1 | o1 1,110 0,130 0,121 23

2 | 0.2 1,240 0,144

0 |o 1,000 0,110 0,100 21 | 2 1
arl oo oo 0,132 0,121 23 | '3

2 02| 1,242 0,15(6)7 0,144 26

3 | 03| 1,398)9 0,170

. LRI : . i

Jns koHTpoJsi mpou3BoauM mepecueT Ayy, Ay, H Ay, N0 YeThpeXuJeHHBIM
t¢opmynam (12)—(14). B pesysabTare NpUXOAMTCH HCOPABJATD HA eQUHULY
nocJieHero pa3psifa Julb 3HayeHHe Ays, MOMellast HETOYHYIO HUDPY B CKOGKH.

AuanornydbiM crnocofoM B ciaydae HeOGXOZUMOCTH HCOPaBJSAIOTCA M 3Ha-
HeHUS Y3, V3, ANy, AZn, B A3n,. B pauHoM ciydae C TOYHOCTBIO JO TpPeThbero
JeCSATUYHOrO 3HAKa 3TH BeJHMUHUHBI OCTAIOTCH HEH3MEHHBIMH.

Takum oGpasom, okonuarteabho umeem y (0; 1)=1;110, "y(0, 2)=1,242,
y(0, 3)=1,399.

Js cpaBHeHHs MPUBOAUM TOYHbIE 3HAUeHHs (cM. § 7):

g0, 1)=1,1103...; y (0, 2)=1,2428...; y (0, 3)=1,3997...

§ 10. Meron Musna

OnuuM u3 nauGoNEe NPOCTHIX M MPAKTHYECKH YHOGHHX Meronon
YHC/AGHHOTO MHTerpupoBaHus nHddepeHunanbubix ypaBHeHuu AB/AETCA
metos Muana (W. E. Milne) [19], [21]. [amum cnavdsia onucanue
9TOr0 METOAa, a 3aTeM OCTAHOBMMCS Ha BHIBOAE He06xo,zmmux cpopmyn
npuMeHsieMbx B Metoge Muina.
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- Iycrs nano nuddepenunansuoe ypasuenue.
y =r(x g S ()
Y (%9) = Yo. (2)
Bu6pas war h, noJoxuM, Kak OObiYHO,
xi=x0+ihv: I=y(xi)v y;:'f(xu y() (i=0; 1) 2)"')'

[TepBpie yeTHpe 3HAYEHHA MCKOMOTO PELIeHHN Yo, Yy, Ya, Ys (CHA YA Ab-
Hoff OTpe30K») HAXOOUM, HCMNO/NB3YyA HAadaJbHOe yc/a0oBHE (2) u
npuMeHsis = Kako#-n1n60 MeToA, ONUCaHHBIH Bblllle, HaNpHUMeEp MeTOA
noc/exoBaTeabHHX NpHOamkenu#t uan meron Pynre —Kyrra, Tem cambim
6ynyt usBectan y; (i=0, 1, 2, 3).

Hanbueiimue 3uavenus y;=y(x,) (i=4, 5, ...) nocrenoBarenpHo
onpeensiOTC MO chaeaylouiel cxeme: mnpeanojarad, 4TO Y,;_q, Y;_g,
Y;_3, Y;_q HBBECTHHI,

1) sbiyuciasieM nepsoe npubaHIKeHue y(l) agq Gamxaiiero caenyio-
utero 3xavenus y; no dopmyne i

¢ HAYaJbHHIM YCJIOBHEM

4h
ygl)—yl—4+ 31(2.%-3_% e t201-) ((=4,5,...); (3)

2) ‘sHauenne y(” noactasasiem B auddepennnansuoe ypasrenue (1) i
onpesae/fieM COOTBETCTBYIOLLEE 3HAYEHHE y,“’:f(x,-, yf-”);
3) naxomuM BTOpOE npuénnmeﬂue'y?) no ¢dopmyne

h, ., , ’ .
¥ =y a7 Wity e (i=4, 5,...). 4)

Mund nokasan, 4to abcoaTHan MOrPEWIHOCTL 3HAYeHHS e npu6nu-
WEeHHO paBHa o

| J(2)_y‘l)l (5)

[Toatomy, ecan e,< e, rie &—s3alaHHas npenenbﬂan NOrpenrHocTs

peLIéHus, TO MOXHO MOJIOWHTh y; = ~y52’ )24 = f (2, y,”). B uacr-
HOCTH, 9TO HUMeeT MeCTO, ec/ad ¢ u y® coananalor B MHTEpecylouux
Hac JAECATHYHHIX 3HAKaX. ‘

Hanee mepexoauM K BLIYHC/ACHHIO GJHxaliiero ciaeiyloLLero 3uaue-
HUA y;,,, TOBTOPAS YKa3auubil Bbiwie mpouecc. B mpoTtusHoM cayuae,
€C/IM TOYHOCTh € He ofecrnedeHa, CielyeT yMEHbIIHTh Iar A (dauuuas
¢ ussectnoro mecra). [lpu stom Mu BCTPETHMCH C HenpHATHOH HeoGXo-
AMMOCTBIO Mepecyera COOTBETCTBYIOUIEro. «Haqanbuoro oTpeskay.

Takum o6pa30M MBl BHIHM, 4TO METOL Muia  BeroxHo omuqaerca
oT npymx MeTOJ0B (Hanpumep, 0T MeTona PyHre—I(yTTa) TeM, 4TO
B 'HEM MNPOH3BOAMTCA KOPPEKTHPOBAHHE xa)«noro | BHOBD nonyqeuuoro
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YaCTHOT'O 3HaYeHMSl HHTErpaja ypaBHenHs 6e3 nepecyera ¢ H3MEHEHHHIM
1IaroMm.

[IpucTynum Tenepb K BHBOAY (popmy.u Muana (3)—(5). Has storo
BOCTOJIb3yeMC MNepBOi nHTepnonﬂuuouuoﬁ dopmynoit Heiotona [23],
HAaMMCAHHON JNf NPOM3BOAHON y’, B Mojxoxsuie BLIOPAaHHOH TOuKe X,
NpHYEM - OTPAHMYHUMCS PA3HOCTSAMH TPETbEro NOPfAJKa, YTO PaBHOCHJBHO
TOMy, 4YTO HHTerpan y=y(x) nuddepesunanbuoro ypassenus (1)
annpoKCUMHPYeTCs NOJMHOMOM ueTBepTOH crenexd. Mmeem

b . gg—1 . qig=1)(g—2 .
y =yk+quk+q(%—)A2yk I 949 3)1(‘7 )Aayk
nan

R 5 (4 —9) A”yk+ (@ —3¢>+ 29) A%, (6)
TAE

9= (7

Monaras k=i—4 B ¢opmyne (6) H MOuJeHHO MHTErpupys NnoJy4YeHHYyIO

Tig Ty g T &y

ko h h b z
Puc. 32. -

¢opmyny mo x B npeaenax or x;_, I0 X; (puc. 32), Oyaem HMeThb

X X
§var={ [vitatu+E500% +
Xi-a Xi—a

| g3 —
4.4 3q +29 Asyt_‘]

Orciona, yunThiBas, qroq:’% u dx =hdgq, Haxomum

4 q
Yi—Yi—q=h {y}_’_‘qu—i-Ay}_‘Slq dq+
1] 0

4 4
’ 2 — ’ 3—3 2 2
+ 8% [ S5 dgt avy;, [ T2 "dq}=
I 0" . . .

DR

, . 20 , 8 ra s
=h (4.%‘—4 + 8Ay;_o+ 3 A%y o+ 3 A"yt-u) . (®
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Tak kax
Ay s=Yi-s—Yi-s
A%y g =Yis—2Yi s+ Yi-s,
A3y g =Y1-1—3Yi1s+3Y1-s—Yis,
TO, NMOACTABAAA 3T 3HaueHuss B (opMyay (8), mocne OGHLIYHKHIX ympoules
unil moayynm nmepByto dopMyay Muana:
Ur=YimaF e (20a—Grms + 20i1). (9

Ins BwBoma Bropolt dopmyns Muana nosowum k=i—2 B dpopmyne
(6) u mpomnTerpupyeM o6Ge 4acCTH MOJyYMBUIErOCs BHIPAWEHHA N0 X
X—X;_a

B npexenax Ot X;_, A0 X; Torma, yuntwBag, ut0 ¢=-—p

dqm——d—x, 6yneM HUMeTb

Xi
’ ’ » 1 ’
S y'dx=h S [.’/i-z +qAyist 5 (@ —q) A%y, +

2
Xi~s [
1 ’,
+ 5 (4°—34* +2¢) A“yt-z] aq.
Otciona, BHNOMHAS KBaRAPAaTypPH, NOAYYHM

, , 1 ,
vi—tia=h (20 s+ 2801+ 5 8% ) - (10)

Moncrasass B ¢dopmyny (10) m3BecTHbie BHIpaXCEHHN
AYice=Yi-1—Yi-sy Aia=4;—2y; 1+ Y-,
npujgeM k0 BTopo# dopmynae Muaua:

h ’ ’ 4
Yi=Yi-at 35 W2+ 4y + ). (11)

3ameTuM, yTo Aa9 AH(depeHLHalbHOr0 ypaBHeHus
y' =r(x), y(%)=",,
npaBas 4acTh KOTOPOrO He 3aBMCHT OT HCKOMOH ¢ymkumu y, dopmyna
(11) unentnuna ¢ dopmysoit Cumncona ans udTerpana
x;
Yi—bis= § Flx)dx.

Xi—sg

Ins BuBOAA KOHTPOJIBHOR HOPMyJbl (D) LS NOrpeurHocTH €; BTOPOTO

npubmuxenns y'® ouenuM raasupie unenn norpemoctedt e u ef® nep-

BO# u BTOpoit hopmyn Mmuina. YuuTeiBas OTOpOLICHHbIE B HHTEPMOJd-
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unonnoft ¢opmyne Hbiotona (6) pasHocTn uetBepTOro NOpsAKa, € “TOY-
HOCTbIO O pasHocTell mMATOro nopsaka 6yneM HMeThb

3

4 Y )
y , 28, nq
D a b (g gt — 69+ 112 —6) A%y, dg = 5 hAYY,.,,
0

(2) ¢ 14 3 2 A4, (12)
& thﬁ(q —6¢® 4 11¢g2—6q) Ay;_, dg=
0

_____ Aly‘_‘

Orciona, cuuTas, YTO YeTBEpPTas PasHOCTDb A‘y; NOCTOSIHA HA. MHTEpBae
mamne 4k, nonyunm ef") = —28e{*).

Tak Kak, OYeBHMAHO, | _/,—y,”-l—s“)_
TO

(1 98 l3(2) oy, __y(a)_'_a(z)

(2) __

(1) )
e )y,

¢y — Ui
CiienoBaTebno, HMEeM KOHTpPOJAbHYyl0o dopMyay Munna:

(1)__ (2)
e, =|e? |= l_y__Qg'i_!_ (13)

3aMeTHM, YTO ecaM mar kb JIOCTAaTOYHO MaJj, TO NPUGAHMERHO MOWKIO
NOJOKUTD

A‘y;-
] ~yY (x)).
Myctb a << x < b—untepecylomwyil HaC OTPe30K, Ha KOTOPOM CTpO-
b—a
urcs pewenne nnddepenunanpuoro ypassends (1), un 'h'=~'_n—' Torna
u3 ¢opmyan (12) caenyer, 4rto npeneabHas aGCOMOTHAs NMOTPEIIHOCTH

Ha ortpeske [a, b] npubamienHoro peumenns y;=y(x;) BHpaxaercs
cienylouinM ob6pasom:

h® b—a
E= 90 Mbn ='—gb— Mbhq‘,

rie My=max|yV(x)| npu a << x<b.
Takum o6pa3om, cymmaphas owmnGka Meroda Muana ectp Beanunna
nopsaka hi,
MNpumep 1. Ilano nnddepennnanbHoe yparnénne
y' =x+y ' (14

¢ HauanbHbIM ycJaoBHeM y(0)=1. Merogom Mnana snuncants y(0,5) ¢ Tou-
HocThio zo 0,001, a
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Pewenpe, 3agaemca h=0,1; Tak KaK MOrpemHocTb pe3y./bTaTa MOJy-
YyaeTcsi mopsigKa h4—0 0001, TO 3ajaHHasi TOYHOCTb NpPaKTHYeCKH HAOCTHraeTcH.
Boiuucsenus seaem c ONHUM 3aMACHBLIM 3HAKOM.

3uaueHus yo yo HaM W3BECTHBl HENOCPEJCTBEHHO M3 HAYa/lbHOTO YCJ/OBHsA
u ypasuenus (14): . yo=1, o-—l OcranibHble nepBbie TPH 3HAYEHHS

yi=y(xi) (‘=l» 2, 3)

HaXo4UM: KaKuM-HGo Apyrum cnocoﬁoM YHCJIEHHOrO MHTErpPHPOBaHHA Auddepen-
LHANBLHOTO YDPABHEHHS.
W3 ypaBueuus (14) mosnyuaeM COOTBETCTBYOUlHe 3HAYEHHS

gi=y' (x;) (i=1, 2, 3).

B Tabanue 49 NpUBENCHLI 9TH 3HAUCHHS, Haiinennsle metojom Pyure—Kyrra
(cm. § 7, Taba. 40). - :

) Ta6auuwa 49
HauaabHbiii OTpe30oK aJas Metroja
Muana

] X i A

0| 0 1 1

1{0,1 1,1103 1,2103

2| 0,2 1,2427 1,4427
3103 1,3996 1, 16996

3aiimeMcsl BbluMCJ/ieHHeM 3HAYeHUR yq U y; no dopmynam Munua.
1) Boluucaneunue y,. Ilpumensas nepeyio dopmyny Mununa (3), nosyuum
“’_14-4 0.1 0.1,2108—1,4497 +2-1,6996) —1,5836.

Otciona, nopcrasus B nuddepeHunaibHoe ypaBHeHue, GyemM UMeThb Y, (1) — 1,9836.,
Hajee, npumensiss BTOPYtO (bopmy.ny Muana (4), Haxogum

g =1, 2427+—(1 4427+ 4-1,6996 4 1,9836) = 1,5835.

Takum oGpasoM, HalijieHHble 3HaYeHHS y(” " y(” COBMAjaOT B COXPAHAEMbIX
HaMU TpeX JecATUYHBIX 3HAKaX, MO3TOMY CYHTaeM y4==yfiz)=l,5835. Orciona

Y=y =1,9835.

2) Buoiuucneuue ys. Ilo nepsoit popmysne Munna nmeem

sV =1, 1103+4L‘(2 1,4427 —1,6996 -+ 2- 1,9835) = 1 ,7973;

COOTBETCTBEHHO
R P )7 {7
: yﬁ(” =0,541,7973 =2,2973.
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Ilo Bropoit ¢opmyse Muana 6yneM uMeThb

¥ =1 ,3996-1-9:;’—1 (1,6996 4 41,9835+ 2,2073) = 1,7973,

Tak Kak y(sl) H yff) COBN3JalT, TO MOXHO MOJOXHTb Ys=1,7973. Ciejlo-
BareJbHo, y (0,5)=1,797.

OrMeTuM, yTO GJjarojapsi MaJslOCTH wiara A 3jecb HeT HeOGXOAHMOCTH ole-
HHUBaTh MOTPEIUHOCTb MPUGJHKEHHBIX 3HAYEHUH HCKOMOro pelueHHs.

HnTerpupoBanne pudpdepeHnHaNbHOTO ypaBHEHNd Io MeToay MuuaHa ypo6Ho
NpOH3BOAHTL MO cjefylomel cxeme (ra6auuel 50, 51).

Ta6nuuna 50
OcHoBHas Ta6Gauua aas merona MuJaHa

: % iV W=y | & vV v =y,
0 0 1 1

1 0,1 ) 1,1103 1,2103
2 0,2 1,2427 : 1,4427
3 0,3 1,3996 ) 1,6996
4 0,4 1,5836 1,5835 0 1,9836 1,9835
5 0,5 1,7973 1,7973 0 2,2973 2,2973

Metox Muana MoxeT ObiTh NPHMEHEH TaKXKe K HHTErPMPOBAHHIO CHCTEM
mibdepeHHaNbHEIX yPaBHEHHH.
Ilycth paHa cucrema juddepeHIHaIbHHX YpaBHEHUM

dy
a—f ) (15)
C HaYaJbHBIMH YCJOBUAMH

Y (Xg) =Yo. (16)
BrifepeM mar A H NOJOXKHM

xi=xo+ih, ;=9 (xp) (i=0,1,2 ...),

rie Y=y (x)—HckoMas BeKTOp-®yHKUHS.
KakuM-J160 MeToJOM ONpefeJHM JOMNOJIHUTENbHbE HayalbHble 3HaYEHHS

Y1, Var Vs- . o
W3 ypaBHenus (15) HafijleM COOTBETCTBYIOILHE 3HAYEHHS NPOU3BOAHOMH
yi=f (xir y() (i=0: 1» 2» 3)
Torpa panbHeiilne 3Havyenus y; (i=4, 5, 6,...) uckomoii BekTOp-PyHKUHH

npuOJIMKEHHO Lar 3a WAaroM MOryT ObITb BHIYHCJEHBI 11O CJIEAYIOWUM GopMyam:
4, . . .
L. y}1)=yi-4+§ QY _ =Y, +2y,_ )
h ’ ’ ’
1. y,(.”=,v,~_2+§(y,-_2+4.v,-_'4+yi“))»

rae ¥;(V=Ff (x; y{V).
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Ta6anua 51
Bcnomorateabtas Tabauua aas meroga Muana
i 4 5
20;_, 2,4206 2,8854
—Yi_, —1,4427 | —1,6996
29;_, 3,3992 |  3,9670
h I 4,3771 | 5,1528
4, » it 0,5836 | 0,6870
3 i
Yios 1 1,1103
(v 1,5836 1,7973
Yios 1,4427 | 1,6996
4y;_, 6,7984 7,9340
y, 1,983 | 2,2973
e 10,2247 | 11,9309
h @ 0,3408 | 0,3977
3 E/
Yize 11,2427 1,3996
o® 1,5835 1,7973
II1. Ecnu
| (1) __ 4,(2) I
29

rje €—3ajaHHas NpejeJbHAs NOTPEIUHOCTb, TO MoJaraeMm Y; = y$”).

*) Mlon wopmod BekTOopa Y=(Y;, Y, +-++Y,) B34€Chb TOHHMAETCA YHCJIO

Ilyll=mjax L9/l
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MMpumep 2. Meronom Munua naiith Ha orpeske [0, 1] mHTerpan cucremun
InddepeRunaJbHBX ypaBHeHHH

dy 2z dz
P ()
YAOBJIETBOPSAIOIWMH HayanbHEM YycJoBHsaM y (0)=1, 2z(0)=0.
Pemenue. [lna yAoGCTBAa 3aNHCH NOJOXKHM

r=[h)
rae f1==27 n fo=—xy.

3ametnM, uto cucreMma (17) o6nanaer ocoGennoctsto npu x=0. Beaencrene
storo y’ (0) umeer dopMy HeonpelesIeHHOCTH, KOTOPYIO PacCKPEIBaeM 10 NpaBuJy
Jlonurans:
’ . F4 . 2' ’
y' (0)= lim Z= lim Z. = 2’ (0)=0.
x>0 X x>0 1

Bri6epem mar h=0,2. Havanbubii orpesok ans Meroga MujHa BHIYHCJSIEM
MmetonoM Pynre—KyTra ¢ maThio HecATHYHBIMH 3HaKaMH nocje sansitoii. Cxema
BhIUMCIeHHll faercs B Tabauue 52.

WMess nauaiabHble 3Hauenus Y,;=(y;, z;) (i=0, 1, 2, 3), nanabHeiine BbI-
YHCJIEHHst TPOBOAHM MeToAoM Munna, ucnoansys gopmyaw I, 11, T1I.

Pe3ysibTaTel BhIYHCJEHHH JaHBl B Ta6Jnuax 53 u 5H4.

Takum o6pa3oM, Mbl mojyyaeMm

y (1)=0,76520; z(1)=— 0,44000.
Ilo BolukcaenusM MerogoM Apnamca (cM. [20]) nmeem
y (1)=0,76520; 2z (1)=— 0,44005.

3ameTnM, 4TO B HaWleM cJyuae H3BeCTHO Touloe peienne cuctemul (17),
a HMEHHO:

y=Jo (%), z=—xJ;(x),

rae Jo u J;—dyukunn Beccesis HyneBoro u nepBoro WHAEKCa COOTBETCTBEHIIO.
ITo Ttabanuam [17] nmeem

y(1)=Jo (1)=0,765198 ... , z(1)=—J, (1) = — 0,440051 ...

IMpuMmep 3. MeronoM Muana HaiiTH na orpeske 0<C!<C0,5 uvacTHoe
penleHne CHCTeMb

x'=—2x- 5z,
y'=—(1—sint) x—y-+3z, } (18)
2= — x+22,

yilon.nemopmomee HayaJbHbBIM YCJIOBHSIM
x(0)=x=2 yO)=po=1, z(0)=z,=1.

Hlar h= At npunsare pasnnim 0,1.
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Ta6auua 54

BcnomorareabHas Ta6anmna aas meroaa Muana B cJyyae CHCTeMbl
anddepeHHaNbHBIX ypaBHeHHI

i 4
Yi 2y Yi 2i
2Y;_, —0,19866 | —0,39600 —0,39184 —0,76832
-Y;_, 0,19592 0,38416 0,28862 0,54721
2Y;_, —0,57324 —0,09442 —0,73774 —1,35408
o —0,57238 —1,10626 —0,84296 —1,57519
4 (1) l j
-h Zi —0,15263 | —0,29500 —0,22478 —0,42000
Yi_a 1,,00000 0,00000 0,99000 —0,01987
yiv 0,84737 |. —0,29500 —0,76522 —0,43987
Yi_, —0,19592 —0,38416 —0,28662 —0,54721
ay_, —1,14648 | —2,18884 —1,47548 —2,70808
y; —0,36875 —0,67790 —0,43987 —0,76522
xm —1,71115 —3,25090 —2,20197 —4,02051
h (2)
= —0,11408 —0,21673 —0,14680 —0,26803
)
Yie 0,96038 —0,07837 0,91200 —0,17197
y® 0,84630 —0,29510 0,76520 —0,44000

Pewenue Havanpnit OTPE€30K ANl HCKOMOro pelieHHs BbIYHC/AAEeM Me-

TofoM Pynre—Kyrra. 115 KpaTKOCTH MOJIOXHUM

Pesyabrarhl BhIYMCJEHHH NpHBeAeHH B Taba. 55.

x
X=\y
2z

xl
, k=hX' =011y’
zI

1
HAX=-6—Z, Z=‘71k1+¢72k2+43k3+¢74k4» rie  qy=¢qy=1, qg=gq3=2.
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Ta6anuua' 55
Haxompexue HauaabHoro orpeska pewenun X merogom Pyure — Kyrra
i t x k=0,1X' o Ax=g ¥
0 0 2 0,1 0,1 0,08984
1 0 0 0,00497
1 0 0 —0,00500
0,06 | 2,05 0,09 0,18
= 1 000525 0.01050
1 —0,005 —0.010
0,05 2,045 0,08975 0,17950
1,00262 0.00471 0.00942
0.99750 —0,00500 —0,01000
0,1 2,08975 0,07955 0,07955
1,00471 0.00992 0,00992
099500 —0.00998 —0.,00998
1 | o1 2,08984 0,07953 0,07953 0,06896
1,00497 0,00988 0.00988 0.01456
0,99500 —0.00998 —0,00998 —0.01494
0,15 2,12960 0,06908 0,13816
1,00991 0.01480 0.02960
099001 —0.01496 —0.02992
0,15 2,12438 0,06888 0,13777
1,01237 001433 002866
0.98752 —0.01493 —0,02986
0,2 2,15872 0,05829 0,05829
1,01930 0.01911 0,01911
0.98007 —0,01986 —0.01986
2 |02 2,15880 0,05827 0,05827 0,04739
1.01953 0.01907 0.01907 0.02313
098006 —0.,01987 —0.01987 —0.,02473
0,25 | .2,18794 0,04747 0,09494
102907 0,02346 0,04692
0,97012 —0,02477 —0.04954
0.%5 2,18254 0,04733 0,09466
1,03125 0.02292 004584
0.96758 —0.02472 —0,04944
0,3 | 2,20613 0,03644 0,03644
1704245 * - 002694 - 0,02694 -
0.95534 0,02054 - | .. 002954
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HansHeiine BolyncAeHHst npousBeneHnt no dopmyaam I, I1 u IIL. Toay-
YeHHBIE Pe3yJIbTaThl NOMeleHbl B Tabsuue 56, NpHyeM NPOMEXKYTOUHHE BHIKJIAZKH
onymensl. [ cpaBHeHHs B mocJienHell rpade Tabauniiul ‘56 ripuBeXeHEl Kommno-
HEHTBHl TOYHOrO peweHHs X € NATBIO BEPHBIMH NECATHYNBIMM 3HaKaMH nocJe
3ansToH. :

Ta6auna 56

Buiuncaenue pewmennss X meronom Muaua

1 ? X=x(2) xr=x(2) x(1) Xy 8=.I_XL;Y;"_(2)_I j'
0(0 |2 1 2
1 0 1
1 0 1
10,1 |2,08984 | 0,79532 2,08983
1,00497 | 0,09882 1,00497
0,99500 | —0,09984 0,99500
210,212,15880 |  0,58270 2,15881
. 1,01953 | 0,19074 1,01954
0,98006 | —0,19868 0,98007
310,3]2,20619 | 0,36427 ' 2,20620
1,04266 |  0,26911 1,04267
0,95533 | —0,29553 , 095534
4(0,4{2,23153 | 0,14224 | 2,23152 | 0,36427 0 2,23154
1,07270 |  0,32795 | 1,07268 | 0,32798 0 1,07271
0.92106 |  0,38941 | 0,92106 | 0,38940 0 0,92106
510,5]| 2,23459 2,23458 |—0,08126 0 2,23459
1,10742 1,10740 | 0,36209 0 1,10743
0,87758 0,87758 |—0,47942 0 0,87758

§ 11. MeTonb, OCHOBaHHbBIE HA MPHMEHEHWH NMPOM3BOAHBIX
BBICIIHX NOPALKOB

Jo cux nop ans YNCAEHHOrO MHTErpupoBanns and@depeHuHanbHOro
ypaBHEHHA NEPBOTO MNOpPsIKA

' y' =f(x, y) (1)
¢ HAYaJbHbLIM ch]OB“eM
Y (xq) =y, 2)

MH NpuMeHsH (OPMyJH, B KOTOPbIX $IBHO HCNOAb3YETCs AMIIb nNepsas
NPON3BOLHas y;= y; (X;) MCKOMOro peuiexns.
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OnHaKo ecnM HCMOAb30BaTh GOPMy/L!, ABHO COAepallve NMPpOH3BOX-
HHE BLICHIMX TOPSAKOB OT HCKOMOIO pemeHHs, TO MOXHO YKa3aTb
MeTOAH, Hawouue 6osee TOYHHH pe3yabTaT Ha MAHHOM MNpOMexyTke Ges
yBeIMYEHHs YHCJa [Iaros.

BuiBegem cooTBeTCTByIOUHe OPMY/H, TnpexmoJaras, 4TO NpaBas
yactb ypaBHenus (1) auddepenunpyema n0OCTaTOYHOE YHCJIO pas.

Myctb y;, Y;, Y;—3HAUYEHHS HCKOMOTO peleHHs y =y (X) H, COOT-
BETCTBEHHO, 3HA4YEHUS ero MPOHM3BOAHHX [EPBOTO U BTOPOro MOPSAKOB
B TOuKax x;=x,4ih (i=0, 1, 2, ...). Paznaras Bemmunnm

Y=Y X, +h), Y=y (x;+h), yiaa=y"(x;+h)

B PALW MO CTeMeHsM h, HAXOMUM:
" " v v
. Y; Y Y; Y;
yi+1=yi+yl’l+2—;'h2+'é—!"l3+Th4+—§%— ’l5+... N
" ]‘J v
. , » Y; Yi y
hypoa=yih+yih? +‘—érh3+ﬁ ht 4 #/ﬁ + ..,
Y '
Wi =Yl +y B+ 5 B B L
Vs nonyuennsix OpMyN MCKJIOUHM 4JeHH, comepwaue y;  u ylV,
Ins storo BTOPYI (GOPMyNy YMHONKHM Ha ———;—, a TPETbI0 — HA
li? u caoxuMm ¢ nepsolf. Bymem nmers:
h o h? ’ 1
yi+1—‘2‘yi+x+ﬁyi+1=yt+yz(1—7 h -
W1 1 1 w1 1 1
ol ) p 22l
Wl 1, 1\,q,  v(1 1 1Y,
+y: (2—;"—1—24-%) ht4-y; (m—4—8+7—2> h* 4.
nau
ho, o, . h o, o h v
Yim=Yit+ 5 Wi+ Y 55 W=y + 7559 + ...
Takum 06pa3oM, C TOYHOCTHIO 10 A% uMeeMm npubamxennyio ¢dop-
myny [14]
h . ’ hz ., p
Yim=Yi+5 W+ Yi1)+ 15 Gr—Yia). )

MoxHo noka3aTh, 4TO OCTaTOYHHI useH dopmysas (3) pasen

\Y
Ry = y72(()§) af
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rae x;<<E<<x;,,. AHaIOrHYHO HMeeM:
Yie1— Y- 2=y(x +h)'—'y(x —2h)=

" v v
<yl+hyl+ 2 yi+ 6 Y; "]‘24'!/[ +myz +...)—
" 8h3 164 [V 32h° vy
. 3h2 g 5h4 11h v
=3hy;— 5 yl+2 Y9 —% + 0 Y + ...

H
Yi—Yi1=Y;—y(x;—h)=

B hz h m h4 lV h5
‘ .k L i h oy
=hyl_7yt+_6—y[ o4 yl +120yl cee

Orciona
. By
Yisa—Yiea—3 (Y —yi) = Fyi — 5" vi -l———y,: + ...
C npyro#t cTopoH, ’

e hz v
Yi—Yia= y;-yt(x —h)=y;— y1—hy; +—2—yi —_

hd v R . Y h®
—5 b + ---)=h!/i _T!/il +?y¢‘v—-...
[loatomy
2 " h® v
Yis1—Yima—3Wi— Y =P i —yi-) + v + .
TakuM 06pa3oM, ¢ TOYHOCTbIO 10 A° umeeM npuGamkeHHyl0 ¢opMyay
y,~+1=y,-_2+3(y,~—y,-_1)—|—h2 Yi—Yi-1)- 4)
MoxHO noxasaTh, 4TO OCTaTO4YHHH 4ned Qopmyin (4) ecTb
IR AY
Ry=-zy" €,
rae Xx;_,<<8'<<x;,,.

K dopmynam (3) u (4) npucoenMHUM BhHIDAXEHHS IJS [POH3BOLHHIX
y' u y", a uMenHo:

Yy =f(x, y), (9)
v =fux, 9)+fx 9y (6)

[lpouecc uucnenHoro HuTerpupopanus auddepeHlranbHOro ypasHe-
uug (1) npu  HaMMYMM  HA4a/JbHOrO  yC/IOBHA (2), HCIOAb3YIOWHA
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dopmynn (3) u (4), mpoucxoaut caepywowuM o6pasom. Kaxum-aun6o
METOAOM BHYHC/fEM TPH Haya/bHble CTPOKH (HawaaobHan Tabauya):

X, Yor Yoo Yo
Xy Yy Y Y3
X3y Yoy Y Y
W3 dopmynn (4) npu (=2 noayyaem nepsoe npuGIMKeHHe LIS Y,
| Ys=Y0o+3 (42— y1) + A2 (43— ) (7
H, 10/b3YSCh cpopmynamu (5) u (6), HAXOLMM LIS COOTBETCTBYIOULUX
MPOM3BOAHBIX Y3 H Yy MX MEPBHE MPUO/IHKEHHS:

Ys=7F (%5 Ys) 1 Yy =/ (X5 Y5)+Usfy (%5 Us).

Bropoe npubiuxenne nas y, onpesensieM ripu i =2 u3 dopmyast (3):

= R = B =,
Ys =Ys + 5 (42 1 vs) + 15 (42 — vs). (8)

Tlocsie 3TOro WCMpaBisieM 3HAYEHHS MPOM3BOIHBIX Y3 U Y3, MONCYH-
ThBAas HX BTOpHie MpPHG/IHNKEeHHs:

V=S (%5 Yo 0 Gi=Fil%a Yo F ULy (Xs by,
Jas KOHTponﬂ ele pa3 Bhuucasiem no dopmyne (3) 'rpeTbe npu-

GiHKeHHe g 3HAUCHHAA Y4, MCTOMb3YS HafileHHble 3HadeHHs giu .
Ecan war h Bu6paH MOAXOAALIUM, TO' MepecyeT He ZaeT HOBOrO pe-

3yabTara, W B sTOM Cllydyae MOXHO MOJIOXHTh Yj = y3, ys_ys' ys_Js,

B nmpoTusHOM cayyae C/eLyeT YMEHbWMTDH WAr. AHANOTHYHO HAXO-
IATCA HasbHEHIUHe 3HAaueHus y;, y;, y; npu i>3.

ﬂﬂﬂ nonyqunﬂ HayaJibHbIX 3HaueHu# !/1 n Yo 0ObIYHO HCﬂOﬂbSleT
METO MOCAeR0BaTeNbHbX MpHOImKenui nau Mmeton Pynre —KyTtra, nocue
yero HykHbie nponsBonpmnie y; M y; (=0, 1, 2) onpexensiorcs mo
¢opuynam (3) u (6).

MoxHO Takie NPUMEHHTH CJELYIOWMH NpPHEM: CHayana, HCHOJb3Yf
JlaHHOe Haya/JbHOe 3HA4eHue y (X,) =y,, HENOCPEJACTBEHHO BHIYHC/sEM

Yo =f(%Xq Yo) ¥ !/o—fx (xq, yo)‘l‘yofy(xo» Yo)-

Tem cambiM Oynmer 3anonsena 1 -5l CTpOKa HayanpHOH TabauLbL.
Hanee Ha ocuoBanun Gopmyiel . Tel0pa npnGAHIEHHO TOMy4aeM

, 1 "
v o+ s+ 14,
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H,’ ClieXOBATENbHO, MOXHO 6yneT HaliTi

' yl—'f(xp AR .’/1 _fx(xp y1)+!/1fy(x1» ¥5).
Tloab3yAch STHMH IAHHBIMH, YTOUHsieM 3Hauewne y, mo dopmyae (3):

h, . , h? | "
Y1="Yo +“2‘,(!/o+!/1)+’1_2“ (Yo—Y1)

U 3aTeM MEepeBLIYHCAAEM 3HayeHHs Yy; H y;. TeM caMbiM 3ano/useM  2-10
CTPOKY Haya/jbHO# TabG/uuUbl. AHAJIOTHYHO, UCXOLSl U3 2-H CTPOKH, HAXO-
UM 3JIEMEHTH Yo, Y, U Y, mocaegHed, 3-H CTPOKH ‘Haya/ibHOH TAG/IHMIK,

OtmeTuM, YTO €C/M MepecyeThl 3/IEMEHTOB CTPOK AAIOT 3HAYUTENbHbIE
PaCXOXCIGHHA, TO 3TOT npueM He SIBJSETCH HamewHbM. B Takom cayuae
c/eLyeT WM YMEHbIHUTh wiar A BHUMC/IEHHH, HIM ke OGPATHUTHCA K
6Gosiee TOYHBIM METOHAAM,

Mpumep 1. Han nuddepeHnaNbHOr0 ypaBHeHHA
y'=x2—y

HaliTH HEeCKOJIbKO 3HauyeHuit HHTerpasna y(x), yAOBJNETBODPSIOUIEr0 HAYaMbHOMY
yeaosuio y (0)=1.

Pemenue Ilpuvmem war pasibiM h=0,1. M3 nauansuoro ycsaosus
umeem yo—l Mertoziom Pysre —KyTra Haxopum

9=y (0,1)=0,909410, y, =y (0,2)=0,835786.

Orcioga, moas3yfack popmynamu

yr=xi—yi )
" ” ’
yi=2(x;—ywyr) (=0, 1, 2, 3, ...), (10)
BblYUCJ/IAEM:
o= — 1,000000, Yo =2,0000;
41 = —0,817026, y1=1,6860;
ye = —0,658538, ys»=1,5008.

L[am,nemuue 3HayeHua y; ({=3) HaxoJUM, HCMNOJIb3YyA OMUCAHHBIA BhIILE
peryaspHusiit npouecc. Hanpumep, ana {=3 u3 dopmyast (7) noJyyaem

Ys=Yo+3 (Y2—yy) +0,12 (g2 —y1) =
+ =1,00043.(0,835786 —0,909410)+4-0,01-(1,5008 — 1,6860) = 0,777276.

IMopcrasus ato 3Hayenune B ¢opmynnl (9) u (10), rge mousoxeno =3,
6y/ieM HUMeTb

y3=0,32—0,777276% = —0,514158,
Yy=2 [0,3—0,777276-(—0,514158)] = 1,3994.

3HaueHUe y; yTouHseM, Monb3ysick dopmyJoil (8):

=_ 0,1 — .
Br=v2t+—5(v5 +v ———'(!I:« y2)=

.=0,835786 4-0,05.(—0,514158—0 658538)-—w (1,3994 —1,5008) =0,777236.
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U3 dopmya (9) u (10) Haxoaum cOOTBETCTBEHHO
Ys=—0,514096 u ys=1,3991.

[MonyueHHOe NPHGJHKEHHE Jg NOABEPraeM I/l YTOYHEHMS] HTEpALHOHHO
o6pa6oTKe, NOACTaB/ASA €ro CHoBa B ¢opmyay (8):

= 0,1 —, 0,01 —~ "
Ys=b2+ 5 (gt ye)——5 (Ts—y2) =

0,01
2
Ionbaysce dopmyaamu (9) u (10), NONy4HM COOTBETCTBEHHO

55=0,514100 u Js=1,3992.

=0,835786 0,05 (— 0,514096 — 0,658538) — (1,3991—1,5008) = 0,777239.

Tak Kak pacXOx[eHHe BTODOTO U TPeTbero NPHONMKEHHI He3HauHTeJbHO,
TO MpHHHMaeM: :

ys=0,777239,  y5=0,514100, ys=1,3992,
npuueM NocJejHHe NeCATHUHbIE 3HAKM NPHBEREHHBIX 3HAYEHHI COMHHMTEJLHHL,

AHanoruyHo BHIYHCHAIOTCH JasbHelillle 3HAYEHUA Yy, Yg, ...
Pe3yJibTaThl OKOHYaTeNbHBIX BHIUHCJEHHH MOMelleHH B Tabauue 57,

Ta6auuna 57

l‘lmérpuponaune aupdepeHuHaIbHOrO
YPABHECHHS METOJOM NPOH3BOAHBIX
BBLICIIMX NOPAAKOB

x v v vy’
0 1,000000 | —1,000000 | 2,00000
0,1 {0,909410 | —0,817026 1,6860
0,2 {0,835786 | —0,658538 1,5008

0,3 |0,777239 | —0,514100 1,3992
0,4 [0,732728 | —0,376890 1,3523
0,5 [0,701769 | —0,242480 1,3403
0,6 {0,684230 | —0,108169 1,3480

B 3akmouenne npuseneM ¢opmyan, obecnednBaiomre 60Jiee BHCOKYIO
CTelneHb TOYHOCTH, HO TpeOyloulHe BRIYHC/IEHHS, KDOME BTOPOH, ewe u
Tperbeli NPOM3BOAHON HCKOMOro pemeHnsi. A HMeHHO, HCNONB3ys ¢op-
myay Tefinopa m ynoTpeG/ifis IpHEeM, aHANOTHYHEIH YKa3aHHOMY -BhilUE,
noayyaeMm Gopmyin

rer

h3 '
Yimp=VYia+3W;i— Y+ 5 (0 +vl)+ Ry, (11)
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42017y (8,)

rie R,= 100300 :
a e 4
Yiy1= + ) (yl+1+y) (yi+1 y7) + 120 (Jl+1+!/ Y+ Ry, (12)
_ hyM (&)
rre Ry =— 5500

Popmyna (11) ynorpeGrsercs Mns HAXOWIEHHS nepBoro mpuGamxe-
HUS y,.,,; opmyna (12) maer yTounenHoe 3Hauewme y,.,. Camo co6oio
pasymeeTcsi, YTO K NMOCJAEIHUM ABYM (pOpMyJaM lejecooGpa3Ho mpuberats
tTorma, koria cdopma nubdepesuuasbHOrO YPaBHEHUS NO3BOJIAET CPaBHU-
TeJbHO MPOCTO HAXOOUTH BTOPYIO U TPEThIO NMPOHU3BOIHHE OT HCKOMOH
byuxunn y.

§ 12. Yucnennoe uurerpuposanve AupdepeHunanbHbIX ypasHeHHi
BTOpPOro mopsaxa

3amaya Koww pmas auddepeHUHansHOro ypaBHEeHHS 7-ro nopsika
gy = (%, 4, 4 .o, YY) (1)

k
NP HAYAMBHBIX ycroBHAX y® (xo)=y(0) (=0, 1, 2, ..., n—1), kak
610 mokazano B § 1, cBomurcs k 3amave Kowwu nns cucremm

’

y =ylv .
Y1 =y2'

Yna=F (X, 4, Yy +vvy Yu_i)

re g, (%) =y (£=0, 1,2, ..., n—1; yy=y).

[TosToMy H3/10%KeHHbIe METOLL! TPUGIHKEHHOrO HHTErPUPOBAHUS CHCTEM
nuddepennvaibHBX  ypaBHEHHH MNPUMEHHMH TaKXe K ypasuenuio (1).

Onnako obuiue cxeMmul AJs NpHOIHKEHHOro pelieHns auddepequnann-
HBIX CHCTEM, He yYHThIBaloue creunduuecknx ocobennocreit cucremut (2),
OKa3bLIBAIOTCA HM3/MIUHe Cc/owHHMU, [loaToMy IenecooGpasHo BhIBECTH
(opMyJIn, CHEUHaNbHO NPUCMIOCOG/ICHHEIE NJISI YHC/IEHHOTO HHTErpupoBa-
uusi xuddepenunanpioro ypaBHenus Buza (1). Mu orpanuuumcs pac-
cmotpendeM JauddepeHIanbHOrO ypaBHEHHS BTOPOro Mmopsika

y'=f(x 9, 9) (3)
NpU HAYaJbHBIX YCHOBHAX Y (Xo) =y, Y’ (Xo) = Yo.
Buoisegem dopmysasl  gas  npuGAMMEHHOrO BbIYHC/AEHHS MHTerpasna

y =y (x) anddepenunanpHoro ypasHenus (3) ¢ momopio MeTona Amamca.
Ins atoro BuGepem war Ax = £ u BBeleM cTaHgapTHoie 0603HaYeHHs:

x;=xo+ih, y;=y(x), yi=y' (x)),
Yi=y" () =fx, 9,y (=0, 1,2, ...).

(2
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HonycTnM, 4TO M3BECTHH 3HaueHHs
oy .
Yoy Y1y ooy Ypy
yo: Yty oo ey y,;
Yor Yo +++» Yi
(i>=3). Toraa MOXHO BHUHCANTL pa3HocTH Ay, A% 5 A3y _,.

anMeHﬂﬂ BTOPYIO HHTepnoasuxounyio d¢opmyay HeloTona, ¢ Tou-
HOCTBIO A0 pa3HocTefl uyeTBepTOro mopsaka OyneM HMeTb (CM. § 8)

1
V=it ahyi+ LG D Ay SO DOED po g

rne
X—X;
9= h °L (5)
Tak xak B cuny ¢dopmyan (5) dx=hdg, T0, OuUeBHINHO, HMEeM
X
y —J:—I-Sy dx = J,-I-hSJ"dq (6)
Xi
-
. x q
y-_—_-y‘.—]-gy'dx:y‘.-}-hgy'dq. (7)

Xi

Wnrerpupys nocaenosaTenbHo wa otpeske [0, g] nsa pasa no ¢ dop-
myay (4), Ha ocnosanuu copmyn (6) u (7) nonyuum

v —vi=h ot E A () A
2 P B\ as, | ‘
() M) @)
) /]
3
y—Y; —hqy.+h2[ y,+%Ay?_1+
(L8 ar, + (B L D) Ay
12 727 ) Yt \g T og Tim) BV - ()
Orciona, nonaras g=1 8 ¢dopmynax (6°) n (7’), naxonum
, S R PP 3 5.
Ayl'=nh (yl +5 A+ Ay, + T Asyt—a) (8)
’ 1 ” l ” l o l \'q #»° . -
Ayt = hgi+ 1 (5 i B+ At 5 A%L) L )

0¥XEHO AP MOXHO NPUHATD
rie NOJOMKEHO 15 & {5+ p

i = Ui+ Ayl yio =y + Ayl (10)
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Bonee Tounwi#i BapuaHT cyera cieaylouwmi [14]: waiaa y,,, no
dopuyaam (8) u (10) Beuucasior Ay;, A%y;_,, Ady;_,, nocae yero on-
pexensiior Ay; no Gonee tounoit dpopmyne (cm. § 8):

’ 1 , 1 , 1 ,
Ayi'=h <yt +5 Ayi— 5 A% — 55 Asyt—z) .
3areMm, NpHHAB
7 - . "
Yim1=Y;+A8yi, Yia=y;+Ay, (11)
13 muddepeHunasbHOr0 ypaBHEHHST MOXHO HaliTH
Y =F (Xie1 Yign Yier)

i, nonoauus TaGIMUy, BBIYHCAHTL y;,; 110 dopMmy.e

yt+1 =yi+ Ay'“
rae

, M | » 1 A -
Ay,”=h(ljf‘l“jAyt—EAzyz—l—ﬂA"yi-z)' (12)

B cayyae HeoGx0oaMMOCTH MOBTOPHIOT aHAJOTHYHLIR MepecyeT BesH-
GHH Y,y H Ygyq RO TEX TIOP, NMOKA He MpexpaTaTcs wuaMeHeHus. Peko-
Mengyercs war h BRIGHPAaTb CTOAb ManabiM, 4yTOOb ¢opMysn (10) u (11)
1aBaAM ONMHAKOBbIE Pe3y/bTaThl B Mpelesax 3adaHHOH TOYHOCTH.

Yr1o KacaeTcs HAYaNbHOrO OTPe3Ka Yo, Y1, Ya» Yss Yo Yis Yo Y
TO OH TNpenBapHTe/NbHO ONpeleseTcd KakHM-HHOYAb MOAXOASLUAM
MCTOIOM,

PaspaGoTansl Takxe Ipyrue IpueMbnl Ajasl MPUGIHKEHHOrO HHTErpH-
posanusi mudpdepenunansnoro ypasuenns (3) (cm. [14], [18], [27)).
B uactHocTH, mnn AuddepenunanpbHoro ypasHeHus BUAA

y' =r(x, 9)
umeercs BecbMa TouHmil Metox B. B. Hymeposa [27].

[Tpumep 1. Ha orpeske [0, 1] HaiiTH uHTerpaa y=y (x) ypasuenus

y"+ychx=0, (13)
yﬂOB.ﬂeTBOpRIOHJ,Hﬁ HayaJbHbIM YCJOBHUAM .
y(0)=0, y'(0)=1. (14)

Pewenwue. Tlpumem mar h=0,2. [ns nojcueTa HayaJbHOrO OTpe3Ka
NPpUMEHHM MeTO}l CTEI'IBHHBIX psanos. Hwmeem

y'=—ychx
oTCIAA
y'''=—(ysh x4y’ chx),
YV =— (y ch x4-2y’ sh x+y" ch x),
yv=—(yshx43y' chx+3y"shx+t+y" chx) u . A
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CnezoBartesbHO, B CHUJYy HauyaibHBIX ycaoBuil (14) nonyuaem:
N x4

y0=0r !/;)=1, y;=0, Yo =_"lr
yV=0, yW=—2, .

ooy

HO3TOMY
x3  xb , x? x4
y=x—?—-6—0-+... ny ——I—T—W-'--u (15)
Honaras x;=0,2i (i=—1, 0, 1, 2), u3 popmya (15) ¢ TounocTs0 go 1073 Ha-
XOLuM:

y=—Yy_,=0,200—0,001=0,199,
y1=y~3 =1—0,020=0,980,

Y2 =10,400—0,011 = 0,389,

Y2 =1—0,080—0,002=0,918.

HanbHelimne BHIYHCJEHHSI npousBoiuM no dopmynam (8), (9), (10) 6e3 me:
pecueta. PesymbTarhl BhiuMc/eHU# npuBejeHH B Tabauuax 58 u 59.

Ta6anua 58
OcxoBHOll Gaank pas pewenus sapauu Koww (13) — (14)

) x y Ay Yy .Y4 chx Yy Ay’ Azy” Asy”
-1 1-—0,2|—-0,199 0,980 1,020| 0,203{ —203 0 | —15
0 0 0 1 1 0 —203| —15 | —13
1 0,2| 0,199 0,980 1,020|—0,203| —218| —28 | — 8
2 0,4 0,389|0,174|0,918({—0,108|1,081 |—0,421| —246| —36
3 0,6 0,563|0,147|0,810{—0,161|1,185|—0,667| —282
4 0,8/ 0,710/0,109|0,649 1,337 |—0,949
5 1,0 0,819

Ta6aunua 59
BcnoMorateabnnlit Gnank pjs peweHns 3apadu Kowmw (13) — (14)

i 2 3 4
ey —0,421 — 0,667

%Ay'é-l —0,109 —0,123

%Azy;_z —0,006 —0,012

% A3 — 0,008 —0,005
3 ‘ — 0,542 — 0,807

Ayp=hZ, —0,108 —0,161
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poxonxenne Ta6a 59

1 2 3 4
%y}' —0,210 —0,334 —o4Ts
%Ay}'_l 36 —0,041 —0,047
T A%y;_s 2 —0,004 —0,004
11—0A3y;_, 2 —0,001 —0,001
I, 0,250 —0,380 —0,526
2%, —0,010 —0,015 —0,021
hy; 40,184 40,162 40,130
Ay; 0,174 0,147 0,109

§ 13. Meton Yamawiruua

PaccMoTpeHtbie Boiule npUG/IHKEHHBE METOAB HHTErpHPOBAaHUS AH(D-
depeHLHaNbHBIX ypaBHeHHH ObUIM NPEHMYLIECTBEHHO YHC/eHHHMH, B aToM
naparpage Mbi M3/JIOXHM aHAJIUTHYECKHH MeTON NPHOJIMKEHHOTO UHTErpH-
poBanus nuddepeninanbHbBiX ypaBHeHHH, npuHagiexawnit Yanasiruny u
OCHOBaHHBIH Ha COBEpIICHHO HOBOH HIee.

Merod Yanavizuna [15), [16], [5], [2] sBasieTcs onnum u3 Hambosee
TOYHBX AHAJIHTHYECKMX METOLOB NMPHONHNKEHHOrO HMHTErpupoOBaHHs AU-
(epeHUHaNbHHX YDPaBHEHHH M B TO ¥e BpeMd AOMyCKAIOUUM MPOCTYIO
OLEHKY MOrpewHocTy pemenus. CyLIHOCTb €r0 COCTOUT B TOM, 4TO MCKO-
Moe peiieHHe y=y (x) (x, << x < X) annpokcHMHpyeTCs IBYMs IOCie-

JOBaTENbHOCTAMH (PyHKUUH
u,=u,(x) v v,=v,(x) (n=1, 2, 3, ...),
YAOBJIETBOPSIOUHMH JBOHHOMY HEPaBEHCTBY
U, (%) Sy (%) <9, (%) mpu x €%, X]
H HAYaJbHOMY YCJIOBHIO
u, (%) =0, (xo) =y (%,),

npudeM TaKUMH, 4TO U, (¥)—u,(x¥) =30 Ha [x,, X] npu n— oo.
[eoMeTpHYECKH 3TO 3HAUMT, YTO HCKOMAR MHTerpanbHas KpuBas y =y (x)
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3aKMMAEeTC B CKOMb YTOMHO y3KHH KpHBOJMHeHHbIH cexTOp AyB,C,
(puc. 33). ,

Takum 06pasom, Ans pelieHus y (X) CTPOHTCH «BuIKay [u, (x), v, (¥)]
¥ yKaspiBaeTcs peryispHbii mporecc, ¢ MOMOILbIO KOTOPOrO MOMHO Cy-
3HTh 9Ty «BHJKY» IO JKelaeMbx pa3MepoB. B artom cmuicie meron Ya-
NJILTHHA HaOMHHaeT KOMOHHU-
POBaHHLIH MeTon pewexus
06HuHLIX ypaBHenu#t (cM. [23],
ra. 1V).,

Ecan nonoxuts y, =~ u, (x),
TO TpenenbHas aGCoOMOTHast Mo-
TPelHoCcTb Npu6AMIKEHHOro pe-
uwiens 4, (x) Oyner paBHa

&, (x) =1, (x) —u, (),

Y=bn (z)

¥

T. €. 3Ta NOrPELIHOCTb HA Kax-
Puc. 33. JOM ludre omnpenessercs Helo-

CpPeACTBEHHO.
Jns npocTOTH H3JOKHM HIEI0 MeToAa Yan/niruHa npHMEHHTENbHO

K nndpepeHHanbHOMY YPaBHEHHIO 11EPBOrO NOpSAKa

y=rix y (1
¢ HAYaJbHbLIM yCJIOBHeM
¥ (Xo) = y,, (2)

npuuem OyleM npeanoJjaraTh, 4TO MpaBasi yacTb f(X, y) HenpepniBna u
¥MeeT HenpepuiBHbIe Npou3BonHbie f, (X, y) M f,, (¥, y) B HeKOoTOpPON
OKpPEeCTHOCTH HauyaibHOM TOukn My (X,, Yo). MeTom ocHOBaH Ha OHHOM
neMMe, npencTaBisfioulell Takke CaMOCTOSITEJNbHBIH MaTeMaTHiyeckH# M-
Tepec.

Jlemma Yanawruna 06 HNHTEerpajJbHHX HepaBeHCT-
Bax. Ilycto

[[z]=2"—f(x, 2)

— Quippepenyuarsroll oneparop, coorsercTéyrowuil dudhepenyuareromny
ypasrenuto (1), u y=y(x) —unreepar ypasrenus (1), 1. e.

1[y] =0, (3)

y0081ETEOP AOWULL HAHAABHOMY YCAOBUIO Y (Xo) =Yy, u onpederennori
npu Xy < x < X.
Ecau ¢ynryus u=1u(x) €C' ydosaersopser ycao8usm:

Hu] <0 npu x, <x< X (4)

u(xo) =y,
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10 Ha orpeske [x,, X] 6vinoineno HepasencTeo
u<y, (5)

T. e. PYHKYUR U ABARETCA HUNCHUM NPUbAUNCEHUEM pewenus y.
Ananozuuno, ecau 0ra pynxyuuw v=1v(x) € C' goinosnenv ycaosus:

1[0] >0 npu £, <x<X (6)
"
v (Xo) = Yo,
70 Ha orpeske [x,, X)] umeer mecro mepasencrso
A (7)

T. e. PYHKYUR vV ABAAETCA BepXHUM npubiudicenuem peuleHusn y.
HNoxasatenbcTBo. OueBnaHO, LOCTATOYHO A0KA34Th JHLIbL OLHO
u3 nepasenctB (5) uam (7). IlokaweM, nanpumep, HepaBeHCTBO (5).
V3 ¢opmya (3) n (4) umeem y' —f(x, y)=0 n o' —f(x, u)<<0

Orciona
(y—u) —p(x)(y—u) =0, (8)
rae
p(x) =Lyl (), 9)

dyukuus p (X) TepseT CMHCA NpPH X, AAS KOTOpPOro y=4u. B atom
ciay4ae mojaraior

p¥)=lim L =T 8) — 7, (%, b (x)).

B cuny npuBeleHHHX Bhillle YCAOBHH (yHkuus p(x) onpemeseHa M He-
npephiBHa Ha oTpeske [x,, X].

Ymuoxum ob6e wyacth auddepennnanbHoro nepasenctsa (8) nma nono-
MUTEIbHEH HHTErpUPYIOUIHA MHOXHTEINDb

X
[rnax
p(x)=en
OyaeM uMeTh

& () [y () —u ()]} >0, (10)
Orciona, uarerpupys HepaseucTBo (10) B mnpemesax oT x, 1O X, rie
Xo < x < X, noayynm
B (%) [y (x) — 1 ()] —p (%) [y (x) —u (x0)] =0
MM, TaK Kak Y (Xo)=u(x,) ¥ p(x) > 0, TO OKOHYaTeJbHO HAXOAHM
1 (x) <y (x) mpn x, <x <X,

Y10 M Tpe6oBanoCh J0Ka3aTh.
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Cnencraue. Ilycte dyskmun y=y(x), u=u(x) n v=v(x)
npu x,<{x < X YIOBIeTBOPSIOT COOTBETCTBEHHO AHbepeHiuaIbHbIM
yPaBHEHHSAM

y'=r(x ), (11
u=f(x,u), v'=f(x,0), (12)

rie
fix < S(x, )< fa (%, 2), (13)

n o6lieMy HAuYaJbHOMY YC/IOBHIO Y (X,)=u(X,) =0 (x,)=y,. Torma
ClIPABENIHBO HEPaBEHCTBO
p(x)<y () <<o(x) mpr X, <KXX. (14)
HetticTButensho, monaras [[2]=2"—f(x, 2), u3 ycnoput (12) u
(13) umeem
I[u] mu'-—-f(x, u)=f1 (%, u)-—f(x, u) <0»
I[v]=v" —f(x, v)=f, (x, v)—f(x, v) =0.

Orciona Ha OCHOBaHMH mpelbAyLlel JeMMH ciaexyeT HepaBeHcTso (14).

| //,a// / | z
Prc. 34.

HeTpynuo BBISICHHTL reoMeTpHyecknil cMuicn HepaBencta (13).

PaccmoTpuM ceMeHCTBO MHTErpasbHBIX KPHUBBIX ..., C_,, C_;, Cy, Cy,
C,, ... (K) ypasuenns (11), rne C,—munTerpajibHasi KpuBas, NpoXons-
mas yepes Touky M, (X4, Yo), T. €. rpaduk peueHns y==y (x) (puc. 34),

M3 nepsoit vactn HepaBeHcTBa (13) BHEITEKAET, YTO HHTErpajbHas
Kpusasi mepsoro u3 ypasHenu#t (12) y=u(x), npoxonmsuias yepes TOu-
Ky M,, nepecekas mociaenoBate/ibHeie KpuBne C cemefictBa (K), omy-
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CKaeTCH MO OTHOUIEHHIO K STHM KDHBHWM M, CJ€NOBaTENbHO, JEKHUT
unxe Kkpusolt C, (puc. 34).

Hao6opor, u3 Bropofi wactn nepasenctsa (13) ycmatpuBaeM, u4TO
MHTEerpanbHas Kpusas BTOPOTO M3 ypasHewn#t (12) y=wv(x), npoxoxs-
mwas yepes TOuKy M,, mepecekas mnocienoBaTenbHO KpuBhe C cemeit-
crBa (K), nolsuMaeTCsd NO OTHOIIEHHIO K 3THM KPHBHIM H IO3TOMY
pacnonioxesa Buie kpusoft C, (puc. 34).

Takum o6pa3om, uMeeT MecTO HepaBedcTBO (14).

MokaxeM Tenepb METOL MOCTPOEHHSI MOCAENOBATENbHOCTEH DyHKuMH
u, v, (n=0,1,2, ...), annpoxcumupyiowmux pemenne y auddepen-
nuajapHOro ypaBuenus (1).

02

[Mpeanonoxum cuayana, 410 a—y';- COxpaHsieT MOCTOSIHHHIY 3HAaK B pac-
cMaTpuBaeMoil 06JacTH, Hampumep:
&}

5!/—220. (15)

Mertonom npo6 monGepem nBe GYHKUMH Uy=u,(X) U V,=1v,(x), r1e
uy(x) << Yp(%), AN KOTOPHX BRIMOJHAIOTCH COOTBETCTBEHHO HEPaBEHCTBA

Hugl=—0o (x) <O u [[1,] =1, (%) =0,

Tie @y (X) u Py (X) —COOTBETCTBYIOUIHE HEBA3KU.

B cnyyae sarpynaHeHn#i npun Haxowaenun QyHKUMH 4, M U, MOXHO
npumeHuTb caexayrownit npueMm. IlycTe npaBas wacts f(x, y) mudde-
peHuuanbHOro ypaBHenns (1) ompejeneHa W HenpepHBHa B HEKOTOPOH
npsiMoyronbholt obnactn R{x, <x<<x,+a, |y—y,|<b}, rae a n
b—nonoxurtenbhuie yucaa, Ionowum

m=min f (x, y) npu (¥, y) €R; M=max f (x, y) npu (x, y) ER; (16)

. b b
h=min {a, m, I—M—I} . (17)

Torna na orpeske [x, X], rme X=x,-+ h, B KauecTBe Haya/JbHHX NpH-
6mmkenntt MOwHO BHIGpaTh cienyiomne ¢ynkuun (puc. 35):

Uy=1Yyo+m(x—Xx), Yo=1y,+M(x—xp).
Heitcteurensto, u3 ¢opmyan (16) m (17) BuTekaer, 4TO
Hug)=m—f(x, u) <0, I[vy]=M—f(x,7)=0

npn X, << X << X+ h.

Hns yrounenns npuGamkennft &, u v, nojaraeM U;=1u,-}p, "
Uy =TUy—0, TAE Po=0¢(X) B 0y=0,(x)— dyskunn, onperensemble
u3 JuHelHbx AnddepennuanbHEX ypaBHeHu

‘%’=Po (%) Po+ P (%), P (X0)=0 (18")
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Hu
12?‘40 (x) 00+1l70 (x), Ty (x0)=0, (18”)
rne @q (x) = —/[uy], P (x)=1[v,],

Po (X) =1 (%, ), gy (x) = [Ee2) =l te),

UYp—Ug

(19)

Tax xax cpoGoaubie yneus Qg (X) u Yo (X) nuHeiHbix ypasuenuit (187)

¥

Zp+d z

Puc. 35.

u (18") HeoTpuuaTeNbHBI, TO M3 M3BeCTHBIX oOuiux Gopmya mas peuie-
HUH 3THX YypaBHeHHWH ciaelnyer, 4YTo

00 (X)=0 1 0, (x) =0 npn x,<x<<X.

Mox#o nokasate [16], uto

Iu,)<<0 u I[v,]=0 wua [x, X].
Takum o6pa3oM, y, u U; SIBIAIOTCA COOTBETCTBEHHO HMXHHMM H BepXiHUM
npyémnKeHusMH JUIS TOYHOTO peliieHus y, obGpasyloiiumu Gojee ys3Kylo
«BHJIKY», YeM HadajbHhie (QYHKUHH Uy H T,

Boo6Gue, ecan [[u,]=—¢,(x¥) <0 u I['u,,]-— P, () =0, T0 MOK-
HO MOJIOXHTh

Uppy=U,+P, U Uy y=7,—0p

npuyeM GyHKUUM O, M O, HEOTPHLATEJbHH H ONpPEAEJSIOTCA U3 JIHHEH-
Hbix guddepeniinanbHbXx ypaBHeHut

d"gf=1’n (X)Pnt @, (%), 0, (%) =0 (20"
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i

%"=qn(")°n+‘l’n(xo), 0,(%)=0 (n=1,2,3,...), (207

rue

[ (%, vn) — (%, up)
Up—Up :

P, (X) =f.l'/ (JC, un)’ 9 (x) =

JokasnBaeTcs, 4TO
Itt,,1]<0 n I[5,,,]=0. 1)

Orciona nonyuaem (puc. 36)
U<y <U, <. .. .<U,<U, 1 <...<Y

iI<...<v,,,<7,<...<7,<7,.
3ameTnM, YTO eciM 3adHKCHPOBaTh X M NOCTPOUTh rpaduk dyHKnun

z=f(x, y), (22)
TO IS KaXJIOTO 3HAYEHHS X MOJYYuM, 4TO p, (x)=tg a, npencrasnser

|
|
|
|
|
z

Xho———
)

Puc. 36.

coboft yrnoeo#t kosdduuueHT KacaTeJbHOM K KpuBOH (22) B Touke
y=1u, a q,(x)=tgP, ectp yrnoso#t xoacdduuuent cexyuie#f Kk KpuoH
(22), npoxonsimeit yepes Touku y=u, n y=wv, (puc. 37).

IMostomy nonyuenne u, yclIOBHO MOXeT OHITh Ha3BaHO METOLOM
KacCaTeJbHB X, a NOJy4eHHe U,—MEeTOXOM XOPpA.

W3 ypasnenutt (20°) n (20") 6ynem umers

x X
f Pn(X) dx X -f P (x)dx
p,=e* P, (x)e % dx (23)

Xo
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"
x

X
j‘ gp(x) dx X -f qn(x)dx
0, = e fp,(x)e = dx  (n=0,1,2,...). (24)
Xo

n

H. H. Jlysun [16] nokasan, uto npu 7 — o0 pasHOCTh V,—u,
BecbMa ObicTpO cTpemuTcsi K Hyamo. Ecim mis HekoTtoporo 7z nmeem
v,—Uu, <& TAe &-—3ajaHHas mnpeje/lbHad MNOCPeIHOCTb, TO NPUOIH-
IEHHO MOHO IOJIOKHTD

1
y= —2-(11” +.Un)'

3aMeTHM, YTO ec/H He TpeOyeTcsl OlLleHKH MOTPEeILHOCTH MPHOJIHIKEHHO-
ro peuieHnsl, TO HeT HeOOXOZMMOCTH CTPOHTb [ABe MOC/EN0BATENBHOCTH

Pue. 37.

.“’».
g, v v, (n=1,2,...,n). B 9ToM ciyyae JOCTaTOYHO OrPAHHYHTDb-
€A MOC/EeN0BATeNbHOCTRIO 4, (MMM U,), TaK Kak
y=limu,

n—>w

Ecnin Bmecto HepaBenctsa (15) BhIONHEHO 0GpaTHOE HEpaBEHCTBO

02
g =0
TO (t)YHKLLHPI un H "Un MCHAIOTCA CBOUMH MeCTaMH.

02

Cnyua#t, xorna 3,8 Ha orpeske [%9, X] mensier snak, Goxee cuao-
WeH, MOSTOMY 31eChb ero paccmaTpmeaTb He Gymem [15], [16].
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Npumep 1. Merogom YannwruHa nDOCTPOHTH Ha OTpesKe [0, -%—] He

CKOJIbKO NpHOJMXEHHA 1J1s WHTerpala ypaswenus Puxammu
y' =x+42y2, y(0)=0.
Pemenne. B namem cayuae
[x, )=x+2y2 n [lz]=2"—x—222
Tak Kak ry(x, y)=4 >0, ToO MOXHO NDHMEHHTb H3JIOXKEHHYIO BHIUE TeO

pro. a5 npo6sl MONOKHM
=0 u vy=x. 7]
Hmeem
Iugl= —x=—q (x)<<0,
I'yg]=1—x—2x2=1p, (x)=0

npu 0<x<—2—. CnepoBatenbHo, noays
unM 0<<y<x npn 0<<x<1/2 (puc. 38).
CorsiacHo oflle#i TeOpUH MoJaraem

Po (X)=F, (x, tg)=4uy=0

H
Go(x) =f(x, vz?::i:x, u0)= 0 Up=0 _5, z
_(x+205) —(x+2u5) Puc. 38.

e =2t ug) =2x.

Iyete uy=uy+py ¥ v;=v,—0,. B cuay dopmyas (23) HaXOLHM

x x
[ recnax » =[ o (x) ax x
po=e ﬁome 0 dr=(xax=2,
0 0

x2
Tostomy U= Ha ocHoBanuu dopmyan (24) noayyaem

X
.fqo (x) dxf -fao (x)dx
0

go=¢e" Yo (x)e ° dx =

x x
f 2xdx x —f exdx x
=e’ S (1—x—2x%e ° dx =e*? S (1 —x—2x2) e~ **dx,
0 0

HnTterpaa
X

D (x)= S e **dyx
0
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AB/AETCSH HeaJieMeHTapHOH (OYHKIHeH, KOTOpas TOJABLKO YHCJOBHIM MHOMKHTEJeM
OTJIMYaeTCs OT MHTerpaJsaa BeposTHocTelk [17].
OueBnpHo,
x X X

§ (1—x—2x2) e~ dx=S e~ ** dx—S xe~** dx 4 S xd (e~ %) =
0 ° ;

0

=0 (x) +% (e=®* —1)+xe~ % —® (x) = —-;— (1—e~*%)4-xe~*2,

ITostomy
Oy=— g e g,

H, CJeJ0BaTeNbHO,

- 1 1o\ _ 1 xe
vl.—x—<2+x—-7e )_—Q-(e —1.

Ins kontposs mpousBeieM NPoBepKY 3uaka omeparopa [ [z] npu z=u,
v z=v,. Hmeem
Iul=x—x—2x2=—2x2<0.
Haunee,

I [vl]=xe"2—x—-—;— (€?**—2* 1) =

=(4+x (e"z—l)—% @ —1)=

142x—e*?
l)_T—"
Tpu 0<<x < 1/2 Ha ocHoBaHuu ¢opmyanl Teflsopa moayuaem
e =14x%0" < 14242,

I[vy]> €**—1) (x—x2)=0.

2
== (145 =T ) = e

rge 0<0<1; nostomy

OueHHUM pa3HOCTb
1 x2 x2
v!-u1=-—2—(e —l)—-—2-.

Tak kak (v;—u,) =x (€**—1)=0 npu 0<<x<<1/2, TO

max (0 — ) = (e"‘—l)——é—:-;— (1,2840— 1)—0,125 =0,017.

Hrak,
(e**—1-x2) ¢ Tounocrsio o 0,02.

y=

lhl--

AnasnoryyHo B ciayyae HeOGXOAHMOCTH MOXKHO IOJYYHTE M JajbHeiluue
NpUGJHIKEHUSA HCKOMOTO pelleHHs.

3ameyanue. BoapmwumM Heyno6cTBOM MeToAa YanauruHa siBjisercs
BO3MOXHOCTb NOsIBJeHMS HebGepyuiuxcsi kBaxpatyp. B atom cayyae wus-
Terpajinl MPUXOXUTCA BHIYHC/IATD NPHOIHKEHHO.
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§ 14. Meron Hbotona — Kantoposuga

O6o6was n3BecTHuil meton HbloTona ansi Haxoxaenus Kopue#t an-
re6pauueckoro MW TpaHclleuaenTHoro ypasuewns [23], JI. B. Kautopo-
Buy [30] ykasan cnoco6 pewenus sapaun Kowm, a Takke KpaeBmXx 3a-
nay ans auddepenunanbubix  ypaBHennfh. CywHocTs 3TOro cmoco6a
33K/I04AeTCsl B HAaXOW/IeHHH peuienus IndQepeHlnanbHOro ypaBHEeHUst
MyTeM MOC/AELOBaTe/NbHbLIX YTOYHEHHH HA4Ya/NbHOrO NPHOMMKEHHs, HAXO-
JAMBIX U3 JuHeliHbX AHddepeHnalbHbIX ypaBHeHHi. :

[lyctb, nanpumep, maHo auddepedinaspHoe ypaBHeHHe MepBOTO MO-
psnka

y'=f(x, ) (1)

Y (%9) = Yo, (2)

rae dysxuns f (X, y) aBaxcan auddepenuupyema B obnactu R {|x — x,[<a,
Iy — 40| < b}

[Ipeanoowum, 4To yo =y, (X) ABAAETCA NPHUOJMIKEHHHIM peuleHHeM
ypaBuenus (1), npuuem

C HayajJbHbLIM YCJIOBHEM

Yo (X0) =1,

Torna nanbuefimine npuGamwenus y, (n=1, 2, ...) pewenus 3amauu
Komu (1), (2) nocnemoBarenbHo MOryT ObTh onpemeneHn no gopmye

.'/;H-I—Pn (x) Ypne1=4, (%), (3)

rae p, (X)=/f, (¥, 4, (%) 1 g, (X) =F (X, y, (£)—F; (%, ¥, (X)) ¥, (%).
Orciona

x T
S patty at x ~foawrar
Ypi1 (X) = %o yo+Sq,,('r)e *o dt(,
Xo
(n=0,1,2 ...).
Jloka3smBaeTcsl [30]' 4yTo ecau y,(X)ER (n=1, 2, ...), 10

y(x) =n lim y_ (x)

npu | x —xo|<Ch, rae A n0ocTaTouHo Mano, mpuyeM OBICTPOTA CXOIH-
MOCTH OLIGHHBAETCS HEepaBeHCTBOM

1 n
I}’,, (x)'—y (x) I <2n—1 Y2 'IP'

rae
x

p=max_|yo(¥) —yo—{ f(x, yo () dt|, y=2hpM,ermin
Lx=xo| <h o .
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u
[fy (e, MMy, | foy (%, ISM, B R,

Meton 6bCTPO CXOAMTCS Ha NpOMexyTKe |X—x,|<Ch, rme y<<l1.

§ 15. HexoTopble 3ameuanus 06 ouenke MOrpemlHOCTed pemenuii
aunddepeHunaTbHbIX ypaBHEHU

OcHoBHast Lle/1b NMPUG/MXEHHHX BhIYHCIEHHH 3aKII0YaeTCs B HAXOXAE-
HHH HYXHOTO pe3yabTaTa C 3alaHHON CTeneHbl0 TOYHOCTH. [as sTOro
npexae Bcero Heo6Xx0AMMO, 4TOOb BCe MPOM3BENEHHbE BHIKJIAAKH HE CO-
lepxany TNPHHIMNHAAbHBIX M apudmernyeckux omnbok. I[locnennee
06CTOATENbCTBO OCOOGEHHO BaXHO MOAYEPKHYTh JIJsi YHCIEHHBIX METONOB
peutenns auddepeHunasbHbiX ypaBHEHHH, FAe CXeMb BbIYHCJIEHHHU 10CTa-
TOYHO CJIOXHH H Majefimias own6Gka Ge3HameXHO NOPTHT BCIO JajbHeii-
mylo paboty.

Ecan BHYHC/AHTENAb [TO KOCBEHHHIM MNpPH3HAaKaM 3aMOd03pHT HaluyHe
TakoH OIHOKH, TO AJd MOUCKOB M YCTpPaHeHus ee TpeGyeTcs MHOTO
spemenn. [losToMy pasyMHO NpOBOIMTH NpPeBEHTHBHYIO MOJMTHKY, T. €.
He JOnycKaTb MNOfB/JEHHS TaKkUX OWIMOOK M INpPOAONKATb CYET JIHILUD
B TOM cJyyae, ec/JH HMeeTci a6COJIOTHAas YBEPEHHOCTb B IPABHJILHOCTH
BCeX NPeNIeCTBYIOUIUX BhIYHC/EHHH,

[TpakTHka mokasbiBaeT, 4TO B cyeTe CaelayeT M36eraTh MOCMEIHOCTH
H DPHIEPXKHBATHCH 30J0TOFO NpaBHJA: «JIyylle MeHbile, Aa Jyyluer.

OnbiTHLA BBIYHCAHTE/b 3HAET, YTO HeJb3sl BEDHTb CBOMM OJHOKPATHO
npoBeneHHHM Bhikaankam. HeoGxomum neficTBenHbld TeKyuuit KOHTPOJb
Hal TPOLLECCOM BHYHC/CHHH, MNO3BOJAIOWIMA HEMEeNJIeHHO OOHApYXHThb
BO3HMKIIHe omHOkH. Jlng 3TOH meaw cayxar pas/HYHOTO POJA KOHT-
posasHbie (OPMyJanl M BCOMOraTtenbHele cooGpawenus. Haunnaowmis
BHIYMCAUTENb YaCTO CYMTAET KOHTPOJb H3JHIIHUM M MPHMEHEHHEe KOHT-
POJIbHHX- HOPMYNT HENPHATHON HOMOMHHMTEeNbHOH Harpyskofl. OmHako Ha
CBOEM NeyaJbHOM ONbLITE OH CKOPO yb6exIaercs, YTO MOMCKH JOMylLeH-
HoMt omuGkn Tpe6GyloT Gosbuiell 3aTpaThl BpeMeHH, 3HAYHTEIbHO Mpe-
BOCXOAsiILlell BpeMsi, HEOOXOMHMOE Ha KOHTPOJb.

[apaHTHel NpaBH/IBLHOCTH pellleHHS MOXET CJAYXHTb:

1) npoBepKa BHMNOJHEeHHS yCJAJOBHN 3axaywn (Hanpumep,
nas puddepeHInanbHOrO0 ypaBHeHNs HaiileHHoe NpuG/HKeHHOe pelieHne
MOXHO MOJACTaBHUTb B 3TO ypaBHEHHEe HJH 3KBHBAJeHTHOE eMy M TpoBe-
PHTb pacxoxIeHHe npaBoii M JeBoi yacTelt);

2) nBoliHO! mepecyeT MO BO3MOXHOCTH ILPYTrHM Me-
TOLOM MJH IPYTrHM BLIYUCJHTEIENM,

3) npuMmenenne 6onee rpy6ofi cxeMbH H KayecTBeH-
HbIt aHa1M3 3amavy.

Ecnn H3BecTeH aAropuTM HAXOXAEHH TOYHOTO pelIeHus 3aJayH, TO
JApYrHx oiu6O0K, KpOMe BEIYHCIHTENbHLIX, He nMeeTtcs. [Tonoxenne ycaox-
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HeTCs, €CAd OJSl HAXOXAEHWUs pelleHHs NPHXOMMUTCH IM0Jb30BaThCA MpPH-
6/MHMIKEHHLIM MeTONOM. 31eCh Hapsly €O CAy4aHHBLIMH BHYHC/IHTENbHHIMU
owHOKaMH TOSABJAAIOTC HeH36eX Hble NOrPeIHOCTH NPHOJIHIEHHOTO pelle-
uust BooOute. OTMETHM, YTO OLEHKA MOrPeMIHOCTH NPHO/INKEHHOTO pelle-
HHSI WJH oOuiHe cooOpaxceHHS O ero XapakTepe CylIecTBEeHHO Heo6Xxo-
IMMBI, TaK KaKk B NMPOTHBHOM cJydae moJyyeHHHH ¢opManbHO mNpaBH/b-
HEIl pe3ysJbTaT MOXET MMeTb YHCTO HJIJIIO30PHOE 3HauyeHHe.

st uamocrtpaunn npusenem mpumep [18]. Ilycte TpeGyercst umc-
JeHHO HaWTH pemnlenHe 3azaun Kown:

Y =10y 411y, y(O)=1; y' (0)=—1 (1)

na orpeske [0, 3].
O6uiee pemeunne nuddepennuanpHoro ypaBHenus (1) umeer suxg

-X X
y=ce" 4 el”,

rie ¢, M C,—TPOM3BO/bHEE MOCTOSHHBE,
J1s HCKOMOro pelieHHst 3TH MOCTOSIHHBIE MMEIOT 3Ha4YeHHd ¢; =1 u
¢, =0, mostomy y=e~%, u, clel0BaTe/bHO,

y(3) =e~3 ~ 0,0498. (2)

[TpuMeHeHne OGBIYHEIX MPHOGIHKEHHHIX METOLOB, B CHIY HeH3GemHuX
norpeutHocTef OKpyr/eHHs, NacT NPHO/IMMEHHOE pelleHde BHAA

y=(14¢,) e " J-g,ell”,

rIe &, H €, —Majble N0 abGCOMOTHOR BeNMYHHE NOCTOSHHHE,
[lycTb, HanpuMep, TOYHOCTL MeETONA TakKoBa, 4TO &, =4 10710 4
g, =+ 10719, Torma

Y(B)=(12£10"10)¢"3 11071033 xy  2.10%, (3)

T. €. Jaxe NpH NpUMEeHeHHH NPUOJHKEHHOrO METOAA BLICOKOH TOYHOCTH
noJiyyeHHoe 3HayeHue (3) MOxeT He HMETb HHYero OOLLEro C TOYHLIM
3HaveHnem (2).

Ha npakTtuxe npumepnl Takoro poma BCTPEYAlOTCS CPABHHTENbHO
PEIKO, OJHAKO C BO3MONKHOCTBIO MX NPHUXOAMTCA cyuTatbcAd. B comuu-
TeJbHBIX C/y4asX PEKOMeHAyeTcsl COCTaBasiTb oOllee NpeiCcTaBleHHe O
MOBeJeHHH HMHTErpajbHbX KDHBLIX, B 3aBHCHMOCTH OT 4ero H BHOHpPAaTh
NOAXOAAIWHNA €cn0co6 BHIYHC/IEHHUS,

[Tpn panpuefilinx paccyxienuax GylaeM NpeANnoJaraTb, YTO BHIYHCJIH-
Te/JbHble OLIMOKH TeM MJM HHLIM COOCOOOM yCTpaHeHH MOJMHOCTBIO. 3ail-
MeMcsl cefiyac aHaaM3oM OIIMOOK, MCTOYHHKOM KOTOPLIX SIBJASETCS TpH-
G/HKEHHOCTh BLIYHCACHUH,

O6was cxemMa npuMeHeHus NPHOIHKEHHBIX MeTONOB TakoBa, [lycrts
y (x)—uckomas dynkuus, 3Hadenus y (x;) KOTopoH 06ni4HO ompenens-
I0TCS A/l CHCTEMbl PABHOOTCTOSILHUX TOUCK X; =X+ A (1=0,1,2,...).
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O6o3naunm uyepes Yy, =y (X;, Yo, Y1, -+, Y;i-y1) NOCAECNOBATEAbHLIE 3HA-
4yeHusa npu6nm|(eHH0r0 pewenud. Torna npeaeanbnas abconoTHadg mo-

rpewocTh NpHGJ/IMKEHHOTO pelieHnss y BLIPAasUTCA ClefylolHM 06pa3om:

E;=|yi—yil. (4)
~
Mycts y; ecTb pe3ynbTaT MpUMEHEHHS NpPUGAHXEHHOro MeTona
ot
K TOYHOMY peIUEeHHIo, T. €. ¥y, =y (X}, Yo, Y1, - - -» Yi_). TOrma MOXHO
npuuaty E;=Ej -+ €;, rie
* )
El=lyi'—yi| (5)
— TaK Ha3blBaeMasi no2peuHocTs meroda, a
~ -~
e;=|y;i—yi| (6)

— TaK Ha3bIBaeMasi TeKywjas no2peutHocTo.

[orpemnocte Metona E] npeacrasisieT co6oft ommn6Ky, MpOMCXOAdA-
lyl0 OT 3aMeHbl TOYHOrO aJropuTMa pelleHHs npuOAMNeHHbIM, IJTa mo-
rpemiHocTh HeycTpanuMa. [loaToMy MeToa BblYMCIeHHH [A0MKeH OHTh
BbiOpaH Tak, 4TOOH MOrpemiHoCTb €ro Ha MmocjJefHeM luare BLIYHCTACHHR
He MpeBhIUAaJad 3a4aHHOH BeNHYHHH.

Hro Kacaercs Tekyulel MOrpeumiHOCTH METOAA &; TO HCTOYHHKOM ee
fIBJISIETCS PAcXOXIEeHHe MexJy pe3ybTaTaMH NPHMEHEHHs NAHHOIO Me-
TOLAa K TOYHOMY H OpPHOGIMNKEHHOMY pelleHHM. 3HAaYHTEJIbHYI0 PpOJb
31eCb Mrpaer OKPYr/JeHHE MPOMEKYTOYHbIX HAHHBIX,

OO6HYHO MOPSIAOK TOYHOCTH MPHOMMMCEHHOr0 MeTONa GHIBAET M3BECTEH,
lon stum nouumaercs caenyiomee. [lycTb U3BeCTHH 3HAYEHHA TOYHOrO
pewenus yy, ¥;, Yy, +.., Y; 1 OUYEPENHOE 3HAYEHHE Y;,, PaA3NOWKEHO
no creneusM wara i B pan Tehnopa, T. e,

0 .
yima=as +alh+am4 ..,

1 1
rae aL’=,,—,y$’” (p=0,1,2 ...).
Hanumem pasnowenue B psin Teitnopa no crenewsm h 3nauenus

!;i+1=;(x.'+h. Yoy Y1) <y yi)r

HalilenHoe B pe3y/abTaTe MPHMEHEHHS JAHHOTO NpPHO/IHXEHHOrO Merona
K TOYHHIM 3HAYEHHAM Yo, Yy, ..., Y;. Bylnem umerp

gi =60+ n+on2 ...

Ecin pas Bcex I BLIMOJNHEHH pPaBeHCTBA bg) = a},[’ npup=0,1,...,m,

. ; ‘
npuueM by, == al)y, 19 HEKOTOPWX i, TO UHCIO m Ha3bIBAETCH W O-
PALKOM TOYHOCTH MPpUOGAHKeHHOTO MeTona. Ilpu aTom no-
FPEIIHOCTh METOZA HA KaXIOM ILiare uMeer nopsaox O (A™*1),
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Ecnu yncno m onpenenedo, To aast rpyOboif OLEHKH NOrpPeMIHOCTH
MeTO/la MOXHO NPHMEHHTh TaK HasuBaeMbt mpunuun Pyunre [18].

[lycTb, HanpuMmep, Ha Ka¥AOM uare A JOMYyIL€HA MOrPEIHOCTD, MPH-
6an3uTenbHO nponopunoHansHas A"l (mZ>=1), u 2n npencrasaser
co6oii obuiee yuC/NO LIATOB BHIYUCAEHHA.

B Takom cayuae, mpeamonarasi, 4TO NOTPEUIHOCTb HA KaXAOM wiare
onHa u Ta e, pasHas AA™*l npuGmuKeHHO mosy4aem

Yan— Yo, = 2nAR™ 1, (7)

rae A —wuensBecTunlii YHCIOBON MHOKHTEND.

CornacHo Pyure npou3BoauM TeM Ke METOAOM BTOPHYHKIA mepecyer
HCKOMOro pellendsi y ¢ nBoiiHnM warom f/ =2k, Torpa B cuny Hawero
NpeanoJIoXeHnss OyAeT NOMNylieHa MNOrpeIlHoCTb

~ %
Yn—y,,=nA(20)""1, (8)

- .
rae ¥Y; (i=0, 1, 2, ..., n)—cCcOOTBeTCTBylOLlHEe 3HAYEHHA B TOUKAX
§; =X, -+ Hi pesyabTarta, no/yuyeHHOro NpUMEHEHHEM JAHHOrO NpHOG/H-

WeHHOro metoma ¢ warom H=2#h,
Y3 ¢opmya (7) u (8) BuiBOAUM

Yan—2nAR™L =V, — 27+ 1 Ap™+1,

Orciona Haxoaum HEHU3BECTHYIO MOCTOAAHHYIO

‘7* ~%
A= n""Yzn
TonET 1) AT
H, C/IeI0BaTe/bHO,
P sy
n 2n
Yon=HYon—Sm—7 - 9
2 1
Takum o6pasom, npubAMIKEHHO MOWKHO MOJIOWKHTH
. Yn—1,
E L1 (10

3amerum, uto dopmyny (9), npesebperas Tekyuied MOrpemIHOCTHIO,
HHOTAA MCMOJb3YIOT NJIA OLEHKH MOJHOH MOrpeImHOCTH pelleHus,
npu6AMKEHHO nonaras

~ fl —n
y2n=y2n—_2n_m_—_y_fﬂ’ (11)

rae Y, =y (x5, Yo, ¥y, ..., V,_1).
[Npumenum npuuuun PyHre nis OLEHKH NOrpeliHOCTH MeTOxOB Pyn-
re—Kyrta n Angamca, npudeM OrpaHHYMMCS JHIIb PaccMOTpeHHeM Aud-

(epeHLHa/IbHOrO YpPaBHEHWSI TEpPBOro nopsika
y'=f(x, y) (12)
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npyH HayaJabHOM YCJIOBHH
Yy (x0) =y,. (13)

1. Meton Pyure—Kyrra. lopsnok Tounoctn Merona Pynre —
Kyrra mns ypasuenns (1) ectb m=4 [20], [18] (cm. § 7). Tlosromy
u3 Qopmyan (11), mpum coxpaHeHHH BBeIEHHHX BhiIe OGO3HAYEHUH,
HMeeM

~

~ 1 ~
y2n=y2n_ﬁ(yrx—y2n)' (14)

2. Meton Anawmca. IlpuMensisi BTOPYI0O HHTEPNOJISLHOHHYIO (Op-
myny Heiotona ¢ octaToynmM unenom (cM. [23]), moayunm ¢opmyny
MOrpelIHOCTH MeTona

xi+h
E;: S 11(¢7+1)(44']i-2)(¢7+3) h“f“’(?;)dx <
¥

1
< max | fV(%) |55 (g* +Bg® + 11g° + Bg) dg =235 4 max £V (x) |. (15)

0

[Mpu6anmeHHO MOXHO NONOXHUTD

251 1 ,
BT 0V ()= A (),
CnenosatensHo,
E;:%maxlA‘* (hy')|. (16)

V3 ¢opmyan (15) BbiTekaeT, YTO NMOPALOK TOYHOCTH MeToxa Anamca
m=4. Kpome Toro, ecau A% (hy’) nouTH nMOCTOSIHHBI, TO MOKHO MOJb-
3oBatbes ¢opmyaoit (10). Bonee Tounas oOlLeHKa NOrPEWIHOCTH MeTOna
Anamca nmeercsi y Konmatua [18].

Yro kacaeTcsl TeKyuleHd MOrpeuIHOCTH MeTOIA €;, TO OlleHKa ee B 06-
LieM ciyyae 3aTPyHHHTENbHAa, H STHM BONPOCOM 31eChb 3aHHMAThCs He
OyneM. 3aMeTHM, OJHAKO, YTO Pa3/HYAOT YCTod4ugble CXembl BbluUCAe-
Huil, Koraa HeGOJbUIME HayaJbHbHle OTKJOHEHHS 3aTyXalOT B mpolecce
pellieHHsl, W HeycToudusble CXembl BblMUCAEHUL, TIPH KOTOPHIX Jae
HHYTOXHO MaJjible HayajJbHble OTKJOHEHHS HeOTPaHHYEHHO BO3pacTaloT
C yBeJMYEHHEM YHCIa LIATroB.

Ins mnddepenunansHoro ypasnenus (12) MOXCHO yKasaThb elle OIMH
cnoco6 3akaiounTenbHOH mpoBepkH. Mimeem

=
y(x) =90+ Flx, y(0)]dx. (17)

Xo

Wcnonp3ys nalinennbie npuO/HXEHHBE 3HAUCHHA

y(xy) (=0, 1,2, ..., n)
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u npuMeHsis K npaBoft uacth paBeHcTBa (17) omuHy M3 KBagpaTypHBIX
dopMy1, nOAyYHM

-!;(xn) =Y +2 A fxy, !;(xk)].
k=0

rae A, —HeKoTOpHE MOCTOsHHbE KO03ddHUHEHTEH,
3a npenenbHyI0 aGCOJIOTHYIO NOTPEIHOCTh NPUGIHKEHHOTO PElIEHUs

g (x) npu Xo < X < X, MOXHO TMPHHATH BeAHYHHYy E, = Iy (x,) —y (x,) ]

JIUTEPATYPA K T'JIABE III

[I] Crenanos B. B.,, Kypc guddepeHunanbHpx ypaBHeHuil, usn. 8, owus-
matrus, 1959.

[2] I'leTpoacxnﬁ H. T., Jlekuuu no TeopHH OOGBLIKHOBEHHHX AH(depeH-
UHaNbHBIX ypaBHeHuit, usg. 5, «<Hayka», 1964.

3] ,D;sesm uaosunu b. II., Ilnqa(pepeﬂuuanbﬂble ypaBHeHHS, APT. MHX. aKap.,

[4] TOIJII CnggB I. IT., Kypc mMaremarnueckoro axaiausa, 1. I, usg. 2, 1957,
T

[5] dabcroabpu JI. 3., O6bikHOBeHHBe puddepeHUHaNbHBIE YPaBHEHHUA,
Tocrexusgar, 1954.

[6] Ctroxep [ k., HennHeiinole KoneGaHusi B MeXaHHYECKHX H SJEKTpHye-
CKHX CHCTeMax, I/IJI 1952, ra. III.

[71Cukopckuit IO, C OGbIKHOBEHHBIe nuddepennuansHole ypasHenus, [oc-
Texusgar, 1940, ra. III.

[8] Bentuens O. A, u Mlanupo f. M., Buemnsas Gannuctuka, O6opoH-
ru3, 1939, ra. IIT u VI.

[9] Bupkroo HOx. ., Jduxaamuueckue cHcTemsl, [ocrexuspar, 1941, ra. IX.

[10] KpsianoB A. H., Jlekuun o npuGaHxKeHHBIX BbIYKCIeHUAX, [ocrexuspar,
1954, ra. VII.

[11] I‘ypcg{a Kypc Matemaruueckoro aHaausa, t. II, u. 2, IT'TTH, 1933,

[12) Toreiizenn I'.,, O6bikHoBeHHbe AuddepenuHanbHbie ypasuenus, OHTH,

1937, ra. II.

[13] Muapxuo ., Uurerpuposanne auddepenunanbueix ypasuenuit, I'TTH,
1933, ra. IX.

[14] Muau B. ., Uncnennoe pemenne pupdepeHunanpHbix ypasHenuit, HJI,
1955, ra. III.

[15] Uanawru i C. A, HoBblif MeToa npuG/IMIKEeHHOr0 HHTErpHPOBAHUA AHd-
(epeHUHATBHBIX ypaBHenuu Tocrexuspar, 1950.

[16] JIysuu H. H., O meroge npubauxeHHoro HHTerpupoBaHus axkaj. C. A.
YUannasiruH a, Tpyast LATH, 1932.

[17] Auke E. u Ompe ., Tabauun dysxkuuit ¢ dopMynaMH M KPHBBIMH,
dusmarrus, 1959.

[18] Koanartu JI., UncsienHsie MeTofn pemeHusi auddepeHuuanpHbIX ypas-
nenui, UJI, 1953, ra. 1.

[19] Ckap6opo Hdx., UuciaeHHble MeToibl MaTeMaThdeckoro aranusa, I'TTH,
1934, ra. XI, XIII.

[20) Be3aukxoBuu f. C., Ilpubnuxkennsie BuluuciaeHuss, [ocrexmspar, 1949,

ra. X.
[21] ®poanos C. B,, Ipubnuxennsie Buiuncaenns, MBTY, 1948.



208 PELIEHHE OBBLIKHOBEHHBLIX IHO®EPEHUMAJIBHHIX YPABHEHMH [rn. m

[22] ®uxTtenroabu I'. M., Marematnka ans uHxkeHepos, 4. II, Bem. 2,
I'TTH, 1933, ra. XVII.

[23] DemunoBuua B. I1.,, Mapoun U. A.,, OcHOBL BLIYHCJIHTEJIbHON MaTeMa-
Tuxkd, u3n. 3, «Hayka», 1966, ra. XIV.

[24) Bepesaun U. C.,, )Kuakor H. I1.,, Metoant Bhiuucaenuii, Pusmarrus,
1960, t. II, ra. IX.

[25] l'lo.r{,omnﬁ I'. H..n np., Maremarnueckuit npaktukym, ®usmarrus, 1960,
ra. V.

[26] Cucrema cTanpapTHHIX moznporpamm, noj pea. M. P. Ilypa-Bypa, ®us-
marrus, 1958, ra. VII.

[27] Bentueas HO. A.,, Bentnear E. C., DreMeHTH Teopnn mnpu6au-
JKEHHBIX Bhluucaenuil, usg. BUA um. )Kykosckoro, 1949, ra. VIII.

[28) OnnokoB I'. B., Uncnennoe unterpupoBanue auddepeHmnanbHbiX ypas-
swennit, FTTH, 1932, ra. II.

[29) Muxauu C. T., Cmonuuxkuit X, JI., IlpuGnmxennsie MeTonH pelle-
Hus auddepeHUHaNbHEIX W UHTerpalbHEIX ypaBHeHHil, cepus «CnpaBounast
MmareMmaTdyeckas 6ubaunoreka», «Hayka», ra. I, M., 1965

[30) KanTopoBuu JI. B., DyHKUHOHAJBHEI aHA/N3 M NPUKJIAAHASA Mare-
MatHka, YMH 3, Bumn. 6 (28), 1948,



TITABA IV

KPAEBBIE 3AJJAYH AJI1 OBbIKHOBEHHbBIX
AU SEPEHLUMAIILHLIX YPABHEHUMA

§ 1. O6mas moctanoBka Kpaesoil 3anaaw

Paccmotpum mnddepenunanbHoe ypaBHewHe £-ro nopsiika (n=2)
F(xs Y, y’: ey y("))=0~ (N
Kpaesas 3anmaya nna ypaBHenns (1) 3axiouyaeTcs B CJAedyiolleM:

HaliTH pemenHe y = y(x) ypaBHenus (1), mas KoOTOpOro 3HayeHus ero
NTPOM3BOJHBIX

y(g)-—_—y(‘) (xi) (S-_—O, ], ceey 0',')

B 3ajaHHOM cucTeMe Touek x=x; (i=1,2 ... 6 k; £Z>=2) ynosier-
BOPSIIOT 72 HE3ABHCHMBIM MEXIy COOG0H kpaesoim ycaosusm, B o6lLeM cly-
Yae HEeNHHEeHHH M

Vol 0y cov s 30, iy Up Y ooy 40W) =0 (2)
(v=1, 2, ..., n).

Tak xax B cuay ypassenus (1) npomsBoanme y'® nopsiaka n u Bhie
MoryT GHTb B OGLIEM CJy4Yae BbIpaXEHH Yepe3 HCKOMYylO GyHKUHMIO ¢
M ee miammive npoussonpuse y', y”, ..., y" "V, TO MOXHO CYMTaATb, 4TO

o, <n—1 (i=1,2 ..., &v=1,2 ..., n). 3)

KpaeBass sapaua (1)—(2) uyacto BcTpeuaercs B npuaoxeHuax. Ilpn-
BEJEeM NpHMeph KOHKPETHbIX KpaeBhIX 3alay.

NMpumep 1. Mpocmedwan deyxmoueunana kpaesas 3ada«a. Haiitn ¢pynx-
nul Y=y (x), ynoBJeTBopsoOmMYI0 JH(pdepeHnrasbHOMY YPaBHEHHIO BTODOrO

nopaaka
y'=fx, v, y') (%))
N NPHHUMAOILYIO IpH X=a U x=>b (a < b) 3ajanuble 3Hayenns
Yy (d)=A; Yy (b):-——B.
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[rn, v

l"egme'rpuqecxu 9TO O3HAayaeT, 4To 'rpe6yerc;l HalTH HHTErpaJibHyl0o KpHBYIO

A N

[}

nuddepennnaspHoro ypaBHeHHs (4),
NPOXOAALYI0 4Yepe3 JaHHbHE TOYKH
M (a, A) u N (b, B) (puc. 39).

Ilpumep 2. BupousameHeHHeM
3ajayl, MpHBeAeHHOH B mpumepe |,
6yler: HaHTH Takoe pemeHye y=y (x)
nupdepeHnassHoro  ypasHeHus (4),
4TOObL

Y (@)=A4y y' (b)=B,.

o e e e

Puc. 39.

npsaMble X =a Hu x=b noj 3aJaHHbIMH COOTBETCTBEHHO YrJaMu O H ﬂ TAKHMH, 4YTO

8

TeoMeTpuuecKHu 3Ta 3aaya CBOJHT:
Cfl K OTBICKAHHIO HHTErpajibHOH KpH-
Boil ypaBHeHHs (4), nepecekaiomei

tga=A4; n tgPf=5B;

(puc. 40).

ITpumep 3. MoxHO paccMOTpeThb TaK¥XKe CMELIAaHHYIO KpaeByio 3ajauyl

HaiTH peuieHue Yy =y (x) gudde-
peHUHaNbHOrO YypaBHeHHus (4),
YZIOBJIETBOP SHOLIlee YCJIOBHAM

y(@)=A4, y' (b)=B8,.

WnbiMu cnoBamu, Tpebyercs
HalTH HHTETPaJbHYI0 KPHBYIO
ypaBHeHHd (4), NpoXoAsulyio ue-
pe3 3anaHHylo TouKy M (a, A)
1 nefecekalomyio npsamyn x==b
nojg  jJaHHeIM  yrJaom f, rze
tg =B, (puc. 41).

3amerumM, yTO 0OLIAA Kpa-
eBast 3agaua (1)—(2) moxer

a) He UMeTb peuleHHi;

6) uMeTb  eIHHCTBEHHOE
peliexue;

B) MMETb HECKONbKO H
Jaxe OECKOHEYHO MHOTO pe-
nieduf.

[Ipumep 4. Kpaesas 3a-
naua

y"+y=0, y0)=y(n)=0 (5)

HMeeT 6eCKOHEYHO MHOro pete-
HHH BHRa y=csinx, rne
C—IIPOH3BOJIbHASL IOCTOSHHAS,

4

Puc. 40.

Puc. 41.

KpaeBast sagaua y'+y=0, y(0)=0, y(b)=1npn0 < b< 5 HMeeT exun-
CTBEHHOE pelleHue yb=:—;2-—;;. a mpu b=rn coBceM He HMeeT pelleHHH (puc. 42).
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B nmanpHefiieMm, kak mnpaBuso, OyneM npennosarath, 4YTO peuleHHe
KpaeBoM 3ajaunm CyuwleCTByeT M OHO enuHcTBedno. Hama wmenp Gyner
3aK/II0YaTbC B HAXOXIEHHH STOTO pEIIEHHS,

Cneunduueckylo 0cO6eHHOCTb HMEIOT KpaeBbie 3ajmayn (1) —(2), rme
ofHAa WM JBe u3 alClHMCC X; NPHHHUMAIOT 3HayeHHs =+ oo, C Takumu
3ajayaMH MPHXOILHUTCS CTAaJKHBATb-
csl, HampuUMep, B KBaHTOBOH Mexa-
uuke, [IpuBeneM TunuuHylo nocra-
HOBKY OJHOM W3 Takux 3anay.

Mpumep 5. Haiitn pemenne
x=x (t) HeauHeliHoro audpdepenHaIL-
HOT'0 ypaBHeHHs

.. . . . d
itap ew=0 (i=%).
(6)
yIOBJIETBOPSIIOLIee KPAEBLIM YCJIOBHAM
% (0)=x9, ¥ (F+ 0)=A,rae A=A (x,).

Takum 06pasoM, peyb MIET O pashHICKaHUM HHTerpajibHOH KpHBO#H audde-
pennuasnbHoro ypasHewus (6), npoxoasmeidt uepes pannyio Touky M (0, x,),
orpanuyeHHolt Ha GeckoHeuHoMm HuHTepBane (0, - o) n umewowei npu ¢t —-+ oo

z

Puc. 42.

x
\
)
8
<

S T~

Puc. 43.

HEKOTOPYIO FOPH3OHTAJNbHYIO aCHMNTOTY X =A, npuyeM BeJHYHHA A TaKXKe JOJNKHA
ObiTh ompejie/ieHa MO 3aJaHHOMY 3HayeHHIO X, (pHc. 43).

AHaJOTHYHO CTaBSITCA KpaeBble 3afayu I CHCTeM XHddepeHianb-
HBIX YPaBHEHHH.

3aMeTHM, YTO KpaeBble YCJOBHA BHAa (2) He HCYEpNHIBAIOT BCeX
KpaeBbIX 3alay. B HeKOTOpHIX C/lyyasx OTHAe]bHBIE 3HayeHus aGcuuce x;,
B KOTODHIX 3aJal0TCs 3HAYEHUS HMCKOMOM (YHKUMH y MM ee NPOH3BOI-
HEIX, TaKX€ OCTAalOTCHd HEU3BECTHLIMH M JOJKHH OHITh HalLeHH W3 ycJo-
Buil 3amaud. K uucay Takux 3amad OTHOCHTCS, HanpuMep, sadada o no-
pasiceruu yeau 6aAAUCTUHECKUM CHAPACOM,
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Mpumep 6- Kak wusBecTHo, nuddepeHunanbuble ypaBHeHHS ABHKEHHS
CHapsaa C YYeTOM CONDOTHBJEHHS BO3AyXa HMEIOT BUA

= — E cos O,
y=—Esin®@—g [ @

(Toukn oGosnauatoT anddepenuuposanve 1o spemenn f), rae E=E (y, v)—us-
BecTHas (yHKUUA BLICOTEl ) H CKOPOCTH v=Vx2—|—i/2; g=g (y)—ycKopenue

cuan Taxectu, @ =arctg —y.-—yron HaK/IONla K FOPH3OHTY KacaTeJbHON K Tpa-
X
eKTOpHM CHapsja.
[pexnonaras, 4To B MOMEHT t=1{, cHapsj Guin Gpowen B Touke O (0, 0)
C HauaJbHOH CKOPOCTBIO Up, HANpaBJeHHO mnox yriaoM 8, K ropusoury, u B

y=y(x)

Z
Puc. 44.

MOMEHT BPeMeHH {=¢{, nopasu/l HeMOARHKHYIO ueJb M C KOOPAHHATAMH X=X,
u y=y, (puc. 44), nosyyaeM cJefylOUYI0 CHCTEMY KpaeBhlX YCJIOBHIi:

x=0, y=0, k=UQCOS®0, !j=vosin 90 npu t=t0; (8)
Y=Xy, Y=Y, npu f=ty;

3eck yros 6pocanus 6, (mapameTp) H MOMEHT MOpaKeHHS LeJH ¢; TaKKe fB-
JISTOTCA HEH3BeCTHBLIMH.
Pewns kpaesyto 3anauy (7) —(8), mosiyuaeM BO3MOKHOCTb HAaHTH HayasbHbli
yroa 6pocanus
0, =arctg ﬁ ,
Xo

rie Xo=x (ty) m y'.,=y'(t0), MpH KOTOPOM NOCTHIaeTCA MOopameHHe LesH. 3amaua
YCAOKHAETCH, ecay ueJb NOJABHIKHA.

§ 2. Jluneiinasa xpaesas 3apaua

PacecmoTpum Gosee moapo6uo Bawubld yaCTHBIH caywalf, Koraa aud-
¢depeninaibHOe ypaBHEHUE M KpaeBbie yc/oBusi Judelinnl. Takas kpaemas
3aj]a4a Ha3bIBACTCH AuHelHOl kpaesol 3adauell.

Jluuetinoe nuddepenunanbyoe ypaBHeHHe 71-ro Nnopsaka COKPaleHHO
MOXHO 3amHcaTb B BHIE

Lly]=F(x), (M
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rne L{yl=po () y™ +p (%) y* "V + ... +p,(x¥)y, npuyeM o6uYHO
npeanonaraercs, 4ro p;(x) ({=0, 1, ..., n) u f(x)—wu3ssecTuue
HenpepbiBHble QYHKUMH HA JIaHHOM OTpeske [a, b].

Las npocToTel Gynem npennosaraTb, YTO B KpaeBble YC/IOBHS BXOAAT
ABE aGCUMCCH X;=a H X,=0b (a << b) —«koHun otpeska [a, b]. Takue
Kpaesnle YCJOBHS Ha3LIBAlOTCA O8yxTo4edroimu. KpaeBrnie ycnosusi Hasu-
BAIOTCA JIMHEHHBLIMM, €C/IH OHH HMelT BHI

Rilyl=v, (v=1,2, ..., 1), @)

[

raoe
R.[y]= 2 [af”y® (a)+ By (6)]

uoaV, BV, y,—3anaHHMe NOCTOSHHHE, MPHYEM

n=—1i
2 (| +[B7) 520 mpn v=1,2, ..., n
=0

Hanpumep, kpaesbie ycaosusi, npusenesnsie 8 § 1 (nmpumepw 1, 2, 3),
JHHelHBl, TaK KaK HX MOXHO 3amucaTh B BHIe

oy (@) + 0.y’ (@) =7v;, Boy (0)+ Byy’ () =1v,,

rne @y, a4, By, By Y1, Yo— 3amannne mocTosinnne. deficTBHTENbHO, MK
3anaun npumepa 1 numeem

a=1 0,=0; y,=4; Bp=1; f,=0; y,=Bur n

JlnvelHBIMA KPaeBHMH YCTOBHSIMH SIBISIIOTCA TaKXke YCNOBHS NEpHO-
IAHYHOCTH, KOTOpHE B caydae Aud¢epeHunanbHOro ypasHeHHs BTOPOro
1HOPAAKA MMEIOT BHI '

y(ay=y (), y' (a)=y’(b).

Jlnne#nas kpaeBas 3alaya COCTOMT B HAXOMJEHHH PyHKIMH y =y (X},
yaosaeTBopsiouest nuddepennnalbHoMy ypaBHernio (1) n kpaeBniM ycao-
BHAM (2), nmpHYeM MoCJeIHHe MNpeNrno/araloTcs JHHEHHO He3aBHCHMMLIMA,
Jlunefinas xpaeBas 3amaya Ha3HBaeTcsi OOHOPOOHOLU, ecad, BO-NEPBHX,
f(x)=0 npu a<<x b, 1. e. nuddepenunansioe ypasuenne (1) onno-
ponHo, H, BO-BTOpHX, y,=0 (v=1, 2, ..., n), T. e. HMeIOT MecCTO
ONHOPONHHE KpaeBbl€ YCJOBHA; B MPOTHBHOM CJydyae KpaeBas 3alava
(1)—(2) na3swmiBaercs HeodHOpoOHOL.

. Npumep 1. PaccMorpuM 3ajauy o6 usru6e ropH3OHTa/JbHON GanKH Aan-
Ho# [ Jexaue# Ha ABYX onopax x=0u x==1{, nox geﬁcmuem pacnpep.eJleHHon
nonepeyHoil HarpysKkH ¢ JMHEHHOH MNOTHOCTBIO ¢=q (x) (pHc. 45).

Hs Kygca CONpOTHBJIEHHsA MaTepuaJjioB H3Be€CTHO, 4YTO Bep'rm(aJleui’l IlpOI‘DG

ONIHOPONHOH 6aJIKH NPHOIHKEHHO YAOBJIETBOPSET JHHEHHOMY AP depeHnaIbHOMY
ypaBHEHHIO

[EI(x) y') =q (x), @
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rne El (x)—xecTkocTb Ganku TpH u3ruGe, mpuueM wu3rubaomuii mMoment M
M monepeyHad cusaa Q onpejessioTCSl M3 COOTHOLUEHHit

M=EIl(x)y" v Q=M"'=[El (x)y"]".

KpaeBme yca0oBHA 3aBUCAT OT cnoco6a 3ajesKd KOHLUOB G6aJsiKH. l'IpnBegeM
OCHOBHbBIE CJydaH.

"

z

0 . . 7, S

- ! -

vy

Puc, 45.

1. Koneu cBoG6onen. Hyno paBub m3ruGawowuii Momenr M u none-
peunas cuna Q. IMostomy kpaessvie ycrosus s c80600n020 KoHya GalKH CYTb

y”=0 H yu/=0. (4)
2. Konen wmapuupuo onepr. Hymo paBHn mnporu6 y u marubaio-
muii Moment M. IlosToMy Kpaesole ycaosus 048 WAPHUPHO ONEPMOZ0 KOHUA CYTh
y=0 u y"=0. 4')
3. Koneun xecTko 3agenaHd. Hymo paBHb nporu6 y u yrona mnoso-
pora @=arctg y’. Iloatomy kpaesbie ycaosusn ocecmKo 3a0esAHHO20 KOHUA CYTb
y=0 u y =0. ")
Bo3amoxHbl Takke Apyrue, GoJjiee CJOMHbIE CJY4YaH KPaeBLIX YCJOBHIl,
3apaua (3)—(4), oueBHAHO, sABJAsETCH JHHeHHOH KpaeBoit 3ajaueil.

Mpumep 2. Ilycte xecTkocTs Ganku E[ noctosinHa, Torga ypaBHeHHe (3)
Ang nporuba y 3aMeHsieTCsl CJeAYIOUIMM YypaBHeHHeM:

ElylV=gq(x). (5)
IMpennonoxum, 4ro GajKa LIapHHPHO 3aKpenseHa Ha KoHue x =0 H XecTko
3ajeslaHa Ha KoHne x=/[. B Takom cayuae /g nporu6a y BHIIOJNHEHH! KpaeBbie
(rpaHHuHbBIE) YCJOBHA:
y(0)=0, y”(0)=0’ } 6)
y()=0, y’ (h=0.

Kpaessle ycioBust (6) sABAAIOTCA JHHEHHBIMM OLHODOLHBIMH, TaK KaK HX
MOXHO 3anHcaTh B BHJe

1y (0)+-0y" (0)+0y (1) 4 0y” (1) =0,
0Oy (0)+1y" (0)+ Oy (/) + 0y’ (1) =0,
0y (0)+-0y” (0)+ 1y () + 0y’ ()) =0,
0y (0)+0y" (0)+0y (1) +1y" (1) =0.

Kpaesyio 3agauy (5)—(6) pewuts Herpyaso. Ilpexnonarasi jas mpocroThl,
YTO MJOTHOCTb HarpysKH NOCTOsAIHHA: g (x)=p, OyJeM HMeTb

4
EIy=%);——|-c1x3+czx2+cax+c4.



§ 2] JMHEHHAS KPAEBAS 3ANAYA 215

H3 rpannunnix ycsoeuit (6) BHTeKaer

! 13
cl=—’;'_6'i C2=0, Ca=z—8 ’ C4=0.
Takum 06pa30M, HCKOMO€ pelueHHe €CTb
y= E—’l’” (2x8 — 31x3 4 I3x).

DTOT npHMep MOKa3HBAET, YTO B CJyyae, KOTAAa MOWKHO HalTH ofuiee
peumiende HuddepeHlanbHOro ypaBHEHHs, IByXTOdYeyHas Kpaeas 3a-
zaya He GoJee TpyIHa, YeM 3aZadya C HayaJbHLIMH ycaoBusamu. OnHaxko
ecau ofliee pelleHHe ypaBHEHHS He MOXET OHWTb HAHIEHO pPeryasipHHM
nyTeM, TO pelleHHe KDPaeBOW 3alayl NPHBOAHT K HOBHIM TPYILHOCTSM,
TaK KaK He HMEEeTCH Haya/bHOM TOYKH, UCXOAS H3 KOTOPOH MOWHO GHJIO
6bl MOCTPOUTHL pelleHHe ONHUM H3 PAaCCMOTPEHHHX BHILIE METOHOB.

Puc. 46.

Oanoponnas kpaeBas 3amaya (1) —(2) Bcerma mumeer TpHBHAJIbHOE
peutenne y (x¥)=0. OnHako BO MHOLHX C/yYasix NpPEeACTaBAAIOT HHTEpeC
HeTPHBHANbHHE DPelIeHHS STOH 3aNaydH, KOTOpHE CyLIECTBYIOT
ve Bceraa. Ilostomy B nuddepenunasbroe ypasHenue (1) uanm B kpaesne
ycnoBust (2) BBOASAT mapaMeTp A, BapbHPysl KOTOPHIM MOXHO HOGHMThCH,
uyTOGHI TIPH HEKOTOPHLIX €ro 3HaYeHHsSX COOTBETCTBYIOLLAfl KpaeBas 3anaya
UMena HeTpHBHA/bHHE pelleHHsl. DTH WCKJIIOYMTE/bHHE 3HAYEHHS mapa-
MeTpa Ha3bIBAIOTCH COOCTBEHHbIMUI BHAYEHUAMI WM XAPAKTEPUCTUYECKUMU
4uciamu 3alayd, a OTBeYaloliHe HM HeTPHBHANbHHIE PpeIleHus — co6CT-
gennoimu pyHkyuamu 3anayu. TakuMm o6Gpa3oM, NPHXOAMM K TaK Ha3H-
BaeMOH 3adaue O COOCTBEHHbIX 3HA4YEHUAX — BawHeHwel 3amavye coBpe-
MEHHOrO MaTeMaTHYeCKOro aHajiu3a.

INpumep 3. PaccMoTpuM 3afauy O NPOLOJILHOM H3rHGe CTepXHS MOCTOSH-
Holt »kec TKocTH EJ moj JelicTBHEM CXKuMaloweil CHJb P, HanpaejieHHON BROJD
ocu crepxHs (3a0awa Jisepa). Ilpexnonoxum, u4To MeBHH KoHel cTepxkHsA x =0
3ajesiaH, a npasblii x=/ onepT (puc. 46). Kak H3BecTHO, BeJuyuHa y=y (x) —
OTKJIOHE HHE CTEePXHS OT €r0 OCH — YJOBJIETBOPseT JuddepeHHaNbHOMY Yy paBHEHHIO

P
V4 — "=
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rge P urpaer poJib napamerpa. KPOME TOro, corJacHo Cl'10C06y 3aJ€JIKH CTEePXXHHA
Ha ero KOHUAaX JOJIKHBI ObITb BbINOJHEHBI KpaeBble YCJOBHA!L

y(O)y=y (0:=0, y@)=y"(H=0. (8)

TpeGyercsi HaiiTh MHHUMaJIbHOE 3HAaueHHe CHUJbl P—Tak Ha3biBaeMylo Kpu-
mudeckyo cuay, NpH KOTOPOH BO3MOXKEH NPOAOJLHBIH H3rnG. MaTeMaTHUeCKH
BTOT BONPOC CBOAMTCH K ONpPEUeJIEHHIO HaUMEeHbIUEro MOJOXKHTENLHOrO 3HAYeHUS
napaMeTpa P, npu KOTOpoM KpaeBas 3anada (7)—(8) HMeeT weTpuBHaJbHOE
peleHue.

O6uee pemenne auddepernnanbHoro ypasHenusa (7) umeer BHL

Y =2Cy -} CaX 4¢3 COs ax 4 ¢y sin oux,

e
a= ]/— 9
H Cy, Cyy Cz C4— TIPOU3BOJIbHBIE TOCTOSHHLIE,

Ha ocHoBaHHW mepBbIX JABYX KpaeBhX ycJsoBHi (8) noayuaem

O=c,+c¢3 O=c,+4cya.

rae

c
Orciopa ¢3= —¢y, Cq4= -—-O% , H, CJefoBaTeNbHO,

y=cy (1—cos ax)+c, (x__sm ax) .

JiBa BTOphIX KpaeBnix ycsaosus (8) B cBA3M ¢ Tem, 4T0 @& % 0, paior

0=c, (1— cosal)+ ¢ (1—5";"") i

sinal

(10)
O=c, cosal+cy

Takum o6pasoM, LIS OnpejeseHHs] TOCTOAHHBIX €y H Cp MOJYYEHA OJHOPOA-
Hasi suHeitdast cucrema. CorjlacHO cMblcaly 3ajayd NpPeACTaBJSIOT HHTEpeC JHILb
peuleHds, OTJHMYHbIE OT HYJs; [MO3TOMY ompejesnutens cuctembl (10) poymxen Guith
paBeH HyJMO, T. €.

1—cos al l—sm ol

sinal |=0 an

cos ol

HAH .
sin al —al cos al =0.

Orciona Gynem HMeTb tg a=al, H, CJeLOBaTENbHO,
al=uy, (12)

rae p=4,493... —HauMeHbIIHI NONOXKUTEJbLHEIN KOPEHb TPAHCIEHJEHTHOIO Yy pas-
HeHus tg p=.

U3 dopmya (9) u (12) BuBoauM

2l El
Pupur =73~ ~20,187 35




§ 3] PEIVKUMS K SAIAYE KOIIN 217

Tounoe pemeHne KpaeBOH 3aJayH BO3MOXKHO B DPENKUX CaAyYasx.
[TosToMy B nanpHefimeM GyAyT pacCMOTPeHH NPUOJHKEHHbIE METOAH pe-
LIeHHs KpaeBbIX 3ajiay, NMpHYeM A OPOCTOTH B OCHOBHOM OTPaHHYMMCS
JuHelibiM nuddepennnanbHpiM  ypaBHEHHEM BTOPOro mNOpAAKa M JauHel-
HBIMH KPaeBbIMH yCJIOBHSMH MIPOCTEHIIEro BUNA — TO4e4HO pasdesertoimy ¥y,

§ 3. Penykuus x 3anage Kown nByxTOueqHoii KpaeBoil samaun
sl JIMHEAHOrO ypaBHEHHs BTOPOro mOpAAKA

Hano nuHeliHoe auddepeniuualbHOe ypaBHEHHe
Yy +p (%)Y +qx) y=1(x), (h

rae ¢yukunu p (x), g (x), f(x) HenpepniBHb, u TpeOyercs HaHTH ero
pellieHye, yJAOBNeTBOpPsIOULEe KPaeBHIM YCJIOBHAM:

@y (@)t oy’ (a)=A4, Boy (6)+Py (D) =B (2)
(g, @y, By, By, A, B—3ananusie mocrosuuele, npuyeMm |o,|+|a,|~=0
u |Bol|+18,|5~0).
Peweunne Gynem uckatb B Buie JHHEeHHON kOMOHHaUMH
y=cu+mo, 8)

rae u =u(x)— HeHyJeBoe pelleHHe COOTBETCTBYIOLULEr0 OJHOPOXHOrO
ypaBueuus

u'+p(x)u'+q(x)u=0, (4)
a v =v(X)— HEeKOTOpOE pelleHne NaHHOrO HEONHOPONHOrO ypaBHeHHus (1)
V' +p(X) Vg (x)v=F(x). (3)

OuesunHo, Ppyukuus y, onpenensemas gopmynolt (3), rie ¢ NPOU3BOABHO,
ecThb peutenne ypasHeuus (1).

[ToTpeGyeM, yTOOLI nepBoe KpaeBoe YCAOBHE (2) BHMOJHAJIOCH AJS
¢dynkunu y npu jodom c¢. Ucnonb3ys 9To Kpaesoe yciaoBHe, 6yleM UMETh

cayu (@) + a,v(a) +co,u’ (@) + 0,7 (@) =4
HH
c[aou (@) + au’ (a)]+ 0,7 (a) + a2’ (a) =A. (6)
Ina toro uto6p paBencTBo (6) OwIO cnpaBelJHBO npH JI0GOM c,

#eo0X0ANMO H AOCTaTO4HO, 4TOOH KO3(dHUHEeHT npu ¢ obpauiancs
B HyJb, T. €. HO/YHbI GbIThb BBINOJHEHH PAaBEHCTBA

ok (a)+ au’ (a) =0, )

a,v (a) + a7 (a) =A. (8)

Ins o6ecneuenns paBencTs (7), (8) moctaTouHO, HanpuMep, MOJOXKHUTH
u(a)=o.k, u (a)=—a,k, 9)

*) Kaxpaoe u3 aTHX YCJA0BHH GyjJeT cojepiKarb JHIIb OZHY H3 aGCILHCC.
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rie nocTosiHHas R OTJHYHA OT HyJ4,

vi@=2, v (a)=0, (10)
ecmn a,5=0, n
v(a)=0, 'v'(a)=—:—l, (11)

ecam a, %= 0.

OTtciona BHAHO, 4TO & ecTh pewenne 3anaun Kowwu nas omxnopomHoro
ypaBHenust (4), ymOBieTBOpsIOUlee HayalbHBIM ycaoBusM (9), a v ecThb
pemenne sanaun Kown nns weomnoponsoro ypasuenwus (5), ynoBiaerso-
psiioutee HayaabHbM ycaoBusm (10) uam (11), Tlpu stom mns moGoro c
¢ynxung y = cu--v ynoBneTBOPsSeT KPaeBOMYy YCJIOBHIO HA KOHUE X =a.

[Ton6Gepem Tenepp NMOCTOSIHHYIO € Tak, YTOOH (yHKUMS y yILOBJIETBO-
psna KpaeBoMy ycaoBHIO (2) Ha kKouue x=¥&. Dr1o naer

c[Bou (b) + Byu” (8)]+ [Bov (0) + Byv” (8)] = B,
OTKyZa
= BB 0)+By’ )]
B (B’ )

an 9TOM ImpennoJaraercsd, 4YTO 3HaMEHaTe/ab
Bou () + Pu’ (6) 7= 0. (12)

Takum o6pasoM, kpaepas 3amaua (1) —(2) cBemena ¥ 1ByM 3amauaM
Kown nns dyskuuit 4 (x) n v (x).

3ameruM, uyto ecan obecneveno ycnosue (12), To kpaeBas 3amaua
(1) —(2) umeer enmucTBeHHOe penieHHe. B nmpoTHBHOM ciyuyae oHa Hau
COBCEM HEe HMeeT pelleHHH, HJIH HX GecuyHCIeHHOe MHOXKECTBO.

3ameuvaune, Ecim ucxomwoe ypashenne (1) omnoponmHoe, T. e.
f(x)=0 n, kpome Toro, A=0, 10 B cuay ycaosuii (10) uau (11) umeem
9(a)=0 n v’ (a)=0 u, crenoBarteabro, v==_0. [Tostomy y= cu(x),
rae u(x) ecTb pelledne ypaBHeHus (4), yIOBJETBOpSAIOLIEE HAYalbHbIM
ycaosusm (9). B stom cayuae

B
Bou (B)F P’ () *
IIpumMep 1. Hafitn pemenue onnopoasoro ypaBHeHHS
Y+ ychx=0, (13)
YAOBJIETBOp filOLIlee KPAaeBHIM YCJIOBHSIM
y(0)=0, y()=1 (149

Pemenune. Cpasunbas ycnosus (14) ¢ oGIHMH KpaeBHIMU.YCJAOBHAMHU (2),
BuauM, uTo dy=1, a;=0, A=0; fo=1, f;=0, B=1. B cuny npusegenuoro
BLIIIE 3aMeYaHUs pellleHHe HIeM B BHJe

y=cu (x),

C=
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rie u (x)—peleHde OXHOPOLHOTO yDaBHEHHS

u'+4uchx=0, (15)
yLOBJIETBOpSIOlIEe HAa4yaNbHBIM ycaoBHAM (9), rie npuHato k= —1, T. e.
u(0)=0, u' (0)=1. (16)

M3 sroporo kpaesoro ycsaosus (14) mosyudaem cu (l)=1, orcioga c= ull

Pemas mo6eiM unceHHBIM MeTofoM 3agauy Komma (15)—(16), Haxoaum u (x),
a cJleoBaTe/IbHO, W TMOCTOSTHHYIO ¢, [OCJie Yero ompefefiseM y.

Ta6anuyga 60

PewleHue KpaeBOil 3ajayH JJdSl OLHOPOJIHOrO
ypaBrienus (13)

x o |02 |04 |06 |08 |1

u(x) | 0 |0,199 | 0,389 | 0,563 | 0,710 | 0,819

y(x) | 0 |0,243]|0,475 | 0,687 | 0,867 | 1

B pmanHoM cayuae cooTBercTBylomas 3agaya Kowwm pemena B ra. III, § 12.
HeoGxonumsie jaHubie Haxogstcs B Tabanue 58. Tak kak u (1)=0,819, Toc=1,221
ny=1,221 u (x). OkoHuaTe/bHbIEe Pe3yJ/IbTaThl BLIYHCJAEHHH NpHBeJeHbl B TabauLe 60.

§ 4. Meton KoHeuHBHIX pa3HocTei

Pacemorpum smuefinoe anddepenunanbioe ypaBHenue
Y +p(x)y' +q(x)y=r(x) (1)
¢ JIBYXTOYEYHHIMH JHHEHHBIMH KPaeBbIMH YC/IOBHAMH
ay (@) + 04y’ (@) =4, }
Boy (&) + Bry’ (6) =B
(logl+lay[#0, [Bol+][By]5~0),
rae p(x), ¢(x) u f(x) nenpepuiBHnl Ha oTpeske [a, b].
OnuuM M3 HauGoslee MPOCTHIX METONOB pellleHHst STOH KPaeBo# 3a1auu
ABISETCHA CBeJeHMe ee K CHCTeMe KOHEYHO-PA3HOCTHBIX
ypaBHenui. lag storo paso6pbem ocHOBHOH OTpe3ok [a, b] na n pas-

HHX 4YacTeH AauHbl kA (war), rae

h:__b—a.
n

2

Touku pasGueHnst ume0T aGCUUCCH:

xX;=%Xo+ih (i=0,1,2, ..., n), x,=a, x,=b.
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3Hayenns B TOYKAX JENeHHs xi ncxomoﬁ dynkuun y =y (x) (puc. 47)
H €e NPOU3BOAHHIX Y’ =y "(x), y y” (x¥) 00603HaYNM COOTBETCTBEHHO
uepes y; =y (x;), y;=y" (%;), yi=Yy" (x) BBenem Ttakxke o6o3nayenus:
pi=p(xi)y q.=4(x), ft .f x)

3aMeHsss NPOM3BONHLIE CHUMMETPHYHBIMH KOHEYHO-DPA3HOCTHBHIMH OTHO-
- LIEHHSIME I/ BHYTPEHHUX TOYEK

¥ / \ x; orpeska [a, b], Gynem umern
\0 y{:__ Yiv1—Yi_1

o 2h ’
i " —2
“ o Y= Yi+e :21+J1 -1 (3)
h A LA | AL A
Iz T ry R (i=1, 2, ..., n—1).
Puc. 47. Ilnsi KOHUEBHIX TOUEK Xo=a

n X,=b, 4TO6H HEe BHXOIUTDb
3a npenenw oTpeska [a, b], MOWHO MOJOKHTDH

, Y1—Y ’ Yp_1—Y
yo =BT, yp=Tmite (4)
Onnaxo ecan QyHKuMsi y=y (X) AOCTATOYHO rJankas, TO 6osee TOUHHE
3Hauenns naT dopmyns [2]

, —_ 4y,—3
gy = !/z+2hyl Yo (5)

g, = 3yn—4yn2.hl+yn-z , n>2. (6)

HelicTBuTeNbHO, TONarasi, HanpuMmep, y, =y (X, h) n y, =y (xy -+ 2h)
n ucnosap3ys ¢opmyay Tetnopa, 6y11eM HUMETb

u'

yl=yo+h.’/<’) + 9 ‘/; + =7 3| Yo + -

2h 2h)3 ..,
yz—yo+2hyo+( ) }‘( )3 Yo T+ -
Orciona

— 4y, —3 .
St it o),

rae vepes O (h?), kax oO6GbYHO, 0603HaYeHa BeNHYMHa mnopsaka k3.
AHanoruyHo NoKasbBaeTCsd, UTO

3Y,—4Y,_1+Y,_ , ®
yn yréhl“' 2=yn+0(h2)-

Wcnoas3ys dopmyau (3), nuddepennnansnoe ypasnenne (1) so
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BHYTpeHHUX TOYKax x=x; ({=1, 2, ..., n—1) npubmnKeHHO MOXHO
3aMeHuTh JuHelHol cuctemol ypaBHenui

i1 —24i - yi Pe1—Yi_
Yi+1 hyzl Y l+pi y1+|2h!/z 1 +‘Ii.‘/i=fi (7)
(i=1, 2, ..., n—1),

Kpome Toro, B cuay ¢opmya (5) u (6) kpaeBme ycaoBus (2) monoJ-
HHTEJbHO JAIOT elle JBa YPaBHEHHS:

— 4y, —3
aO!/O _I,_al _.Mzhyl—yo -_—:A'

8)
3 n—4 n— n—
Bour, + By Y y%;-l-y 2 _ B,

Takum o6Gpasom noayueHa JuHeiinas cuctema n -1 ypaBueunit ¢ n+41
HEUIBECTHBIMH Yo, Yy, Y, « « « y Y,y NPEACTABAAIONHMHE COOOH 3HAYCHHS HCKO-
MOl ¢dynkuuu y=y (x) B TOUKAX
Xg, X1, X, + 0., X,. Pewtus a1y cu- y
CTCMy, €CIH 9TO BO3MOXHO, MOJY-
yuM Ta6GaMIly 3uayeHdH HCKOMOH

pynkumnu y. VAR 77 "M
[Mpumep I. MeTofoM KOHEUHBIX e Iz
pasnocreil HaHTH pelueHHe KpaeBOH 3a- -1 --}- 0 -5» ! z
nauu
y+1+xPy=—1, } © Puc. 48.
y(—D=y(1)=0.

Mexaunuecku ypaBHenus (9) npeacraBasloT co6oii AnpdepeHUHANbHLIE YpaBHE-
HUA MU W3rHGAIoNlero MOMEHTa HeKOTOporo 6pyca ¢ NepeMeHHbLIM MoNepeyHbIM
ceyellHeM M LUAPHHPHO 3aKpenJeHHBIMH KOHILAMH.

HOansa rpy6oro pewenns Boi6epem war h=1/2.

[Monarast x_,= —1, x_;=—1/2, x=0, x,=1/2, x,=1, BBHAY cUMMeTpHH
ypaBHeHHS W KpaeBbIX ycJoBuii 6yleM HMeTb Y_go=Y, =0, y_,=y, (puc. 48).
Takum 06pa3oM, HYXHO ONPeleJHTb JIMIUbL JiBe OPAHHATHI Yo H Y.

[Tonarast x=0 ¥ NOJMb3ysCL CHMMETPHUHbLIMH (HOPMYJaMH A/ NPOHU3BOAHHIX,
6yneM 1MeTh

y-1—2yo+!/1_'_y —_1
1/4 7o ’

rae y_;=y;. AHanornuHo npu x=1/2 nonyuaem

Yo—2y1+ . 1 .
to=2ts (14 1) e

CnepoBatesibHO, HCNOJBL3YA- KpaeBoe ycJoBHEe y, =0, MMeeM cHcremy
3
—Tyo+8y=—1, 4yo—6 7T yr=—1,

otkyna y,=0,967;, y,=0,721.
[Ipn 6GosbwIOM 71 HemoCpeACTBEHHOe peuieHHe cHcTeMbl (7)—(8) cTa-
HOBHMTCH 3aTPYAHUTENbHBIM. B 3TOM cilyyae peieHne KpaeBo# samaum
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11en1eco06pa3HO 3aMEeHHTh, HMCNOJB3Ys Pe3yNbTaTH NpEeInAyLIero mnapar-
pada, pemennem mByx sazauy Kowmn.

Hanpumep, npennonarasi, yto a,<%~ 0, nmeeM y =cu-}-v, rie & Haxo-
IATCH, Kak pemlenne 3amayn Komm

u'+px)u'+qx)u=0, u(a)= 20 u' (a) = — 0y, (10
a v—kak pemenne 3agayn Kommn

VPN g () o=f(¥), v@=2, v()=0 (1)

[MocTofiHHas ¢ B cujay KpaeBHX YCJOBHH (2) HMeeT 3HaueHue

B—{[Bov .b)+ P1v’ (b))
Bou (B)+Bu’ () °

3amenss muddepenunanbioe ypasHenne (10) cOOTBETCTBYIOUIHMM KO-
HEYHO-Pa3HOCTHHIM yPaBHEHHEM, MONYYHM

2 _2u’+u“'1+p """‘é;u“‘ +qu;=0 (i=1, 2, ..., n—1),

(12)

—ug+4uy —3uy

Uy =0y, oh = —d,.

Orciona GyneM HMeTb

o+ pi—aoh ((1+534)

L+ piht 22 1

Up=0y, =

@—qih®) u; — (1—El W u;_y

Uip1=

Pi
14+ 5h
(i=1, 2, ..., n—1). C noMoupl0 9TOro mpolecca HaxomuM
uB)=n, o (p)=em bt (13)

2h

Ananornuto, sameuss aud¢epennuanbhoe ypaBhenue (11) xouweuno-
Pa3HOCTHBIM ypaBHeHHeM, OyleM HMeTb

—2

Ui_a :;+Ux+1 +P,vl+1 vi_ =14 g0,=F;
i=1,2, ..., n—l), (14)
,,o__.%, i o,
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OTciopa monyyaem

1 A
Y 4 v 7 tlhz'l‘a‘o(l‘l‘!’lh)
Pw l+p1h+92“1"2
(2—gq;h? Ui—( 1—%’!) o1+ 1I:h? } (15)
Vi1 = 1+ P,
2
(i=1,2, ..., n—1). J

TakuMm 06pa3oM, TNOCTeIOBATEJIbHHM MpPOILECCOM MOXHO BHYHC/IHTh
v(b)=wo, 1

’ _3yn—4yn—l+yn—2
v’ (b) = o
TeM caMnM MH TOJyyaeM BO3MOXHOCTh H3 dopmynn (12) HaiiTh
MOCTOSIHHYIO ¢, a 3aTeM ONpelNe/NuTh 3HavenHs y;(i=0, 1, 2, ..., n)
no dgopmyne

y;=cu;+v; (i=0,1, 2, ..., n).

$opMynn I/ pacyeTa ynpoUIAIOTCs, €C/IH KPaeBble YC/IOBHS HMEIOT B
y(a)=A4A, y(@b)=B. B stom cayuae ay,=f,=1, a,=f;=0, u mu

NOJyYuM

h (1-{-—%1-}1)
=0, u= T

1+P1h+71h2

1 } (16)
A (1+P1h)+“2‘f1h2
Vo =Ar U= —q"»
14 pihtILh

npuyem ¢ =(B—wv,)/u,.

Sameuvanue. [IpubaumeHHbie 3HAYEHHS Yy MOXHO YTOYHHTBb, MPO-
M3BOAS BHIYHCJEHHS C JBYMS pa3nuyHeIMH maramu. Ilycts y, u yp—
npuGiMxceHHble 3HAaYeHHs y NpPH ware h M, COOTBETCTBEHHO, Iluare F,
Ilpennonarasi, yro olHM6GKa NPOMOPUHOHAJbHA KBalpaTy Liara, OyneM
HMETh

Y—y, ~ c*h?  y—yy~ c*HR

OTC!O.lIa, cyhTas, 4YTO noCTofAHHas ¢* e 3aBUCHT OT umiara, InoJy4yum

Y—Yr__Y—YH
ht . H? !

H, CJeI0BaTeNbHO,

Hey,—hy K2
U=—1%:,12—H=yh+7p_—hz(yh—yﬂ)° (17



224 KPAEBHE 3ANAYH /I OBLIKHOBEHHHX IHO®, YPABHEHMA [ra. v
§ 5. Meron mporouxn

[lpn npuMeHeHHH MeTolJa KOHEYHHX pa3HOCTEN K KDaeBhIM 3anadyam
ans auddepesunanbiLX ypaBHEHHH BTOPOro MNopsiika NoJyyaeTcs «Tpex-
uJieHHas CHUCTeMa» JAHHeHnbIX anarebpanyeckumx ypaBHeHull, KaxJaoe u3
KOTOPHX CONEPXHT TPH COCENHHX HensBeCTHhX. Jlna pewenus Ttakof
CHCTeMBl pa3paboTaH cHelHajbHbi METO., MoAyuYHBWHA Ha3BaHUe meTo0a
npO2OHKU.

Paccmotpum nmuetinoe nudidepennnanbhoe ypaBHeHHe

y'+p(x)y +q(x)y=f(x) M
C IlByXTO‘Ie‘lelMH NHHEeAHRMH KpaeBHMH yCJIOBHﬂMH
aoy (a)+a,y’ (@) =4, Poy (6)+ Py’ (6)=B (2)

(lagl+lay1s=0; |Bo]+]|By]5=0)

B MPENNooWeHnH, uTo Gyuxuun p (x), g (x), f(x) nenpeprBhu Ha [a, b).
Ot mudpdepenunanbioro ypaBHenus (1) oObuHLIM npHeMoM nepelnem

K KOHEYHO-Pa3HOCTHOMY ypaBHenu10. [lns sTOro pasoGbhem oTpesok [a, b]
b—a .
wa n paBHbX vuacteft ¢ maroM h=——. [Tlonaras x; = x, -+ ih,
n

xXo=a, x,=b (i=0, 1, 2, ..., n) n BBoAs o6o3uayenus: p(x;)=p,,
q(x;)=q; [(x)=/[i y(%;)=y; AN% BHYTPEHHUX TOoueKk X =x; (i=1,
2, ..., n—1) otpeska [a, b] Bmecto muddepenunanbHoro ypapue:
uns (1) nonyuaem cucTeMy KOHEYHOPA3HOCTHHIX YpaBHeHHH

. —2y: Yi_ . —Y;_
Yitr Z;+J' L +p[ yl+l2hy! 1+¢],'!/.' =fl

(i=1,2, ..., n—1).
Orciona nocne cOOTBETCTBYIOWMX npeoGpa3oBaHnit GyneM HMETb
Yisr+my;+ny,y=fh? (i=1,2,..., n=1), (3)
rae IJifs KpPaTKOCTH IOJIOXKEHO

pi
1—=h
gt 20 s

™= 1+Rin” T Ry’ ST
3 2 2

!

(4)

Jlns npou3BOAHBIX HA KOHIAX Xo,==a H X,==Db 6GepeM ONHOCTOPOH-
u1e NPON3BOAHBIE
v Y1—Yo v _Yn_1—VY
Yo="57 W ya="Tp.
OTciona .cornacHo ycaoBusM (2), noayuum

oo + 0y BB =4, Poye+p, =27t =B, (5)
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Jluneitnas cucrema (3), (5) coctout M3 n-+41 ypaBuennHl nepBol
CTENeHH OTHOCHTENbHO HEM3BECTHBIX Yo, Yy, ++. , Y,. OTy CHCTeMy
MOWKHO PelwnTbh 06buHbM crmoco6oM, Oxnako Mbl cefiyac ykaxem Apyro#,
GoJsiee KOPOTKMH MyThb, MOJIyuMBIUHH Ha3BaHHE MeT00a NPO2OHKU.

Paspemas ypaBuenue (3) oTHOCHTeNbHO Y, OyneM HMeTb

_fige 1 n
yi—,;l‘,h m; yi+1_Eyi-1- (6)

[pennonoxuM, 4TO ¢ NMOMOLLBI0 TNoOJHOH cucTeMn (3), (5) u3 ypas-
newus (6) MCK/IIOUEHa HeM3BecTHAas y;_;. Torma 3To ypaBHeHHe Npumer
BHA

Yyi=c¢;(d;—Yi1), (7)
rae ¢;, d; (i=1,2, ..., n—1)—nekoropsie koadgduunenrn. OTcr00a
Yio1=¢;_1(d;_1—yy).

Moxncrasass 3TO BhipaxceHue B ypaBHenHe (3), MOJyYHM
— Fh2
Yisatmyitnic,_y (@1 —y)=r1,
H, CJel0BaTeabHO,

. (fih2'—nici-1di-l)—'yi+l
bi= mi—nic;_, ) ®

Cpasnusas dopmynu (7) u (8), moayyum nna onpenenesns ¢; u d;
peKyppeHTHHe OpMyJIH:
1

ST mhe di=fh*—ngc;_yd;y (=1, ..., n—1). )

Onpenenum Tenepp ¢y M d,. M3 mnepBoro KpaeBoro ycnaoBus (5)
nonyyaem
g _Ah—ayy,
07 qh—a,

C npyro#t croponn, u3 dopmyan (7) npu i =0 umeem
Yo =Co (dg —y,). (10)
CpaBHHBas NOCJeJHHE IBa PAaBEHCTBA, HAXOLHM

_ % _An
Togh—ay 0T eyt (1)

Ha ocnoBannn ¢opmyn (9), (11) mocirexoBaTesbHO OnNpenenAlOTCs
xospduuuentn ¢;, d; (i=1, 2,... ,n—1) no c,_, ud,_, BKmMOYH-
TeqbHO (MPSAMOHU XO0x).

OGpaTHH#l xO0A HaunHaeTca C onpenenenns y,. Ucnosibsys BTO-
poe KpaeBoe yciosue (5) u dopmyay (7) npu i=n—1, noayuum cuc-
TeMy ABYX ypaBHeHHH

y -1
l3"y"+ﬁl—n—h'gg=3’ Yn-1=Cp-1 (dy1—Y,) (12)

Co
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Pemas ee oTHOCHTenbHO y,, OydeM HMeThb

_ Bh+4-PByc,_18n_1
Yn= Boh+Bicpor+1) " (13)

Tenepn no ¢opmyne (7) NMOCNENOBATENbHO HAXOMUM Y, 1, Ypu_a, Yp_gy -«
ey yo.

I KOHTPOJS MOXHO TPOBEPHTH BLINOJHEHHE IIEPBOCO KpPaesoro
ycaopusi, Boiuncienus ymo6HO pacnoJoxuTh B Buae Tabuauus 61,

Ta6aununa 61
CxemMa MeToAa NMPOrOHKH

i 0 1 2 n—2 n—1 n
c; ¢ (11) cy Cy Cn_s Cn_1

d; dy (11) d, dy dy_s d,_,

X; Xo=a Xy Xg Xp_g Xp_1 Xp=b
Yi Yo h Ya see Yn-3 Yno1 | Yn(13)

Ins npocrefiux kpaeBnx ycaoBult y(a) =A4A, y(b)=DB ¢opmyan
Ins ¢y, dy, Yo M Yy, ynpowaiorcs. A umenuo, nojsarasg a,=1, a, =0
n Bo=1, B;=0, us dopmyn (11) Oynem umern: ¢;=0, dy= 00,
cody=A. Orcrona

C=—=, dy=fHR—n4; (14)

npHyeM .
yn=B» y0=A (15)
3aMeTHM, YTO METOJ NPOrOHKH 0O6/ajaeT yCTOMYMBHIM BBIYHCJIHTE/b-

HuM anroput™om [3], [4], T. e. ommuGKH OKpyr/ieHWss He BHI3LIBAIOT
HEOTPAHHYEHHOTO BO3PAaCTAHHH HOTPEIIHOCTH pPelleHHs,

IIpumep 1. MeToxoM NPOrOHKH pELINTh KPaeBylo 3ajauy
y'=x+y; (16)
y(0)=0,  y(1)=0. 17)

Pemenue. Ipumem h=0,1 u or ypaBuenua (16) u KpaeBrX YycJOBHil
(17) nepeiigeM K COOTBETCTBYIOLIHM KOHEYHO-Pa3HOCTHBIM YPaBHEHHAM

Yivrtmiyinyi_1=0k (=1,2, ..., n—1), y=0, ygp=0,
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rae mie= —2—h? n;=1, f}-x,--:ih. Cornacio dopmynam (14) umeem
cy=—0,498, d,=0,001. Popmyan (9) B Hawem caydyae LaiOT

1

Ci=——
—2—h’—¢,_,

N di=ih3—ci-1di-l (i=l, 2, eee, ﬂ—l). .
Hafinennpie 3navenns c¢; u d; (i=1, 2, ..., 9) sanucbiBaeM B NepBHX JABYX
cTpokax Tabanubt 62. 3ateM, ucnose3ys ¢opmyay (7) ¥ H3BecTHOe 3HaueHHe
Y10=0, BhIUHCASIEM Yy, Yg, ... » Y1
Jlns cpaBHeHuMst B nocJejHell CTpoke Tabauubl 62 jaHel 3HaYeHHS] TOYHOLO
<

~ e
PellerHs y = 5— sh x—x.
Ta6nuua 62
Pemenne xpaeBoit 3agauu (16) — (17) MeTo40M NPOroHKM

i 0 1 2 3 4 5

c; 0 —0,498| —0,662 —0,878 —0,890 —0,900

d; i 0,001 0,002 0,004 0,008 0,012

Y; 0 —0,025| —0,049 —0,072 —0,078 —0,081

Ui 0 —0,015{ —0,029 —0,041 —0,050 —0,057

[Tpoponxenne tabaume 62

i 6 7 8 9 10
i —0,908 —0,915 —0,921 —0,926
d; 0,016 0,022 0,028 0,035
Y —0,078 —0,070 —0,055 —0,032 0
Ui —0,058 —0,054 —0,044 —0,026 0

NMpumep 2. MeronoM NMpOroHKH pELIHTh KpaeBy0 3ajauy
y'—2xy' —2y = —4x; (18)
y(O)—y 0)=0, y(1)=3,718. (19)
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Peweunne. Ilpumem h=0,1 u or ypasuewnkt (18) um (19) nepeitzem k
KOHEUHO-Da3HOCTHBIM COOTHOLIEHU M

Yiertmiyi gy _y=hh (i=1,2, ..., n—1),
yo_yl%!/t_)zo' Jn=3'718y
rjpe
o 24om _14in2 p o dih
U T 1—iR T =R

3uauenns my;, n; u {;h% qna (=0, 1, 2, , 9 3anucuiBatorcs B Tabauuy 63.

Ta6bnuuwa 63

i 0 1 2 3 4

my ;-—2,020 —2,040 —2,060 —2,083 —2,105

ny 1 1,020 1,040 1,062 1,084

fihz 0 —0,004 —0,008 —0,012 —0,017
[Mpoaonxenue TaGauus 63

{ 5 6 7 8 9

m; —2,127 —2,149 —2,172 —2,196 —2,20

ny 1,106 1,128 1,150 1,174 1,198

fin? —0,021 —0,025 —0,030 | —0,035 | —0,040

[lonesysce stoil Tabnuueit, no popmynam (11) Haxoaum 3HaueHHS ¢y U dy,
a satem no gopmynam (9) HaxonuM ¢; ud; (i=1, 2, 3, ..., 9). ITn 3naueuns
3aMUCbiBaeM B MepBLIX JBYX CTPOKax Ta6Jmuu 64.

HUcnonb3ysa 3Hauenue y,=3,718, HauuHaem of6paTHeIl X0 u no popmynam
(7), nocnenoBaTebHO BBIYHCIAS Uy, Yg, -+ » Yo. IlONYyueHHBIE pe3yJIbTATHL
3anuchiBaeM B TpeTbell cTpoxe Tabauimel 64.

Hans CpaBHeHUS B nocjaepHe#t cTpoke TaGJHIUBI JaHB 3HAYEHUS TOUYHOTO
peuwenns j=x-e*

U3 nocaepnnx nByx CTPOK TaG/HILbl BHIHO, YTO PacCXOMAEHHE MPHOIHKEH-
HOTrO pelleHKsi y M TOYHOro y JAOBOJBLHO 3Ha4YuTebHO. Boobme c¢ nomoubio
KOHEUHO-PA3HOCTHBIX METOAO0B TPYAHO MOJYYHTb pelieHHe C GOJIbIIOH CTeNeHbIo
TOYHOCTH.
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Tabawua 64
Pewenne kpaeBoii 3apaun (18) — (19) meTonom nporomku

{ 0 1 2 3 4

¢ —0,909 —0,899 —0,889 —0,878 —0,868
d; 0 —0,004 —0,012 —0,023 —0,039
Y 1,050 1,154 1,280 1,428 1,603
Yi 1 1,110 1,241 1,394 1,574

IMpopnonxenne tabauuwm 64

i 5 6 7 8 9 10
ci —0,856 —0,845 | —0,833 | —0,822 | —0,810

d; —0,058 —0,081 | —0,109 [ —0,142 | —0,180

Yi 1,808 2,054 2,350 | 2,712| 3,157 3,718
Y 1,784 2,033 2,332| 2,696| 3,148 3,718

[lpn TpeGoBaHMH NOBLILIEHHOH TOYHOCTH TPHXOIMTCSl TNPHUMEHATH
607€e IpOMO3LKHE NPHEMbl MM BBOIHTb COOTBETCTBYIOL{ME HNONpaB-
ku [1]. B uyacThocTH, 3TOT MeTOX naeT O00Jee TOYHHIE Pe3YJbTaThl,
€caH TpH Tepexoie OT KpaeBbX YCAOBHH (2) K KOHEYHO-PA3HOCTHHIM
COOTHOLLIEHHSIM BOCIOJb30BAThCA TPeXuJeHHHIMH GopMy/IaMu IS NPou3-
BONHEIX B TOUKax x=a U x=2~0 (cM, § 4):

r_ —Ya+4y:—3Yo v 3Yn—Wn_1tYn_a
yo - 2h ’ yn_ 2h .

Torpa W3 KpaeBHX ycaoBHii (2) Gymem HMeTb

—_ 4y, —3 3Yn—14
“oyo+“1——‘ys+2:1 R=4, Boyo+ B4 In y'ﬁfil—'—y""a:B-‘ (20)
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Ias BuuMc/enus ¢y 0 d, GepeM nepsoe kpaesoe ycqosue (20) u ypas-
HeHue
Yo+ miys+ myo =11,

B3sTOe H3 cucTems (3) mpu i=1.
HMcknodast y, M3 3THX ABYX ypaBHEeHHH, HaXOmHM

_ Rh—(m 4y,
: 9o = Tnr—5) oy - B * 21

rae R=2A+ a,}lh. C npyro#t cTopoHsl, u3 dopmyanl (7) npu { = 0 umeem

Yo ="Co (dg—Y).
CpaBnuBas noc/exHee paBeHcTBO ¢ (21), noayuaem

(myt+4)oy ____Rn
(ny—3) o+ 204k’ O (my+- 4

IMo wu3BecTHLIM 3HaueHusM ¢, H d, MOC/IENOBATENbHO ONpPENETIOTCH
kosbdunventn ¢;, d; (i=0, 1, ..., n—1) n0o ¢,_, u d,_, BKIoO-
yuTenabHo (cM. dopmyas (9)).

OOGpaTHblit X0J HaYHHAETCHA C OMNpene/eHHs y,.

Hcnonp3ys Bropoe kpaesoe yciaoBue (20) u ¢opmyast (7), B3aThe
npu i=n—2 n i=n-—1, NOJy4uM CHCTeMy TpeX ypaBHeHHH

3 n_4y - +t/ -
ﬁoyn'l—Bl Y ”2h1 = 2=By

6o = (22)

23
yn-2=cn-2(dn-2—yn—l)’ (29)
Yn-1=Cp-1 (dn-l—yn)‘
Pemas 3Ty CHCTEMY OTHOCHTENBHO y,, OyleM HMeThb
y =2Bh+ﬁl[(4+Cn_2)Cn—ldn—l'—'cn—2dn—2] (24)
" B1[B+4cn,_1+Cn_2Cn_1]+2Bh :

Teneps mo ¢opmysnam (7) NMOCAELOBATENBHO HAXOMUM Y, _ 3, Yn_g, - -+
e+, Yo. BpunC/enus u B 3TOM clyyae pacrnosaraem B Buie Tabuuun 61,

IMpuwmep 3. Hcnonp3ys TpexujeHHble GOopMyJbl AJA NPOH3BOAHHIX B rpa-
HHYHBIX TOYKaX, METOZOM NPOTOHKH HaHTH NPHOJHIKEHHOe pelleHHe KpaeBoit
sagauu (18), (19).

Pemenne. Or ypasuenuit (18), (19) nepefizeM K KOHeYHO-pPa3HOCTHLIM
COOTHOIIEHHAM -

> —4 3
Giertmgitng =T, g+ BT g (o5
rae
h=0,1; A=0; B=3,718,
_o+2nr 1+ik® foe 4k
m=—i g MSTom . BRP=w=— T

3HaueHus m;, n; u ¢; pna i=0, 1, 2, 3, ..., 9 npusegens B Tabauue 65.
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Ta6nnua 65
3HaueHHs KoadhdHIHEeHTOB ypaBHeHus (25)
' | 0 1 2 3 4 5 l 6 , 7 I s | 9
m; |—2,020(—2,040|—2,060|—2,083|—2,105|—2,127|—2,149{—2,172|—2,196|—2,220
n; 1 1,020 {1,040 {1,062 | 1,084 (1,106 |1,128 (1,150 | 1,174 {1,198
¢; | 0 |—0,004/—0,008—0,012(—0,017(—0,021{—0,025|—0,030|—0,035/—0,040

Mo dopmynam (22) HaxonuM 3HAuYeHHA Co H dy, a 3aTeM 1O pPeKYypPEHTHEIM
cooTHoweHussM (9) onpenensiem ¢; u d; (i=1, 2,
BejieHbl B TEpBHIX JABYX CTPOKax Tabauubl 66. O6paTHbI X0J NPOBOJAHTCS IO

¢dopmyaam (7) ¢ yueToM, uTo y;o=23,718.

..+, 9). OTH 3HayeHHA NpHu-

Ta6auua 66

Pemenne KpaeBoii 3agaunm (18)—(19) MeTonoM NPOroHKH C MCNOJAbL30BaHHEM
TpexujeHHbLX (GOpMYyJ JJisl NMPOM3BOAHLIX B KOHUEBBIX TOYKAX

0

1

2 | 3 4 5

¢ | —0,89 |—0,80| —0,883 — 0,873 — 0,863 — 0,853
d; 0 —0,005| —0,013 — 0,024 — 0,040 — 0,059
Y; 1,003 1,114 1,247 1,399 1,578 1,789
i 1 1,110 1,241 1,394 1,574 1,784

INTpononxenne Tabauuu 66
i 7 8 9 10
¢ — 0,842 — 0,831 — 0,820 — 0,809
d; — 0,083 —0,110 — 0,142 — 0,180
Y; 2,038 2,337 2,702 3,153 3,718
Y 2,033 2,332 2,696 3,148 3,718
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Halinenubie 3HaueHUst Yy, Yg, ..., Yo NPHBEJEHB B TpeTbed CTpoke Ta6-

anubl 66. B nocnennei cTpoke YKa3aHbl 3HAUEHUs TOYHOTO pelleHHs §=x e~

CpaBuuBas Tabsauubl 64 u 66, yGexpaemcsi, 4TO pelleHHe, MOJYYEHHOE
¢ TnoMOWbI0 TpeXxuJeHHbIX ¢opmya (20), O6aHxKe K HCTHHHOMY, HeMXeJH
B npuMmepe 2.

§ 6. MeTon KoJsIOKaLuH

Wanoxennpift Bhillle METOA KOHEYHLIX Pa3HOCTeH I/ peilleHus Kpae-
BbIX 3aJa4 HOCHMT YHC/EHHbI XapakTep ¥ [O3BOJHAET MOJYYHTb TabJHIly
3uayeHnil uckomo#i dynxunu. Mu ceiluac O3HaKOMHMCH C METOLOM, HAal0-
LUMM BO3MOXHOCTb HAaHTH nNpHOJHXEHHOE 3HAaueHHe KpaeBOH 3amaud
B BHIE aHAJMTHYECKOTO BhIPAXKCHHS.

[lycts Tpebyercs onpenents QyHKUHIO y ==y (X), yAOBIETBOPAIOILYIO
auuefinomy auddepenunalbHOMy ypaBHEHHIO

Llyl=y"+p(x)y' +q(x)y=f(x) (1)
U JiMHedHbIM KPaeBbIM YCJIOBHAM
T lyl=0ey(a)t ey (a)=4, T,ly]=Bey (0)+Byy (6)=B, (2)

rae |ag| 4|00, |Bo|+]|Pi|70. BuiGepem uexoropyw coso-
KYMHOCTb JHHEHHO HEe3aBHCHMBIX (yHKUHH

uy(x), (%), ..., 4,(x) (3)

(6a3ucnote ynkyuu), U3 KOTOPbIX GYHKUHUA U, (X) YHLOBJETBOPSIET He-
OJHOPOAHBIM KPaeBbIM YC/JOBHAM

o (2] =4, Tylu]=5, (4)

a ocrasphbie pyuxunn u;(x) (i=1, 2, ..., n) yaOBIETBOPAIOT COOT-
BETCTBYIOLUM OJLHOPONHLIM KDAaeBbiM YCJIOBHSIM

[,[#]1=0, T,lg;]=0 (i=1,2, ..., n). (5)

Ecau kpaesnie ycsaoBust (2) onunoposnsl (A= B=0), T0 M0OxHO mo-
NOXUTh Uy (x)==0 ¥ paccMaTPUBaTh JHILbL CHCTEMy (yHKUUH

u(x) (=1,2, ..., n).

BymeMm uckarth npuOJMMCEHHOE pelieHHe KpaeBoi sapaud (1) —(2)
B BUAE JHMHEHOH KOMOMHAuHU GasHCHBLIX yHKUNH

y=1u, (")“LE Ciut; (). (6)

Torpa ¢yukuus y, OYEBHAHO, YJOBJIETBOpAET KPaeBHIM YCJAOBHAM (2)
B camoM mese, B Culy JNMHEHHOCTM KpaeBHIX YCJOBHH HMeeM

a [y]-'—_—FG [u0]+l§l CiPa [ui]=A+i§1 C"'O =A
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u ananoruuvo I'y [y] = B. lloxcrasnsas Beipawenne (6) B ypasuenne (1),
N0JIy4HM

R(x, G, Cy, ..., C)=L[y]—Sf(x)=L [”ol—f(x)"l“i:ZlCiL[ui]' (M

Ecan npu nexoropom BhiGope kospduumentos C; (I==1, 2, ..., n)
BLIMOJIHEHO PaBEHCTBO

R(x, C, Gy, ..., C)=0 npu a<{ x <5,

TO QyHKUMS y SIBAAETCA TOYHHIM pelleHHeM KpaeBoH 3ajpaun (1)—(2).
Oanako nono6path Tak ynaayno kosbduuuentsl C;, BooOlLe rosops,
tegoaMoxHo. [losTomy orpanuunBaloTcs TeM, 4TO TpeGyIOT, YTOOH
¢yuxuns R (x, C;, C,, ..., C,) obpamanach B HyJb B 3ajaHHOH HO-
CTaTOYHO TYCTOH CHCTEME TOYeK X;, X, ..., X, H3 [a, b] (rouku
KoAAOKGYUW), B KOTOPHIX, Takum oGpa3om, nuddepenHanpHoe ypasHe-
tue (1) Gynser ynOBJETBOPEHO TOYHO; B KayecTBe TOYEK KOJJIOKAIHH,
HalipuMep, MOXIO BHIGPaTb TOYKM, Aesiiue OTPe3oK [a, H] Ha paBHble
yactu. B pesynpTarte nosnyyaem cucremy JuHeHHBIX ypaBHEHHMH

R(xy, Cp Gy ...y C)=0,

8)
Cp Cy ..., C)=0.

R(x,; n
U3 cucremn (8) B ciayuyae ee COBMECTHOCTH OGBUYHLIM CHOCOGOM MOMCHO
onpenennth Koapduunento C;, C,, ..., C,, nocje yero npuGamxed-

Hoe peuienue Hawel kpaeBoll sajmayu paetcs dopmysnoi (6).

ITpumep 1. MeronoMm KosJIOKaLlMH PEIINTb KpaeBylo 3ajgauy [1]

Y+ (1+x0) g+ 1=0, y( 1)=0 ©)

(cMm. § 4, npumep 1).
Pewmenne. B kauecrBe G6asHCHBIX ¢YHKUHH BblGEpeM  MOJHHOMBI
Up(x)=x2""2(1—x2% (n=1, 2, ...), OYEBHAHO, Y/IOBJIETBOPSIOLIHE KPAEBLIM

ycnoBuaM u, (4 1)=0. 3a ToukH KoJUIOKAUHH Bo3bMeM Xxo=0, x+ = + 1/2.
OrpaHuuuBasich AByMs 6a3sHCHbIMM (YHKUHAMH, TOJIONKHM

y=C; (1 —x2)+C, (x2—x2).
Tloacranoska B nuddepenunansHoe ypasHenue (9) naer
R(x)=—2C;+C3 2—12x2) + (1 +x2) [Cy (1 —x?) +
+Co (P —x)]+1=1—C, (1+x*)+C, 2—11x2—x%). (10)

B toukax xonnokauuu xo=0 u ¥+ = £ 1/2 umeeM R (x))=0, R (x+)=0. O1-
clofa, Hcnoab3ys ¢opmyay (10), moayuyaem pad onpejeseHHA Ko3hpHIHeHTOB
C; u C, nuHeiiHyI0 cucTeMy ypaBHEHHI

1—C,42C,—=0, 1-X

16
Pewns cucremy (l1), mnaxogum C;=0,957; Cy=— 0,022. CuegoBaresibho,

49
Cl—aC2=0. (ll)
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HMeeM NpPUGJIMKEHHOE pelleHHe
Yy == 0,957 (1—x2)—0,022 (x2—x%) = 0,957 —0,979x2 4-0,022x4,

B uacrHocty, moayuyaeM y (0)=0,957. Jlna cpaBHeHHS NPHBOZHM COOTBETCTBYIO-
mee 3HaveHne y(0), nonyueHHOe METOJOM KOHEUHHIX pa3Hocteli (cM. § 4):
y (0) =y, =0,967.

§ 7. Meton HauMeHbLIMX KBAaJpaToOB

CHoBa paccMOTPHUM KpaeByIO 3amayy

Llyl=7sx), T.ls]=4, T,[y]=35, M
Tle CMBIC] COKPAlleHHHX 0603HaueHH# Obll yCTaHOBJEH B HpelabliylieM
naparpade. IlpunepxuBascy o6o3nayennit § 6, monaraem

n
Y=ty (¥)+ 2 Co; (), (2)
rae QyHKUMH #; = U;(X) TaKkoBH, 4TO
A npu =0, B npn i=0,
P“[uilz{ 0 npu i> 0, Pb[ui]={ 0 npu i> 0.
TMoxncrasass Bupawxenne (2) B amuddepenunansHoe ypasHenue (1)
10JIy4yaeM HeBS3KY

R(%, Cpy Cop oovy C)=L[u]—f )+ B CLlw), ()

KoTOpas IO/MKHA OHTh NMpH @< x < b KXaK MOXHO MeHblue No abco-
aoTHoH Beanunse. [losatomy BhiaBuraeM TpeGoBaHHe, YTOOHI
b
1={Rx, C, G, ..., C)dx=min (4)

a

’

(untezparbrbiii meTod HauMmerbulux K6adparos).
Jns MuHuMyma uaterpana / HeoOXOIMMO BHINOJHEHHE YCJIOBHH

b

1 al oR .

Tac;= ) Rag, 45 =0
a

1 al ‘ OR

7 a6~ | Rag; 45 =0, (5)
a

B peaynbrate nosyyaercs cHCTeMa JHHEHHBIX ypaBHEHHH OTHOCHTENBHO
kospduunento C;, C,, ..., C,, M3 KOTOPOil H OmNpenensioTCs 3TH
1I0CJIEAHHE,
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Hpnmep 1. HHTel‘paﬂbeIM METOJOM HAaHMMEHbIIHX KBajpaToB peLINTH

KpaeByio 3ajavy
Y+ (1422 y41=0, y(£1)=0, (6)

paso6pannyio B § 6.
Pemenune. Ilosmaras u;=1—x2, u,=x2—x%, 6ygeM HMeTb
1 2

Yy=Cr (1—2%)+Cs (x*—2x4).

IloacraBnsaa ato BolpaxeHHe B ypaBHeHue (6), moayuaeM HeBA3KY (cM. § 6,
dopmyana (10))
R(x)=1—(14x*) Cy4+(2—11x2—x8) C,. )

Beuny cumMmerTpuM 3ajayH B KauecTBe OCHOBHOI'O OTpe3Ka [OCTaToOYHO paccMar-
puBare orpesok [0, 1].

CorsacHo mpuBeJeHHOMY Bbllle cnoco0y HaMMEHbLIHX KBajpaTOB COCTARJAEM
BBIpaXKeHHe

1 1
I =S R2(x) dx= S [1—(14x%) Cy+ (2 — 11x2—x8) C,]? dx
0 0

u nopbupaeM kodppuuuentst C; U C, Tak, 4TOGH HHTETpPaJ /| MMeJ HauMEHbIlee
3HayeHHe. ITO JaeT HaM CHCTeMy ypaBHeHHH

1
%(%:-S(th) [1—(14x%) Cy+ (2— 1152 —x8) C,] dx =0,
0

1 a/

R o 2—11x2—x8) [1—(14+x%) Cy+

ety

+(2—11x2—x%) C;] dx =0
HIH

68 . 3548 . 5 3548 . 63404 . 38
w0tmS=7 T55% T 3005 =051

Orciona C,=0,985; C,=—0,078. CaenoBarenbHo,
y=0,985 (1 —x2)—0,078 (x2—x?). 8)
B wacrnocry, y (0)=0,985 (cp. § 6).

BMmecto mMuHHMyMa uuTerpana (7) MOXHO HCKaTb MHHHMYM KOHEYHOH
CYMMBl (TOue4Hbll MeTO0 HAUMEHbULUX K6aoparos)

N
Iy= X R*(x;, Cy, Gy, ..., Cp),

=1

rae Xy, X, ..., Xy—HEKOTOpasgs HOCTATOYHO TIyCTad CHCTEMa TOYeK
orpeska [a@, #] (a1 npocTOTH OGHYHO BHOHPAIOTCA PaBHOOTCTOSILUE
TOYKH).

[pu npuMeHenus TOYEYHOrO METOJA HAUMEHBLIHX KBajPaTOB clelyeT
nonaratb N >n, T. e. uncio Touek x; (i=1, 2, ..., N) nomkuo
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OuThb Goibwe yuciaa napametpos C, (j=1, 2, ..., n). B cayuae, ecan
N=n, napamerpu C; MOXHO OnpeJIeJlHTb U3 CHCTEMB ypaBHeHHH

R(xiy C],, CZ) ...,C")-— (l=1, 2: "'?”)’

T. €. MH NPHXOAHM K MeTony Koanokauun (§ 6).

IMMpumep 2. ToueuHniM METOZOM HaMMeHbIIHX KBajpaToB HaiiTH pewenue
KpaeBod 3ajauu (6), BhIGHpas Y3JIbl

1 1 3
xo=0, xi1=;|:T, Xi2=i7, xi3=i7.

Pemenune. BBuay cuMmerpuu 3ajgauu 3a OCHOBHOH DNPCMEXYTOK RpHMeM

orpe3ok [0, 1]. Tosoxum
Yy=C1(1—x2)+ Cy (x2—x%);
Toraa HeBsizKa R (x) Beipamaercs ¢opmyJoil (7). [Tycts
R (x;)=14a;,Cy+p;,C, (i=0, 1, 2, 3),

rie o;=—(14xf), B;=2—11x}—=x; Torna

3 3
1=} R*(x;)=) (14a;C,+B;Ca)?
i=o i=o
Hcnonpays neo6xonnmble YCJOBHSI JJsi MHHUMYMa ¢yHKuun I, noayunm
HOPMAaJIbHYIO cnc‘remy

1
2“1+Cl 2“2+Cg 2 a,ﬁ,_o

2 GC, 7

%j—é=2m+012aim+cz =0

CoOTBETCTBYIOIHE UYHCJIOBLIE AaHHble, BHIYHCJEHHbE ¢ TOMHOCTbIO Zo 1074, npwu-
BejleHnl B Tabauue 67,

©)

Ta6annna 67
Koadpnuuentol HopmaabHoil cncremul (9)

x [ B o of p*

0 —1 2 i —2 4

7:- — 11,0039 1,3123 1,078 | —1,3174 | 1,729
% —1,0625 | —0,7656 1,1289 0,813¢ | 0,5861
% —1,3164 | —4,3655 1,7329 5,7465 | 19,0576
> —4,388 | —1,8188 | 4,806 3,245 | 25,3659
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Orciona ansi onpepetenus kKospduuuentoB C, u C, NojyuaeM CHCTEMY
4,8696C, + 3,2425C, = 4,3828,
3,2425C, + 25,3659C, = 1,8188.

Pewns cucremy (10), Gymem wumers C;=0,9317; C,=—0,0474, u, caego-
BarteJIbHO,

(10)

y=0,9317 (1 —x2)—0,0474 (x2 —x%).

§ 8. Meron lanepkuna

Metoa TanepkuHa ocHOBaH Ha OIHOII TeopeMe M3 TeOopHH OGUIMX
panos dypoe.

Teopema. [ycte {u,(x)}—nosnan cucrema Gynkyuii ¢ Heny-
ne80t HOPMOUL, opTO2OHAAbHbLY Ha oTpe3ke [a, b]. Ecau Henpepeisras
pyukyun f(x) oprozonarena wa orpeske [a, b] ko ecem ynryuam
u,(x), 1. e

<

{rnu,max=0 =012 .., (1)
a
10 f(x)=0 npu a<x <b.
HokasateabctBo. Paccmorpum pan dypbe dynkuuu f(x) or-
HOCHTE/IbHO 3a/aHHOU CUCTEMbl OPTOTOHAJIBHBIX (PYHKUHM

Fx) ~ 2 ey, (). )

Kak ussectwo [5], koadduunents ®ypoe ¢, onpenensiorcs no dopmyie
b b
1
to= s § F (), (%) dx, rtre [lu,|p={ u3(x) dx > 0.
lunl®

a

B cuny ycaosus (1) umeem
=0 (n=0,1, 2 ...). 3)

s nonno# cucremst {u,(x)} mo oTHOIeHHIO K JIOGOH HenpepuBHOMH
¢Gyukuud f(X) BbIOJHEHO DPaBEHCTBO MOMHOTH [4]

b

{r2)an= 3 |lu, |2 e (4)
a n=0
Otciona,. yuuTheiBasi paBeHcTBO (3), HMeeM
b
{ r2exax=o,

a

u, caenoatenbo, f(x)=0 npu a < x <o,
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3ameuyanune., V3 cdopmyas (4) BbTekaeT, 4TO ec]d HelpepLIBHAA
¢yskuus f(x) opToroHanpHa K KOHEYHOH cucteMe yHKIMI uy(x),
Uy (x), 4y (x), ..., ty(x) (1. e, cg=cy=c¢y=...=cny=0), 10

b ®

§rrmde= 3 Ju,|rc<e
a n=N+1
npu N nocratoyHo 6oabmioM. B atom cayuae ¢ynkuus f(x) 8 cpeduem
Ha otpeske [a, b] Oymer ckoap yroxno Mmana. Ilpu nononHHTenbHHX
OrpaHHYeHHSiX OTCIOAA CcJedyeT, 4To |f(x)| Takke man Ha oTpeske
a<x<b.

[TepetimeM Tenmepp k uanowenuto Meroma [anepkuna. Ilyctp umeem
auHeliHylo Kpaesylo 3amady (cM. § 2)

Liy]=7(x), (5)

rne L[yl=y"+p(x)y +q(x)y, npm Hanmuuu JHHEHHBIX KpaeBbHX
ycaoBui

T [y]=0e (@) +ay @ =24 Ty[y]=Pey () +Pw (6)=B (6)
(Jog| 1oy |50, |Bol+|By|=0).

BhiGepeM KoHeuHylo cucTeMy GasucHnix oyskum# {u;(x)} (i=0,
1, ..., n), cOCTaBAAIOUIUX YacThb HEKOTOPOH MOJHOH CHCTeMb, MpHYeM
nosabotuMmcsa, uToOb GYHKUHA U, (X) yZOBJETBOPSJAa HEOJHOPOJHHM
KpaeBHM YCJOBHAM '

Fa [uO] = A’ Fb [uO] = B;

a dynakuun u;(x) (i=1, 2, ..., n) ynoBnerBopsan OH OXHOPOIHEIM
KpaeBHIM YCJOBHSM
P ] =Ty [1]=0 (=1,2, ..., n).
Peuntenne kpaeBoit 3agmaun (5)—(6) OymeM, kak OOBYHO, HCKaTh B BUIE
n
y=1t (%) + 2 Caty (%), (7)
i=

Tlpu namem non6ope OGasucHmx ¢ynkuu#t u;(x) ¢yskuus y, onpexe-
asemas dopmyaok (7), oueBHAHO, YILOB/IEeTBOPSET KpaeBbM yc/10BHsIM (6)
npu no6om Be6ope kKoapduumentor C;. Boipaxenne (7) mnoacraBuM
B nuddepenunasbioe ypaBHeHHe (5), YTO HaeT HesA3KYy

R(x’ Clr Cz; ey Cn)=L[U0]+£=21ClL [U,']'—f(x).

Hns TouHoro pewenuss y Hauwe#i kpaeBodt 3sapaun ¢yskuns R=0; no-
3TOMY JJISi MOJNyYeHHS NPHOJHIKEHHOrO pelleHHsi, 6JIH3KOTO K TOYHOMY,
HaM BEITOAHO 1mOA06paTh K03 duuuentn C; TaK, 4TOOH yHKuHus R Obiia
B KaKOM-TO CMbIC/Ie MaJa.
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CornacHo Merony lanepkuna tpebyeMm, 4yTOOH HeBsiska R Guiia Op-
TOTOHaNbHA K OasucubiM Qynkuuam u;(x) (i=1, 2, ..., n), yTo npu
ZOCTAaTOYHO OGO/NBLIOM YHCJe 3THX (QYHKUMH, B CHIAY NPHBEJIEHHOTO BHILLE
3aMeyanus, obecrneyHBaeT MaJOCTb HEBA3KH B CpelIHeM.

Hackonpko 310 npubiauxenHoe pellenne O6/JM3KO K TOYHOMY, B 06-
IIEeM Cl1y4Yae BOMPOC OCTaeTcs OTKPHTHM. Taxkum o6Gpa3oM, mias omnpene-
nenus kosbpduunentor C; (i=1, 2, ..., 1) NpuxoauM K CHCTeMe JH-
HeHHHIX ypaBHeHHH

b
fu, (R, €, € ..., C)dx=0,

a

b
S”z(x)R(x, Cl’ CZ: MRS ] C)dx=0, #

b
(o, R, ¢, G, v, CYdx=0

a

uau, Gonee noxpo6HO,

n b b
o upo L) de = u; (0) {£ (0) — L[]} ax

i=1

(i=1, 2, ..., n).

JlocTaTouHble yC/A0BHS CXOXHMOCTH MeTona lajepkunHa npuBelIeHH B KHUre
Muxnusa [4].

IIpumep 1. Merosom [anepkuHa HafiTH NPHGJNMKEHHOE DEILEHHE ypaBHes

Hud [2]
Y +xy’ +y=2x, @®)
YAOBJIETBOPSAIOLIee KPAeBbIM YCJIOBHIM
y(0)=1, y(1)=0. 9

Pemenne. B xauectBe cucrembl 6asucHuX dyHruumit u; (x) (i=0, 1, 2, 3)
BeIGHpaeM caepyouue GyHKunM:

ug X)=1—x, uy(x)=x(1—x),
Uy (x)=x%(1—x), ug(x)=x%(1—x).
INpuGnukeHHOe pellleHHe 3aJayd HILEM B BUJE TNOJHHOMA
y=(1—x)~+Cyx (1 —x) + Cyx? (1—x) 4 C5x3 (1 —x).

INopcraBasisi y B JeBYIO 4YacTb 3aJaHHOrO JuddepeHnnanbHoro ypasueHnus (8),
noJyyaeM HeBSI3KY
R (x, Cy, Gy, Cy)=(1—4x)+Cy (—2+2x—3x%)+

-+ Cy (2—6x - 3x2—4x3) | Cy (6x — 1242 443 —5x4). (10)
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YcJoBHS OPTOrOHAJBHOCTH GYHKIMH R K QYHKIHUAM U, (x), Uy (X), ug(x) npuBORAT
K CHCTeMe

(x-x’)R (x’ Clv Cs’ Cs) dx=0,

(B—x3) R (x, Cy, Cy,"°Cy)dx=0, [

(x*—x%) R (x, Cq, Cy, C3)dx=0.

Clrim Pl P

Ioxacrasasia BMecto R (x) ero 3HaueHue (10), nocse COOTBETCTBYIOLUIErO MHTErpH-
POBaHHUA NOJyYaeM CHCTEMY

133C,+ 63C,+ 36C;=— 70,
140C, + 108C, + 79C;= — 98, }
264C, + 252C, +211C, = —210.

Otciona uaxoaum C;= —0,2090; C,= —0,7894; C,=0,2090, u, cnesosatebHo,
y=(1—x)(1—0,2090x —0,7894x2 + 0,2090x3).

§ 9. MousATne 0 MpuGIHMEHHBLIX METONAX pemenus
ofiiieii KpaeBoii 3ajxaum

Paccmorpum ofbinee nuddepenuranbioe ypaBHeHHe n-ro Nopsiaka

F(x, 9,9, ..., y")=0 (1
C 3a]aHHBIMH, BOOGLIE TOBOPS, HEJHHEHHHMH KDaeBHIMH YCJIOBHAMH
’ ay), . ’ (Ok)
V‘V(ylv yl) ce ey ygly AL yky yk; cey ykk)=AV (2)
(v=1, 2, ..., n),
rre y® =y (x;) (s=0,1,2, ..., 0,) 1 cucTeMa TOUCK Xy, Xy, «.., X,

3amana (cm. § 1),
Hns npubmmkenHoro pemenust kpaesoll 3amaun (1) —(2) BmGupaioT
¢$yHxuu0

Y=Y, C, G, ..., Cp, 3)

conepxauyio He3dasucumbie napametpu Cj, C,, ..., C, u TaKylo, 4TO
npu mo6oM BuOOpe 3THX mapameTpoB (ynkuus Y ynosieTBopser Kpae-
BuIM ycnoBusaM (2). ITomcraBassa Bhipaxenue Y B JeBYI0 YacCTb JaHHOTrO
auddepernuanbaoro ypaBuenus (1), nonyuaem regasky

R(x, C, Cyy ..., CY=F(x, YV, Y', ..., Y™), (4)

Hama nenp coctont B TOM, 4T0GH chenath QyHKHHIO R HauMeHee yKJO-
HAIOWEHCA OT HY/d B KAKOM-TO CMbIC]e I/ MHTepecylomieil Hac o6aacTH.
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Pasnuunas peanusauus 3Toro TpeGOBaHHS NPHBOIUT K Pa3/IMYHEIM METOJLaM
pelleHus KpaeBof 3amaum.
M 31ech paccMOTpuM HanGosee ynoTpeGUTe/IbHEIE 3 9THX MeTOROB [ 1].
I. Meton xoayokaumu. BuiGupaem cucremy Ttouex &y, &, ..., &
(Touku KOAAOKGYUU), NO BO3MOXHOCTH YYHTHBAS NPH STOM OCOGEHHOCTH
ypasuennst (1), u TpeGyeM, yToOb B 3THX Toukax Auddepenunanbxoe
ypaptenne (1) yIOBJeTBOPA/AOCH TOUHO. JTO JNaeT CHCTEMY

R(glv Cl, Cz, ey Cp)':Oa
R(§2y Cl’ CZ’ o .oy CP)=O’

. . ¢« o e e 2 e e s e+ e e o @

R(E.p, Ch CZ) veey Cp)=07

()

M3 KOTOpO#, BOOOILe rOBOPsS, MOXHO onpenenutb napamerpu C;, C,, ...
«evy Cp (cp. § 6).

11. MeTon HauMeHnb M uX KBaAPaTOB. OThicKHBalOTCA 3HaYenna Cy,C,, . . .
.+., C,, naomye MUHUMYM WHTerpany (uxTezpairvubili merod Haumerv-
wux xsadparos)

b
1=\{RrRx, c,c,, ...,Cpx,
a

TAEe OTpe30K [a, b] COJlepXHT 3ajaHHHe Touku X; (i=1, 2, ..., k).
ATOA. MeTOA MPHMBOAMT K cHcTeme ypaBHenuli (cp. § 7)
ol al al
'BC—I-—-—O, ‘E’—O, e vy —a?};—o.
Bumecro unTerpasa / MOXHO 6paTb KOHEYHYI0 CYMMY (TOvednoii MmeTod
HaumerbuUX KBaOpPATO8)
N

]N=ZR2(§1': C]v Czy ey Cp))

(=1

ree &;(i=1, 2; iy N; N = p) — BbiGpanHas CHCTEMa TOYeK.
III. Metox Ianepkuna. Eciau kpaeBbie ycnoBus (2) nuHeiinne (nud-

¢depenuuanpHoe ypaBHenue (1) npu 3TOM MOXeT OHTb HeanHeHHHIM), TO
MOXHO NOJOXHTb

Y=, (%) + 2 Can; (%),

=1

npuyeM GyHKUHA Y HOMmKHAa yIOBJIETBOPATH KDAaeBbM YCJIOBHAM (2) npu
no6om BeiGope xosdpduuuentos C; (i=1, 2, ..., n).

Cornacno mertony lanepknna xosdduuuentor C; onpemensiorTcs U3
YCJ/I0BHSl OPTOTOHAABHOCTH HEBASKH R K GYHKUUAM Uy (X), Uy (X),. . ., 1, (X),
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T. €. H3 CHCTEMH JIMHeHHHX ypaBHEHHH

b P 3

(R €, G ..., C)ax=0,

ab

(uy (R, G\ Gy .., G dx=0, )

6 s+ e e s e s & & o & o

u, (x)R(x,Cy, Gy, ..., C,)dx=0.

ae—" o

IV. OGo6mennbiit MeTon lanepkuna (merod oprozonarbHbLx npoek-
yud). Bu6upaem p 1uHEHHO He3aBHCUMBIX QYHKLIH @y (X), @5 (X), - « ., P, (X)
(mo u4mcny napametpoB) u onpepensem mnapamerpul C;, C,, ...,
W3 yC/IOBHS OPTOTOHAJBHOCTH (yHKUMH R KO BceM 3THM yHKLHAM, T. €.
nocrosinaple C; ONPENensiloTCs M3 CHCTEMH

b
(o R(x, €, Gy ..., Cp) dx =0,
a

b
Sq)2(x)R(xr Cl’ C2v 0-°)Cp)dx=0: ! (7)

L S e e e e e+ e e e

b
$ o, (x)R(x, Cpp Gy -\, C)dx =0

a

B kauectBe ¢ynkuuit @;(x) oObyno GepyT mepBhie p PYHKIUH H3 KaKOH-
HHOYIb TOJIHOH CHCTEMbl, HAalpHMEp CHCTEMH CTENEHEH X MIH CHCTEMH
TPUFOHOMETPHYECKHX INOJIHHOMOB M T. II.

V. Meton mopoGaacteii. PasGusaem otpesok [a, 6], comepwauiu#
zaHHble TOYKM X; (i=1,2, ..., k), Ha p yacTHuHLIX OTpe3KoB [§,, &,],
[E082lie - [Epo1s Ep)i rne§p=anf,=b.Tocrosnnue C; (i=1,2,...,p)
onpeneiasioTcss U3 CHCTEMbl ypaBHeHHH

£
R, €, Gy v, Cdx=0  (j=1,2,...,p).

Ej—x

Kpome TOro, npHMeHSIOT TaKWe GapUAyUOHHbLe MeTO0bl DelieHns
xpaesbix 3amay (cM. ra. VI). ComocraBnesne sTux MetomoB cMm. [1].

B 3akiioueHde OTMETHM, 4YTO HMEIOTCA H APYTHe MEeTOXb pellleHHs
KpaeBbiX 3a1ay 1Js OOBIKHOBEHHEIX Au(depenunanbHux ypasuennii. Hexko-
TOPHE M3 HHX: METOJ BO3MyLIEHHH, METOJ Pa3HOCTHOH (paKTOPH3aLMH H
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Ipyrue —xopouio onucany B knure [6]. Tam e pacecMmoTpen Bompoc u 06
OLleHKe NOrpeliHOCTH KOHEYHO-PA3HOCTHHIX METONOB NPH DELICHHH Kpae-
BHX 3alady. MOXHO TaKxe NODEKOMEHIOBATb NepeBeNeHHYID Ha PYCCKuit
asbik kuury Jhx, H. Jlanca [8].
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FrTABAV

NPUBIMXEHHBIE METOIb! PELIEHUSI KPAEBBIX 3AJIAY
LI NS SEPEHLUAJIbHBIX YPABHEHUHA
C YACTHbLIMH MPONU3BOIAHBIMU

§ 1. Kaaccupuxauns nuddepeHuHaJbHBIX yPaBHEHH
C YaCTHBIMH NPOU3BOAHBIMHU

B stoif rnase G6yayTt paccMOTpeHbl NPUOAMKEHHBIE METONBl pelueHns
HeKOTOpLX 3axau Aaad auddepeninaspHLX ypaBHEHHH C YaCTHBIMH NPOU3-
BOAHLIMH BTOPOrO MOPSIAKA C ABYMSI HE3aBHCHMKIMH nepeMeHHuIMH. B oOuiem
clyyae TaKoe ypaBHEHHE HMeeT BHI

F(x, y, u, uy, uy,t,,, t,,u,)=0, (1)
rie X, y—He32BHCHMble MepeMeHHhle, L — HCKOMan OyHkuus, u,, u,

Uyyo Uy, Uy —€e NepBhie ¥ BTOPhie YacTHLIE IPOU3BOAHbIE 110 aPryMEHTAM
X u y (wia yno6CcTBa 3aNUCH NPOHM3BOJL-

u HBIX (UITPHXH» OMyCKAalOTCH).

Pewenuem ypasrenusn (1) HasbiBaercs
dyukuns u=u(x, y), obpawmaiowas 3to
ypaBHenne B ToxzaecTBo. 'paduk peuie-
HUsl TIpeXCTaBasieT cOG0M MOBEPXHOCTH B
npoctpatctee Oxyu (uxTeepasvbrasn no-
sepxrocte) (puc. 49).

[ q
- I[Tpumep 1. Peunts ypasHeHue
0%u
Puc. 49. a—yzzo.

Wurerpupys aTo ypaBHeHHe mo y ABa pasa, 6yaeMm umerb u=y@ (x)-+ ¥ (x),
rae @ (x) 1 1 (x)—npoussosblible GyHKIHH. VIHTerpajabHble MOBEPXHOCTH NpeA-
CTaBJISIOT cOOOH JIHHeliuyaTele MOBEPXHOCTH, o6pasyiouiie KOTOPHIX NapaJsiesbHbl
KOOpAMHAaTHO! nuockoctH Oyu.

Ypasreune (1) HasbiBaeTCa AUHelHbIM, TOUYHEE, 6nOAHEe AUHedHbLM,
eC/lH OHO MepBOH cTemeHH OTHOCHTENLHO HCKOMOH (PyHKLMH H Bcex ee
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NPOHU3BOAHLIX H HE COINEPXHT HX npon:—meneﬂnﬁ, T. €. €CJI1 3TO ypaBHe-
HHEe MOXET 6HTb 3aMHCaHO B BHIE

et astCta oS ta=Fixy, @

npuyem KOSC]:)(bHU,PIE:HTbI A, B, C, a, b, ¢ moryT 3aBHCETb NHUIb OT X H y.
B vacrtHocTH, eciw 3TH KO3(QQHUHEHTH He 3aBUCAT OT X M Yy, TO ypas-
Henue (2) mpexacraBasieT coGoit Aunelinoe Ouppeperyuarbrhoe ypasHenue
¢ nocroanubimu Kodppuyuentamu. OcTaHOBHMCH mnoxpoGHee Ha cayyae
AuHe#HOro ypaBHeHHs (2).

Myctb D =AC— B*—duckpumurant ypasrenus. B 3aBucuMocTH oT
svaka ¢ynxunu D aunefinoe nuddepenunanproe ypasHenue (2) oTHocutes
B HaHHON 06/acTH K ONHOMY M3 CJAeNYIOLIMX THIOB!

D > 0 — aaauntuueckuil Tun;

D = 0—napaboauueckuii Tun;

D << 0—eceunepboauueckud tun;

D He coxpaHsieT NOCTOSIHHOIO 3HAKa — CMEUWLaHHbLA TUN.

Tun auHefHOro ypaBHeHHs (2) fiBASETCH ero BaxHOH OCOGEHHOCTLIO
M CcOXpaHsieTcsl NpH JI060M HeBHIPOX I EHHOM NpeoGpPa3oOBaHuM

§=q)(x: y)r "l=‘P(x, y): (3)
T. €. TaKOM, 4TO fKOOHaH
0(9, ¥)
0 (x, y);eo

INNpumep 2. Temneparypa u=u (x, y) TOUKH (X, y) NJACTHHKH IPH CTanHoO-
apHOM pacnpelejeHuH (T. e. NpPH pacnpefiesieHHH, He 3aBHCSLIEM OT BPeMeHH)
M OTCYTCTBHH HCTOYHHKOB TemJa yJoBJjeTBopsieT ypaBHeHulo Jlannaca [1]—[5]

o%u |, 0%u
9x2 5 0y” )

3aece A=1, B=0, C=1 u D=AC—B2> 0, 1. e. yparHenue (4) saauntu-
YyecKoro THMa.

Mpumep 3. Temneparypa u=u (x, £) TOYUKH OZHOPOLHOIO TOHKOIO CTEPXHS
¢ abGcuuccolfl x IJA KaXJ0ro MOMeHTa BpeMeHH ! YIOBJIeTBOPSET ORHOMEPHOMY
ypaBHeHHIO TenmJyonpoBoxHocTH [4], [5]

ou 0%u
a5 a? 3% 5=F(x, 1), (5)

ri¢ a—INOCTOSIHHAsA, 3aBHCAILAas OT (U3HYeCcKHX CBOHCTB crepxud, H F (x, 1)—
¢yHKuNs, CcBA3aHHAs C NJIOTHOCTbIO HMCTOYHHKOB pacmpejesieHusi Tenaa. Ecau
B CTePXKHe OTCYTCTBYIOT HCTOYHHKHM TelJa, TO YpPaBHeHHe TelJONpOBOJHOCTH
HMeeT BHA '

ou d2%u
ot =at ox¥ °

BBeast HoBOe BpeMms a2t =T, NoNyyaeM npusedenroe ypasrerue menaonposodrocmu

Ju 0%
T aa ©
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YpasreHus TensonposofHoctd (5) u (6), oueBMAHO, nNapaGosMuecKOro THUNa.
IMTpumep 4. Ilonepeunoe cmellenne u=u (x, ) TOUKH ONHOPOXHOH CTPYHH
¢ a6cuyccoit x (puc. 50) B caiyyae HaJNHYMS BHEIIHEH CHJB JJist KAXJOr0 MOMEHTA f
YAOBJIETBOPSIET HEOZHOPOJHOMY OZHOMEPHOMY GOAHO80MY Yypasrenuro [1]— (5]
0%u 02u
P ga=f ), M

rie a—nocrosiHHas u F (x, {)—OyHKUHA, 3aBHCAWAS OT BHEIUHEH CHJIEL. ¥Ypas-
Henue (7) HOCHT Ha3BaHWe ypasHenus Koaebarutb cmpywor. Ecau BHelHSS cHJa

OTCYTCTBYeT (cBOGONHEHIE KoJseba-

N/4 HUA), TO YypaBHeHHE KoJeGaunit
CTPYHBl HMeeT BHI
u 0%u 0%u
W:a’ a—xz B (8)
gl z l v .
paBHeHHA KojeGaHuil cTpyHu (7)
Puc. 50. u (8) otHocATcs K runep6oJuyec-
KOMY THIY.
C nuuefinoiM nuddepeHIHaNbHEIM yPaBHEHHEM
0%u 0%u 0%u ou ou
A5;§+23m+ca—ya+aa—x+b@+w—l:(x,y) 9
cBsi3aHo OOmIKHOBeHHoe muddepenunanbroe ypasheHue
A(dy)?—2Bdx dy -+ C(dx)2=0, (10)

Ha3KBaeMOe XapakTepucTudeckum; peiieHds ypasteHus (10) HasbBawOTCA
XAPAKTePUCTUKAMU  YPABHEHUS
9).

Ina ypasHenns (9) rumep-
60/114eCKOr0 THIA CyLIeCTByeT
IBa CceMedCTBa XapaKTepHCTHK

o (x, y)=C1

1l?(x» y)=cz

(puc. 51). Ilpomssoxs B ypas- ,
nenuu (9) npeoBpasoBanue §= T
=@(x, ¥), =Y (x, y), T. e Puc. 51.

NpUHMMAS MapaMeTpH 3THX Ce-

MeHCTB 3a HOBHE KPHBOJIMHEHHEIE KOOPIAMHATH, GylLeM HMETb KaHOHHYe-
CKHH BHI, ypaBHeHHs THIepO6OJMYEcKOro THNA:

g, o (& n) e+ B (E m)u,+vE Me=7E ).

YpapHenne (9) napaGonHyecKOro THIA HMEET OJHO ceMeHCTBO Xa-
PAKTEPUCTHK

P (%, y)= C.
B pesyabrare mpeoGpasoBanus §=@ (¥, y), 1=y ypaBHeHHe mnapaGo-
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JIMYECKOTO THNA NPHBOAHTCHA K KaHOHHYECKOMY BULY:
uta(E nNe+pE e, +v.E ne=rE n.

Hakonen, ypasHenue (9) S/JIMNTHYECKOTO THNA JNONMYCKaeT ABa ce-
MeHCTBA KOMIUIEKCHBIX XapaKTepHCTHK!

Q(x, 9)+ip(x, y)=Cy, @(x, y)—iY(x, y)=C,.

Mpoussons mnpeobpasosawns =@ (¥, y), =Y (¥, y), noayuum
KaHOHMYECKHH BHI ypaBHEHMSl SJJIMITHYECKOro THMA:

Au+taE, n)u+PpE nu,+vE Mue=rE ),

rae Au=uy+u,,—oneparop Jlanraca.

MpocTeifluee ypaBHeHue sjaunTHYeckoro tuna Aw=0 HOCHT Ha3Ba-
uve ypasuenus Jlanasaca. Heomnopomuoe ypaBrenne Jlanmaca Au=
= f(E, m) naswBaetca ypasuenuem Ilyaccoxa.

§ 2. HauanbHbie n Kpaesble ycjosus. 3anava Komu.
CMemannas 3anaua.
KOppeKTHOCTb NMOCTAaHOBKH CMeNIAHHOH 3ajadu

HNuddepennuanbioe ypaBHeHHe C YacTHEIMH NPOM3BOAHBIMM HMeeT
B obueM cayyae GecuucjeHHoe MHOxecTBO pewenufi, [loatomy, ecau
¢du3nyecKuii MpoLecC ONHCHIBAETCH C NMOMOILBIO YPABHEHHS C YACTHHIMH
NPOU3BOIHBIMH, TO IJS OJLHO3HAYHOH
XapaKTepUCTHKH ~ 3TOr0  mpomecca z
HyXHO K YPaBHEHHIO NPHCOENHHHTH g ' l z
KaKHe-TO JIOTOJIHHTEJIbHbiEe YCJIOBHA.
ITH NOMOJIHMTEJbHLIE NaHHHE B TNpPO- Puc. 59.
creiilieM cayyae COCTOSIT H3 Ha4aab-
HbLX W Kpaesblx (rpaHHYHBIX) yc/oBui. B cyminoctu, pasnmuuth 3TH ycio-
BHS MOXHO JiMIIb B TOM CJyuae, €CJu OdHa U3 He3aBHUCHMBLIX NEePEMEHHBIX
1iddepeHnaJbHOrO ypaBHeHHS! WIpaeT POJb BpeMeHH, a JApyras— mpo-
CTPaHCTBEHHON KOOPAHHATH (A5 CJAyyas ABYX He3aBHCHMBIX MepeMeHHbIX),
[Tpn sTOM yc/0BHS, OTHOCALIMECS K HayaJbHOMY MOMEHTY BpEMEHH, Ha-
3bIBAIOTCSA HAYAAbHOIMU, A YCJAOBHS, OTHOCAIMECS K (UKCHPOBAaHHBIM
3HaYEHHSIM KOODLHHAT (OOBIYHO 3TO KOOPJAMHATH IPAaHHYHBIX TOYEK pac-
CMATPHBAEMOrO JHMHEHHOTO KOHTHHYyMa)— Kpaeesimu.

Mpumep 1. Ilycte uMeercst TeNjnOM30JMPOBaHHBIT (KpoMe, MOMXeT GuiThb,
KOHLIOB) ONHODOAHHIH HarpeToli crepxkenb 0<<x<C!/, rje [/—aJHH2 CTepKHSA
(puc. 52). Temmepatypa crepxHsi u=u (X, {) B Touke x (0 < x < /) pas mobBoro
MOMEHTa BpeMeHH ¢ YJOBJIETBOPSieT YDaBHEHHIO TENJONpPOBOJHOCTH (cM. § 1,
npumep 3)

ou , 02U

T o ()
rje a—InocTosiHHas.
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B HauanbHBIH MOMEHT /=1, A1 BHYTDEHHHX TOYEK CTepKHS OOGBIYHO 3a1a-
eTci HauaJbHOE pacnpejieieHHe TemnepaTyphl. OTO NPHBOAMT K HavajibHOMY
YCJIOBHIO

u(x, to)=f (x) 3

npu 0 < x < I, rae f(x)—u3BecTHas GYHKuuA. YcjoBue (2) He obecneyuBaer
OJHO3HAYHOCTH pelleHHs AnddepenunanpHoro ypanrHenus (1), Tak Kak ¢usude-
CKU SICHO, YTO pacrnpejefieHHe TeMnepaTtypbl u (X, ) B CTEpPXKHE sl MOCAEAYIO-
IHX MOMEHTOB BpeMeHH f > f, CYLIeCTBEHHO 3aBUCUT OT TOr0, B KaKOM COCTOSi-
HHM HaXOAATCHA KOHUB cTepxHa x=0 u x=1 (ecTb s TaM yTeuka TenJia, Kakos
TenJoBoil pPeXHM H T. I.).

B 3aBHCHMOCTM OT COCTOSIHHA KOHLA x=0 HMeeM CJEAYIOLHe OC HOB I bl €
KpaeBble YyCJOBH .

1. Koney cmepacna x=0 noddepaxcusaemca npu 3adannod memnepamype

u (0, =9 (1), . 3)

rie @ ({)—wussectHas ¢(yskuus. B uwacTHocTH, ecqnm ara TeMmmeparypa pastia
HYJIO, TO KpaeBoe yCJOBHE HMeeT BHJ

u 0, t)=0. 1)

2. Koney cmepocna x=0 menaou3oauposan, T. e. yTeuka TelJia B OKPYHKaio-
Y10 CPeAy OTCYTCTBYeT:

u, (0, ¢)=0. (5)

3. Ha kouye - cmepacna x=0 npoucxodum aydeucnyckanue menaa 6 oKpy-
scarouyylo cpedy, Temneparypa KoTopoil MeHsleTCS NO 3aJaHHOMY 3aKOHY

u (0, t)‘l'aux (U] =@ (f), (6)

rie o—mnoctosinuasa u @ (¢{)—ussectiaa ¢yuxuus. B uyacruoctu, ecau Temiuepa-
Typa BHellHell cpelbl paBHa HYJIO, TO MOJY4lM

u (0, t)+aux 0, ¢)=0. (7)

CMewantoe KpaeBoe ycJoBue (6) B HEKOTOPOM CMBICJIe MOKHO CUMTATh OOLLUM,
a uMmeHHo, noJaras oo=0, noayuynm Kpaesoe ycJjosue (3), a npu &=o0 Gyuem
uMeTb Kpaesoe YycsoBue (D). Bo3MOoMHBI M Apyrue THUNB KpaeBbIX YCJOBHHU.
AHanoruyubie Kpaesble YCJOBHSI MOTYT OBbITh TakiKe JJs KoHua x=1{. Kombuuu-
pyst KpaeBble yCNoBHSl AJifi KOHUOB x=0 u x=1[, 6ylleM HMETb KpaeBble 3alauu
Qi CTEPXKHS, KOTOPble NMPH HAJHMUHH HayaJbHOro ycJjoBHs (2), Boobuie roopd,
HMEIOT eMHCTBEHHble pelleHHs.

[Mpume p 2. PaccmorpuM cBoGoinble KosieGaHHMA OLHOPOAHOH oOrpanuyen-
noii crpyHnt aauubl { (0 < x < /). INonepeunoe cmewenne u=u (x, ) npu 0 < x < !
145 J060ro MoMeHTa BpemeHu { YJOBJETBOpsSeT BOJHOBOMY ypaBHeHHO (cM. § I,
npumep 4)

0%u o, 0%u
o =% gx @

rie a—noctonHHas. B HauanbHEIl MoMeHnT f=1{, OGBIYHO 3ajalTcst dopma
CTPYHBL H paclpejie/leHHe CKOPOCTell ee ToueK. IDTO AaeT HauasibHble YCJOBHA
u(xv to)=q) (x)r ut (x’ to)=(P1 (x)v (9)

rie @ (x) u @ (x)— usBecTHele (QyHKUUM, OnpejeseHHBble B HHTepBane 0 < x < [.
B 3aBucHMOCTH OT cnocoGoB 3aJlesik¥ KOHIOB cTpyHBl x =0 u x=1{ 6ynem umerb
clejylolie OCHOBHBIE KPpaeBble YCAOBHA
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1. Koney oxecmko 3akpenien:

(0, £)=0 (unu u (I, t)=0). (10%)
2. Koney ynpyeo sakpenaen:
Uy (0, )—kwu (0, )=0 (man uy (I, £)+kou (I, £)=0), (10M)

rge ky M ky—noJI0X HTE/bHBIE TOCTOSIHHBIE.
3. Koney ceo6o0en:

Uy (0, £)=0 (uau uy (I, )=0). (10""")

Ipu pocratouHoil raapkocT GyHKuuit @ (x) 1 @, (x) 3apaua (9)—(10) umeer
€I MHCTBEHHOE peLieHHe.

PaccmoTpuM 06uiyl0 MOCTAHOBKY 3a4ayd C HaYaJbHbIMH YCJIOBHSIMH.
[lycte mano nuueitnoe mnddepeHunanbHoe ypaBHenue
L{u]=F(x, y), (11)
rae

Llul= A, T5+2B(x, 9) s+ Clx, 0) Sh+
ta(x, ) Etox ) Ftolx e (12)

OThickanne peuteduss u=u (x, y) ypasHenus (11), ymosierBopsOLIErO
HAYaJIbHEIM YCNOBUAM

u(x, yo) =@ (x), u,(x, yo) =@y (x), (13)

nasniBaetrca 3adaueil Kowiu, a caMM YCJOBHS HOCAT Ha3BAHHE HAYQAAbLHBLK
dannslx Kowu.

3anaua Kowmm fgonmyckaer npoCTYI0 reOMETPHYECKYI0 HHTEeprnperauuio
(puc. 53): TpebyeTcsi HAWTH MHTErpajbHyi0 NOBEPXHOCTb U=u(x, y)
ypastuenust (11), NpoXoxaULyIO0 uepe3 AaHHYIO NPOCTPAHCTBEHHYIO KPHBYIO

Yy="Yp U= (x) (I

W Kacaiowyilocs B Toukax M (x, y,, #) 9TOH KPHBOH 3alaHHOH CHCTEMbl
BEKTOPOB @, PacCMoJIOXEHHbIX B IJIOCKOCTAX X = const U cocTaBASIOUINK
¢ oceto Oy yroa P, onpenensieMbiii paBeHCTBOM

tg f =@, (x).

Ecau paccmatpuBath y Kak Bpems, TO 3anaya Kowwu umeer cienyio-
LLyl0 MEXaHWYEeCKyK TPAaKTOBKY: B HAayajbHEIl MOMEHT BpEMeHH y = y,
3ajanbl HopMa MIAOCKOH JHHUH U= @ (X, Y,) M pacnpele/eHne cKopocTeh

du
ee TOUCK 5 =y (%, yo). Tlpeamonaras, yrto kKawjaa Touka M (x, u)

JHHHK ABHXeTCA napajsienbHo ocn Ou, npuueM muddepeHunanbHuifl 3a-
KOH IBHYeHHS NaeTca ypaBuenneM (11), TpeGyercs ompeneantb ¢opmy
JMHHH JJIS TOC/EAYIOIHX MOMEHTOB BpEeMEHH y >y, (pHc. 54),
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Yenoens (13) samator nasanbuble nanHele Komn na mpsmofi y = y,.
OnHako STO He fBJseTCH 06GA3aTebHHM: MOXHO 3alaBaTh HauyajdbHHE

u
0
F A ——
£
Puc. 53.
uh
/\_/_\”i”(‘z'y}
/ ' unla(a:,y,,)
i :M(\I,U)
.
/4 z z
Puc. 54,
JasHeie Ha Ji060# rnankoit KpHBOH
D (x, y)=0. (v)
Takum o6pa3oMm, TPUXOXHM K obujed 3adave Kowu-—HRaHTH pellelHe
u=u(x, y) (14)

auddepenunanbioro ypaeienus (11), yaosneTBopsiollee Ha4yaJbHBM
YyCIOBHSAM

d )
=95 ¥, F| =0l o). (15)
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du du
Bmecto npoussonHoit P MOXHO 3alaBaTb NPOH3BOJIHYIO 3y’ TaK KaK

Ha KPUBOH Yy HMeeM .

ou du oD oD
MoXHO Takxe 3alaBaTb HOPMA/bHYI0 NPOHU3BOIHYIO
ou Odu ou
3 = a5 <08 (7, x) -]—a—y cos (n, y).

3anaya Kown 06buHO CTaBHTCA A48 JAuHeHHOro ypasseunus (11) ru-
nep6oMHYECKOr0 M Mapabo/IHYecKOro THMOB,

Y

My (zy)

I a b z
Puc. 55. Puc. 56.

Ecnu ypasuenue (11) runep6o/anyeckoro Tuna, TO I €IHHCTBEHHO-
CTH pewleHdst 3agaun Kowmnu Heo6Xomumo, 4TOOH HayanpHa# KpHBas y
He siBasaack xapaktepucTukoff [1]. Ecim ato mocnensee ycnoBue BH-
MOJIHEHO M HAayaJbHHE NaHHble 3aJaHbl Ha KOHeyHOH nyre PQ KpuBO# 7y,
TO peuweHne 3agayd Komm, BooGiue roeopsi, onpeieieHo H OJAHO3HAYHO
B KpHBOJMHHeHHOM TpeyroJbhuke PQR (o6iacTe pacnpoctpanetus), o6-
pa3doBanHoM ayrofi PQ u nyramu xapaktepuctHKk PR n QR pasinysbix
ceMeHCTB, NMpOXoAsIINX yepe3d KoHLu P u Q (puc. 55). Ilpexnonaraercs,
KOHeYHO, 4TO Ko3a(pduiueaTn auddepeHaspHoro ypaBHeHHs onpeje-
JIeHhl M HempepHBHBl B COOTBETCTBYIOLLEH 06/acTH.

[lyctp HavanbHbie mannele Komm ans ypassenms (11) samaun Ha or-
peske a< x< b, a penmesne u=u(x, y) STOrO YpaBHEHHS HaLO
onpenennts B noaynosnoce K{a<{x< b 0<y<< oo} (puc. 56). Torma
AN ONHO3HAYHOCTH STOTO peIlieHHsl JOMOJHHUTE/NbHO HYXHO 3ajaTh
yCIOBHS Ha NpPAMBIX X=a& M X =250, 4YTO TIPHBOAHT K CMewAHHO
3adaue. JlocTaToyHo oOLIeH 3amayeli 9TOro THIA SBASETCA HAXOWAEHHE
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B nonynonoce K pewenns wu=u(x, y) nuddepenunanbioro ypasxe-
aua (11), ynoB/eTBOPAIOLIEr0 HAYaAbHLIM H TPAHHYHBIM YCIOBHSAM:

* u(x: 0)=q>(x)r uy(x) 0)=(P1(x) (a<x<b) y=0) (]7)

oot (a, y)+a.u, (a, y)=P(y),
ﬁoa (b) y)+[51ux (b) !/)=¢1 (y)a I

lag|+]ay |5 0; [Bol+1B1l7#0, 0<y<<oo.

Oco6oro BHHMaHHA 3aC]AYyXKHBaeT fnpejebHbiil cayyalt, Koraa @ = —oo
um b= oo. 3nech kpaeBble ycnoBus (18) mam cosceM oOTNanawT, uaH
3aMEHSIIOTCS HEKOTOPHIMH  YCIOBHSMU
4 E «Ha GECKOHEYHOCTHY,

Crmewannan 3adaua 118 ypaBHe-
6 nus (11) B o6weM acnekTe MOXeT
OLiTh  CHOPMYJIMPOBAHA CJAEAYIOLIUM
H'a o6pasoM: naHa KoHeyHas wuau Gec-
h KoHeyHas oOnacte (G B NJIOCKOCTH
Oxy, nMeol1as Kyco4HO-TIafKyio rpa-
P nuy I' (puc. 57). TpeGyerca Haiitn
B ob6aactn G pewenne auddepequu-
0 : % QIbHOrO ypaBHeHnus

Puec. 57. L[u]___F(x) y)’ (]9)

ecin Ha HekoTopux yacTsax rpanuus 'y, Ty, ..., ', BHnonsesn coor-
HOLIEHHH

(18)

Lij[u]=(pij(x1 y))
x el i=1,2, ... ,m j=1,2, ...,p), | (20)
rae L;,—mnnn Ougpeperyuarvrvie oneparopv. NO INEPEMEHHHM X H Yy
NOPS/IKA HE BHIUE MEPBOro, W KOHE4Hble COOTHOWeHUR, a @;; (X, y)—
3amansbie pysxunu. 3anauy Kown, oyeBHIHO, MOXHO PacCMaTpHBATL Kak
yacTHHH cay4ai 3Toi obwelt cMmemanHo# 3ajaun.

Ipu paccmoTpennn dusnyeckux npobiem QyHKUHH @;; (¥, y) 06buHO
onpeneasiorcs npubamxeHHo u3 onnita. [losTomy perienne Takoii cme-
IIAHHONM 3aJay¥ HMeeT MPAKTHYeCKyl0 LeHHOCTb JMIIL B TOM Cayuae,
ecau He6GoJbIiie OIMOKH B HayalbHEIX W KPaeBHX YC/HOBHAX He MOTyT
NPHUBECTH K OOJBIUMM OTKJOHEHHSM COOTBETCTBYHOULEro peutesus. B stom
clydae roBOpPST, YTO CMEILAHHAs 3ajaya M[OCTaBJieHa KOPPEKTHO, WIH,
HHaye TOBOpS, HENPEPHBHO 3aBHCHT OT HAYaJbHHIX M KPaeBbIX YCJIOBHH.

Onpenenenne. Cmemwansas sagmaya (19)—(20) nasmBaercs rop-
pexTHo nocrasaexnnod B obnactn G, ecam ans ao6oro € >0 MOxHO
ykazatb uucio mM=1(E) > Taxoe, 4TO nNpPH H3MeHeHHH GYHKUHH
@;; (X, y) HA BeIWYMHBI, MOLY/b KOTOPHIX MeEHbIlle, yeM 1), pelenne



§ 3] KPAEBHIE 3AJAUU JJIf YPABHEHUH 3/J/IMOTHYECKOTO THIMA 253

u=u(x, y) usmenserca Bo BCell o6Gnactu G Medbiie yem Ha €. B mpo-
THBHOM C/lyyae CYHTAeTCd, YTO 3alaya NOCTABAEHA HEKOPPEeKTHO.

Ins ypaBHesmit 3/44MNTHYECKOro THNA 3azaya Kowmwu o6hiyno He pac-
cmaTpuBaercs. JTO OOBACHAETCA TEM, 4YTO,
KaKk npaBuio, 3anaya Komwwu mans ypaBnenu# ¥ y>0
3/UIMNTAYECKOrO THMa MOCTABJEHA HeKop- P
PEKTHO, T. €. HHUTOMCHO MaJible H3MeHeHHs - ——

HAYANLHBIX JAHHLIX MOTYT IIOBJEYb Cylle- 0 z
cTBEHHOe u3MeHende pewenusi. [lokaxewm
3TO Ha npuMepe, HAES KOTOPOro npuHamie- Puc. 58.

AHT paHuy3cKOMYy MaTeMaTHKy Anamapy.

Mpumep 3. Ilycts TpebyeTcss HafiTH B BepXHell NOJYMIOCKOCTH y > 0
(puc. 58) pewenue ypasHenus Jlannaca

0%u 9%
a?-'_W:O’ (21)
yaosJaetBopsiouiee npu y==0 HauajabHbIM ycaoBusM Kouiu;

u (x, 0)=0, uy (x, O)=% cos nx, (22)
rjie n-—HaTypalibHOe UHCIO.

Jlerko nposepuTb, YTO peLieHHe 3TOH 3ajJauu ecTb
L !
u(x, y)=n—2 cos nx sh ny. (23)

Xorts npu pocrartouno GOJNLIIOM N HAualbHble JaHHBle (22) MOTYT GbITbh CHeJaHbl
CKOJIb YFOLHO MaJIbIMH:

lu(x, 0)[ <, |uy(x’ 0l <m,
Tem He Mewee pemenue (23) naa moGoro 7 > 0 He orpaHuyeHo npu n — oo
B kaxpoil mosoce 0 < y < h. [leiictBurensuo, ecan y > 0, To, Hanpumep, umeem
1
u (0, y)=h—2sh ny — o MpH n — 00.
Ecnu xe B3ATb 4MCTO HyJeBble HauajbHble ycjoBus u (x, 0)=0, uy (x, 0)=0,
TO pellenue u, (x, y) aToi mocseaueit sanayu Ko, oueBHpHO, Gyner
Uy (x, y)=0.

Takum 06pa30M, 3JieCb CKOJib YTOAHO MaJioe M3MEeHeHUe HaualbHBbIX YCaoBuil
NpUBOAUT K HEOrpaHHYeHHO 60m>1uomy pPacxoklieHHuIo pemeﬂuﬁ.

§ 3. Kpaesple 3apnauu JJ8 ypaBHeHHH SJIJIMIOTUYECKOTO THNA

HMcecnepoBauus  CTaUMOHAPHLIX TNPONECCOB  pasinyHoft  dusuueckofl
npupoas (KosebaHus, TENIONPOBOAHOCTD H JIP.) YaCTO NPHBOAAT K ypaB-
HEeHUSM JJIMNTHYECKOTO THMA

L[u]EAu—{- aux—}—buy—l—CIt::F(x, y)! (1)



2564 NPUBJIMKEHHHE METOJAH PEIIEHHS KPAEBHX 3AIAY [ra. v

rie a=a(x, y), b=b(x, y), c=c(x, y) n F(x, y)—HenpepusHuie
¢ynkunn. Ins oTnx ypaBHeHH OGHYHO CTaBATCH JIMIIb KpaeBhle 3a-
Iayn, TaK Kak 3amada Komm, kak OHWJO NOKa3aHO B mNpeisnayuieM mna-
parpade, AN ypaBHeHHH SJIHNTHYECKOTO THIA MOXeET OHTb He-
KOpPPEeKTHOMH.

Han6Gonee uyacTo BcTpewaloTcs CaAeLylOLIMe Kpaessle 3adayu,

Mepsasa kpaesas 3amaua. Ha konrype T, orpanmuuparouiem
o6nacte G (puc. 59), samana nempepuiBHas dyukuus @ (P)=¢ (x, y).
TpeGyercs nafiTh dyskuuio 4 (P)=u(Xx, y), yLOBIETBODPAIOULYIO BHY-
tpn G ypaBhenuio (1) u mnpu-
¥ HHMaIOULYl0 Ha rpaHHle 3anau-
HHe 3Hayenus @ (P), T. e, KOMK-
Hel OBITh BBIMOJIHEHH YCJOBHS:

L{u(P))]=F(P) npn PE€G;
u(P)=q(P) mpu P€T.

BTtopas kpaeBas 3a-
nava, Ha kourype I', orpa-
HUYHBaloueM o6nacte G, 3a-

Puc. 59. JlaHa  HempepHiBHag  (yHKuud

@, (P). Tpebyercsa Halitu dpyuk-

unio 4 (P)=u(x, y), ynosnersopswulyio BHyTpu G ypasnesuio (1),

HOpMa/ibHasi Npou3BOAHAas KoTopo# Ha I' nmpuHuMaeT 3amawnblie 3nauenus
¢, (P), T. e. Tpebyercs, 4TOOH

L[a (P)]=F (P) npu PEG,

ou (P
—lt?-(’i—)=(p1(P) mpu PeT.

Tperbs xpaeBas samaua. Ha xontype I', orpannumpaiouem
o6nactb G (puc. 59), samana HenpepuiBHas ¢ynkuua P (P) =1 (x, y).
Tpe6yerca Haith yukuuio u (P)=u(x, y) Takyw, 4yTOOH

L [u(P)]=F (P) npu PE€QG,

oo (P40, 28 — 4 (P) npu PeT,

rae |ao| |0 |7=0.

TpeTbl0 KpaeBylo 3amady MOXHO pacCMaTpUBAaTh Kak o6uiyio. Jeii-
cTBUTENBHO, NpH 0y=1 ¥ a,=0 noxyyaem nepBylo KpaeByi0o 3anauy,
a mpu 0,=0 u a;,=1—BTOpyI0 KpaeByi0 3aaauy. 3aMeTHM, YTO ec/H
o61acte G orpaHuyeHHas, TO COOTBETCTBYIOLlas Kpaepas 3aJaya Hasml-
BAeTCH BHYTpPeHHell, B NMPOTHBHOM Clydyae— greulrell.

Ias ypasuenns Jlannaca Aw=0 neppass KpaeBas 3a1aya Ha3nBaeTcs
sadauett Jupuxae, BrOpas—3adaded Hedmana B TPETbS — CMEWAHHOU
kpaesoil sadaued,
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§ 4. Hexoropeie cBejeHnsl O rapMOHMYECKHX (YHKIMAX.
EnuECTBEHHOCTh pelieHns 3apaynm Jlupuxge

Onpenenenne. dynkuus u(x, y), UMeiollad HENpephHBHHE YacT-
Hble NPOU3BOJLHHIE BTOPOro mnopsaka B o6aacth G M ynoBieTBOpsifouias
BHyTpr G ypaBuenuto Jlansaca, Ha3hlBaeTcl 2apmoHudeckol Qynxyuei.

IMpocrefiunMu rapMOHHYECKUMH (QYHKUMSMH NBYX NEPEMEHHHX X H Y
SBASIOTCA: JuHeHHas yHKuMa u = ax -} by c¢; ynkuus Buma u=lnr,
rae r=V (x—x,)2+ (y—y,)? (ocHOBHOE peumenne ypasHenus Jlannaca).

3anaua Jupuxne B HHBIX TepMHHaAX MOXeT OhiTh cOpMyaHpOBaHa
crenyomwuM o6pa3oM: HaMTH (PYHKIMIO, HENpepbiBHYI0O B IAHHOM 3aMK-
Hyto# o6nactu G= G+T', rapmoumyeckyio B o6aactu G M NpUHMMAIO-
uyio Ha ee rpaHuue I' HempepoiBHBE 3aflaHHBIE 3HAYEHHd.

ENMHCTBEHHOCTb pemieduss 3agaud JlHpux/e M HenpepoiBHAsS 3aBUCH-
MOCTh €€ OT KpaeBhlX YCJOBHH (KODPEKTHOCTb KpaeBOH 3ajauyu) BhITe-
KalOT M3 C/eNyIOIHUX CBOMCTB rapMOHHYECKHX QYHKUMH.

Csot#icteo [ (npunyun maxcumyma). TapmoHuyeckass B OrpaHUYEH-

Ho# o6GnacTH (QYyHKUHMS, HenpepbiBHas B 3aMKHyTOH o6iacTu G=G+ T,
He MOXET MNpHUHMMaTh BHYTPH 3TOH 006JacTH 3HayewH# OOJbHINX, YeM
MaKCHMyM ee 3HaueHH# Ha rpanuue I', M MeHBIIHX, YeM MHHHMYM ee
3Hayesn#t Ha T,

HoxasatenbcrtBo. Ilyctb M—makcuMym 3unaveHnit u (x, y) Ha
rpaunue I'. Jlonmyctum, 4To ¢yHkums u (¥, y) B HEKOTOPOH TOUKe
Py (x4, yo) BHYTPH G NpHHHMAET 3HaYeHHe U =L (X, Y,), MpuueM pu > M.

CocTaBHUM BCIOMOraTe/bHYI (PYHKIHIO

(%, 9) =1 (% )+ Lo (5 — %02+ (y— o],

rae d—nuamerp obnactu G. OueBHIHO, HMeeM
v (Xo, Yo) =u(Xy, Yo) =1,
npuyem mpu (x, y) €' BHNOAHEHO HepaBeHCTBO

v(¥, Y< +l"2d2 M;_M < u.

CnepoBatenbHo, yHKLHS v (X, y) ILOCTHraeT CBOEro HanGOJbHIErO
3HauYeHns BHYTPH o6aactH G B HEKOTOpOH TouKe (X, y), IPHYEM B 3TOH
TOUKe GYNYT BHNONHEHH HEOOXONUMBIE YCAOBHS /I MAKCHMyMa (yHKUHMH:

ov _dv 0%
=5 =0, axz<o o7 < 0.

Hs coomomex-ma

% 0% 2(u M)
‘0x% + 6y3 x2 +0y“'+
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' 0% d%
BLHTEKAET, YTO MO MeHblIeH Mepe ONHA U3 MPOM3BOAHHX ——5 WM Fr
nonoxurtenapha siytpn G. Iloatomy dyskums v(x, y) nu B KakoH By-
Tpennell Touke o6GJjacth G He MOXeT MMeTb MaKCHMyMa, M, C/leXOBa-
TeNbHO, MNPHXOAMM K MPOTHBOpeynio. TakuMm oGpasom, u(x, y) <M.
AHaJOTHYHO [OKa3biBaeTCs, 4TO U (X, y) < m, rle M —HauMeHbliee
3uauenne QyHkunn u (x, y) Ha rpannue I'.
Cnencreune. Ilycrs dyukuus u=u (x, y) — rapMonuyeckas B orpa-
nuieHHoél o6aactu G W HempepniBHas B 3aMkHYTOH o6aactu G=G-+T.
B Takom ciayuae crnpaBemsMBO HEpPaBEHCTBO

u<Lu(x, y)<u,

rie u=minu(x, y) va I', wu=maxu(x, y) na I,

3amMeuanue. MOXHO 10Ka3aThb 60Jee CHJbHOE yTBEpXHAeHHe, 4TO
rapMOHHYecKas B OTpaHHyeHHoM u 3aMkHyTOH ob6aactn G ¢dyukums, oT-
JANYHAR OT KOHCTAHTH, He nNpHHUMaeT BHYTpH G HanGosbuiero M Hau-
MeHblIero 3HayeHu#.

CesotictBo Il (eduncrsennocrs 3adauu Jupuxae). 3amaya dupuxne
I8 3aMKHYTOM M oOrpanuyeHHol 06JacTH MOXET HMeThb JHIIb €IUHCT-
BeHHOE pellieHne, T. €. He CYIIeCTBYeT JABYX HeENpEpHIBHLIX TapMOHH-
yeckux QyHKIHA B 3aMKHYTOH orpannyenHofl o6aactu G, NMpPHHUMAIOLUX
Ha TpaHHIle OXHH H. Te e 3HAYeHHs.

Hokaszarteabctro. [onyctuM, uto nBe dyskumu u,(x, y) u
u, (¥, y), rapMonnyeckue B o6nacTy G, COBNAAaOT BCIOMY HAa €e rPaHuLe.
PaccMoTpum ¢yHKUHIO

u(x, y)y=u, (¥, y)—u,y(x, y).

Ouesunno, uto u(x, y)—rapmonudeckas ¢yHkunsa, o6Gpawaouiascs
B HyJp Ha rpanuile. [lo cBoficTBy [ 3Ta yHKUHS He MOXET NpUHHMATh
BHyTpr (G 3HavenuH OGojblue HJIM MEHbIIE HyJA, CJAEN0OBaTeNbHO,
u(x)=0 Buytpn G u u, (x)=u,(x).

3ameuauue. HUa cpoiicrBa Il ne caenyer, uro 3amaya Hupuxne
sl orpaHnyeHHOH 3aMkHYTOH o6sacTH G uUMeeT pelleHHe; 3TO CBOHCTBO
JAMLIb yTBepXIAeT, YTO eCAH CyulecTByeT peweHne 3anadn Hupuxne
ang ob6nacty G, TO OHO E€IHHCTBEHHO.

Moxuo nokasaTs [20], yto ecam o6aacTe G BHOYKNasd, T. €. BMECTe
C IBYMsi CBOUMH TOYKAMH COJEPXHUT COCHHHAIOUME HX OTPE30K, U TpaHuua
ee I' kycouno-rnankas, Tto 3amaya Jupuxsne ans takoft o6nacTH ¢ He-
NPepHBHLIMM JIAHHHIMH Ha ee rpanuue I' JeHCTBHTENBHO HMeeT peleHHe
(reopema Hetimana). ‘

CeoiicTBo III (koppexrrocTo 3adauu [upuxae). Pemenue 3amauu
Jupuxine nis 3aMKHYTOM M OrpaHHYeHHOH 06/1aCTH HENPEPHBHO 3aBHCHT
OT rpaHMYHHIX JaHHHIX,
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Lokasareapcrso. JLonycTum, ut0 4y (x, 4) u u,(x, y)—
pewenns 3azaun Jlupnxse, COOTBETCTBEHHO NDPHHHMAIOUINE HA rpaHuLe
3BayeHHs @, (X, ¥) B @, (X, Yy).

Mycte Bclony na rpaunue I' Bhnosneno wepaBeHcTBO

lq"l(xy y)“‘(Pz(x, y)l<3,

rAe &— NPOU3BOJbHO MAJ0€ MOJOKHTENbHOE YHC.IO,
PaccMOTpUM rapMOHHYECKYI0 (YyHKUMIO

u(x, y)=uy (x, y)—uy(x, ).
Ha rpannue I' ata ¢yskuns npuuuMaer sHauenue
P ¥, 1) =0, (%, §) —g, (¥, y).
Tak xak —e < @ (x, y)<e nva I', 1o no ceodictey 1 nmeem
—e<u(x, y)<e npu (x, y) €G,
T. 6. —& <y (¥, y)—uy(x, y) <& nm |uy (¥, y)—u, (%, y)] <e.

Takum o6pasoM, ans 3amaun Jlupuxsie TpeGoBanHe KOPPEKTHOCTH
BHIIOJHEHO NpH N =¢ (cM. § 3).

§ 5. YpaBnenne Jlamjaca B KOHEUYHBIX PA3HOCTAX

Jl1s nonyyesus KOHEYHO-PasHOCTHOrO YPABHEHHS, COOTBETCTBYIOLIErO
ypaBHenuio Jlannaca

0%u |, 0%

o T op dy? =0, (1)

0%u 02
JOCTaTOYHO, BoiGpaB war A >0, 3aMeHUTb NPOU3BOAHBIE ——

ax2 " gyu OTHOWe-

HUSIMH KOHeYHhIX pasHocTeli no ¢opmynam

%u ul(x+h y)—2u(x, y)+ulx—h, y)

o h3
Ou ulr y+h)—2u @, y)tu, y—h)
o2 h? :

Torna Gynem umetb
ux+h, y)—2ux, y)+ux—h, y)+

h?
ux, -|—I —2u (x, +U X, y—1
l ( !/ 1) ( e y) ( y l) 0’

H, CJ1eL0BAaTENbHO,

u(x, y)=%[u(x+h, y)t+ux—h, y)+
tu(x, y+h)tulx, y—h} (2
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Onnako, 4To6bl MMETb BO3MOXHOCTb OLUEHHTh TOYHOCTb TaKOH 3aMmeHHl,
cnefyetT MATH 10 HECKONbKO HHOMY MyTH, HCHOJb3ys IS MOJyYeHHS
KOHEYHO-DAa3HOCTHOTO ypaBHeHHs opmyny

g Teitnopa
5 Fleth, gt )=
0 5}
res =fle i)+ (5 ht g k) £l5 9+
9,
) 1 /0 0 2
T T ta(mhtak) Fn 0+
1 /0 0 "
” oot (g bt g k) P By 4 O),
—&- )
£ rne 0 <0 <1,
Puc. 60. [Tpy 3TOM MO/Ib3YIOTCA Pa3AHYHBIMU CXe-

mamu. PaccMOTpuM 1Be OCHOBHHIC CXEMHI,

Mepean ocHoBHas cxema. Paccmorpum Toukn A(x, y),

B'(x'_’h) y)) C(x"l'hr y)) D(x) y"l_h)) E(x’ y—h)) Jexamue B

IlcHTpe KBaapaTa M Ha CepelHHax ero cTopoH (puc. 60), u BhIpa3uM

anauenus oynkuun u B Toukax B, C, D, E depe3 3HaueHHs 3ToH

GyHKUMH M ee POM3BOMHBIX B LEHTpanbHoll TOuke kBaxpata A (X, y).
CornacHo Qopmyne (3), nonaras B Helt 7-=4, uMeeM:

ll(x—-h, y) =
1 1 1,
=u(x, y)—hu,+g hPu,—5r LA o v R
u(x+h, y)=

1 1 1, =
=u(x, y)+hu, +o hPu +g5 PP, + le*‘uu“,

4
ux, y—h)= 4)
_ 1 s 1,5 [P
=u(x, y)—huy-|—2—lh uw—ﬁh ”uuy'l_ﬁ h Uy
ll(x, y+h’)=
1 ,, 1 1,5
= U (x, y) -+*' hlly +-§T h uyy —I— 3'—‘ h3uyyy —I—ZTh“uywy ,
THe Uy, Uy, Uy, Uy, Uy, Uy, —3HAYeHHS MPOH3BOAHEIX B TOUKe
A(x, ¥), @ Uiy Ugyxrr Uyyyyr Uyyyy — TPOU3BOMHEIE B HEKOTOPHIX

MPOMEXYTOYHBIX TOYKAX.
CkaanbiBas paBencTBa (4), mouaydaem

u(x_h: y)_{_u(x_l-h) y)+u(x) y-——h)+ll(x, y+h)=
=4u (x: y)'+'h2 (Uxx—l—llyy) "I"Rh(xy y)’ (5)
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rie OCTATOYHbLL 4AeH . 3 .

Ry(x, y)= % [‘—‘xxx:c + Exxxx + ;yyyy + l;yvyy]
npu u € C'¥ umeer nopsnox O (h%). Otciona Gyzem HMeThb

u(x—h, y)tu(x+h, y)fulx, y—h)+ulx, y+h=
=4u(x, y)+h*Au-0(h),
H, CJeloBaTel]bHO,
Mu=ozlu(®—h, g)+u(x+h g)+uls, y—h)+
+u(x, y+h)—4u(x, y)]+0 (K. (6)
dopmyna (6) Bupaxaer oneparop Jlammaca Au yepe3 KOHedHble pa3s-

HOCTH M Ha3biBaeTCd MNEPBOM OCHOBHOU KOHEYHO-pA3HOCTHOU popmod

—00

BQ

mQ
STe;

Puc. 61.

oneparopa Jlansaca. Otkunbisas B ypaBHenuu (6) unen O (42), noayunm,
uTO ypaBueHuto Jlannaca Au =0 npuGIHNKEHHO COOTBETCTBYET CJELYIO-
Liee ypaBHeHHe B KOHEYHBIX PasHOCTAX:

u(x, )= [u(E+h, g Fux—h g+
+ll(x, y_l_h)_l_u(x, y_h)]y {7,

4TO COBMAajaeT C ypaBHeHHeM (2).

Bropas ocHoBnasa cxema. Pacemorpum Touku A(x, y),
B(x—h: y+h’)’ C(x_l_h'r y+h’)) D(x+h: y_h‘)) E(x—h1 y—h),
Jexaliye B LleHTpe M BeplIHHAaX KBaaparta (puc. 61),

Kak n B mepBoif cxeMe, BbIpa3uM 3HaueHHs QYHKUMH 4 B TOYKax B,
C, D, E uepe3 3naueHus 3To# yHKUMH H ee NPOU3BOIHHX B TOuKe A.
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‘

MMonaraa n=4 B dopmyine. (3), moaydum:

u(x+h, y—hy=u(x, y)+h(u,—u)+ )
2
gy e — 2 1,) +
h3

+ D (uxxx— 3uxxy + 3uxyu —uyyy) +
ht /0 4
+71T<0—x—;_y> u(glv 711):
u(x—h, y—hy=u(x, y)+h(—u,—u)+

A (U 2y )

h:l
+ 37 (— Uy — Uy — By —tyyy) +

h a 0\4
'l"ﬂ(‘—g;—a—!,') u(gzv le),
u(x—h, y+hy=u(x, y)+h(—u.+u)+
h2
+ o (=20 4 uy) +
7 (b Bty — Bty 1) +
+ir (—m+ay) 4G o),
u(x—+h, y+-h=u(x, y)+h(u, +u)+
2
o (U 20+ 1) +
—l——;%(uxxx-}-&txxy—{-3uxw-|-uyw)+
(2 2) e .

X

(8)

CxnanwiBast paBeHctsa (8), 6yldeM HMeTb

u(x+h, y—h+u(x—h, y—h)+u(x—h, y+h+

+u(x+h, y+h)=4u(x, y)+ 2k Au+- O (4*),
OTKyZa

Bu=gps [ (6 hy y—h)+u(x—h, y—h)+
Fu (b, g u(x—h, g+ —du(x, 9)]+0 ).

OTtkuaniBag ocTaTouHnlt uylew O (h%), mnonydyaem, 4TO ypaBHeHue
Jlannaca Au=0 npubiHKEeHHO MOXKHO 3aMEHHTb KOHEYHO-PA3HOCTHKIM
ypaBHeHUEeM

u(x, y) =g e (x+h, y—h) +u(x—h, y—h)+
Fu(w—h, gh)fu(sth g+ml.  (9)
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§ 6. Peuienue 3amagu Jlupuxse MeTONOM CETOK

Vnes meroda cerox (i, nHaye, MeTONA KOHEYHbLX pasHocred) nns
NpUG/IHKEHHOTO pEIleHHs KPaeBbiX 3aliaiy AJsi JIBYMEpPHHX anddepen-
UAa/MbHHIX YPABHEHHH 3aKJI0YaeTCs B CJELyouieM:

1) B nnockoit o6nactn G, B KOTOPOH pasbCKMBAeTCs peuleHue, CTPO-
nres cerounas o062acte Gy, COCTOALIAA M3 OLMHAKOBHLIX syeek (puc. 62)
1 npubanxamooilas AaHHylo o6aacte G;

2) sanannoe nuddepeHuHanbHOe ypaBHEHHE 3aMeHsieTCS B y3Jjax
NOCTPOEHHOM CETKH COOTBETCTBYIOLMM KOHEYHO-DA3HOCTHHIM ypaBHEHHEM;

H o
gfg T
BEEN

=

Puc. 62.

N

3) Ha OCHOBAaHHM TPaHHYHHIX YCJOBHH YCTaHABAMBAIOTCH 3HAYEHHS
HCKOMOTrO pellieHHsi B IPaHUYHHX y3nax obaactH G,.

PemnB nosyuyeHHyl0 CHCTEMy KOHEYHO-PA3HOCTHLIX YpaBHeHHi, Ans
yero, BOOOILE TOBOPS, HYXHO PelINTb anrebpaHyecKkyi0 CHCTeMy ¢ 60Jb-
LIMM YHCJOM HEH3BECTHHIX, Mbl HaHJAeM 3HAYEHHS HCKOMOH QyHKUHH B
y3nax ceTkH, T. €. OyleM MMeTb 4YHCJEHHOe pellleHMe Hallel 3anau.

Bu6op ceTouHol 064aCTH NPOH3BOAHTCH B 3aBHCHMOCTH OT KOHKpeT-
HOM 3ajayM, HO BO Bcex cayuyasx Koutyp I', cerouno#t obaactu G, cae-
aAyeT BHOGHpaTh Tak, YTOOB OH BO3MOXHO Jyylle annpoKCHMHPOBaJ
xoutyp I' 3anannoit obnactu G.

Ceroynast 06/1aCTb MOXET COCTOATb H3 KBaIPAaTHHIX, NPAMOYTOJbHHX,
TpeyroibHux M Apyrux kiaetox. OT BHGOpa OCHOBHOTO pa3Mepa KJETKH
h 3aBHCHT Be/IMYHHA OCTAaTOYHOTO uJjeHa R, npu 3samene auddepen-
1MANbHOTO YypaBHEHHS KOHeYHo-pasHOCTHbIM. CremoBaTenbHO, pa3mep A
TEOpeTHYeCKH JOMKEeH onpenensTbcs TpebOBaHHEM, YTOOH ITOT OCTu-
TOYHbLIH uYsed ObIJ MeHblIe NOrPEmHOCTH, NONYCTHMOH NpH pelieHun.
Oxnnako Takoif nyTb He BCeraa uejecoobpas3eH, TaKk KaK Noaydaemni
NpH STOM pasMep £ HaCTONBKO Majd M, CJeNOBaTEeNbHO, YHCIO KJETOK
HAacTONbKO BEJHKO, YTO pellieHHEe OKa3blBaeTCs NPaKTHYECKH HEBBhINOJ-
FUMBIM,



262 MPUBJAHXKEHHBLIE METOAbl PEMIEHUSI KPAEBBIX 3AITAY [PJI. A

OGHYHO 3aJaya pellaeTcsi CHayaja npu GOJMbLIOM 3HAYEHHH f, T. €.
IpH MaaoM YHC/AE KJAETOK, M JIMUIb TOC/Ae TOTO, KaK 3ajaaya rpy6o mpu-
G/MIKEHHO pelleHa A STOH KPYMHOM cerkH, mepexoasat k GoJee medn-
KOfl CeTKe MMM BO BCeil paccMaTpPHBaeMoi 06G/MACTH, WM B KakOH-HHOYIb
ee 4acTH.

Vness MeToma CeTOK M3BecTHa JaBHO H BOCXOIHT emie k Ofaepy.
Onsaxko npaKTHYeCKOe MCMOMb30BaHHE HTOrO METONA HATAJKHBANOCH HA
cephe3Hble TPYAHOCTH, TaK KaK moJy-
yeHUe C €ero MOMOILbIO JOCTATOYHO TOY-
HOTO pCIUeHHsI KpaeBOH 3amaun OOBLIYHO
IPUBOIUJIO K KOJOCCAJbHHM CHCTeMaM
anre6panyeckux ypaBHeHuH, Ha peluleHue
KOTOPLIX NMPH PYYHOM cueTe TpeGoBaJucCh
rojsl BHUUCAHTENbHOTO TpyAa. llono-
¥EHHE DPEe3KO H3MCHHJOCH C MOSBJIEHHEM
7 GLICTPOREHCTBYIOIIHUX 3JIEKTPOHHBIX  BBI-

YHCMUTENbHBIX MaluH., MeTom CeToK
& Z ﬁ Homyckaer yAoOGHYl0 — peaiH3alHIio Ha
/ 3/EKTPOHHBIX CYETHHIX MalMHaxX, TakK
b

_

KaK NpHMEeHeHHe ero OOHYHO CBOJIHMTCH

K MaccoBO{ IMOBTOPSEMOCTH OXHOPOXHBLIX

uuka0B. B HacTosiuiee BpeMs METOX

Puc. 63. CeTOK #ABJASIETCS OAHMM M3 Haubouiee

3¢dexTHBHEIX METONOB pelleHus JiH-

HeliHbIX, A TaKKe OTYaCTH HeJIMHEHHHIX 3ajmay MaTeMaTHYECKOH
dusuxn [15].

[TokaxeMm npuMereHue MeTONA CETOK HJS MOCTPOEHHS pellieHHs 3a-
npaun dupuxie
ou , 0%

T o =0 1P (¥, ¥)€G u u(P)=¢(P) npn PET, M

tae @ (P)=¢q(x, y)—s3ananHas HenpepuiBHaf QyHKUMd, TpHYeM s
NPOCTOTH PacCMOTPHM JIHMIUb cJayuait kBaapaTHOH ceTku. Bynem mpeamo-
naratb, 4to 06/acTh (G OrpaHHyeHa NPOCTHIM 3aMKHYTHIM KyCOYHO-TJan-
KM koutypom I

BeiGpas wmiar %, nocTpouM KBazpaTHYIO CETKy

X;=Xo+ ik, y;=yo+jh (S
(¢, j=0, £1, &2, ...)

C TaKHM pacyeToM, 4TOOH y3abl (X, y;) CeTkH S), WM NpHHALIEKAIH
obnactu G, manm oTcToAaM OT ee rpaHuub I' HA pacCTOSHMM MeHbLIeM,
yeM h.

Touxu (ysnwl) ceTkH S, Ha3LIBAIOTCH COCEOHUMU, €CIH OHH yIAJEHH
Apyr oT Apyra B HanpasJennn och Ox wuau ocu Oy HA paccTosiHHE,
passoe wary ceTkn h. Y3sen A, ceTkH S, Ha3HBACTCA BHYTPEHHUM,
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ecau OH npHHamjaexut obaacth G, a Bce YeThPe COCEIHHX C HHM y3/1d—
MHOXECTBY S,; B NPOTHBHOM CJy4Yae OH Ha3bIBAETCH 2pAHUYHbIM (Ha-
npumep, y3as B, u C, cetku S,) (Ha puc. 63 BHyTpenHHe y3an 060-
3HaYeHbl CBETJHIMH KPYXKKaMH, a TIpaHHYHble — TEeMHbIMH KDYXKAaMH H
TEMHBIMH TPeyroJibHHKaMH).

Ipannunbifi y3en ceTkn S, HasbBaeTCA Y3/10M nepsozo poda, eciu
OH MMEeT cOocelHHH BHyTpeHHul ysean 3TOH ceTku (nanpumep, y3en B,
Ha puc., 63); B NPOTHBHOM cJydae IDaHMYHbIH y3e/] Ha3bLIBA€TCH y3JOM
sropozo poda (ysen C, na puc. 63). BuyTpennue ysnnl M rpaHuuHble
y37bl TMEpPBOro poia ceTKH S, Ha3LIBAIOTCA pacyeTsbimu Toukamu. Tpa-
HHYHBlE y3/IBl BTOPOrO pOMA He BXOJAAT B BbIYMCIEHHE H MOTLYT ObiTb
U3BATH U3 CeTKH S, (Ha pHc. 63 rpaHuuHele ys/sl BTOPOToO pona 060-
3HayeHbl TEMHLIMH TPeyroJbHHKaMH).

OrHocHTeNbHO ceTKH S, NpENNONOKUM, YTO MHONKECTBO ee pacuer-
HHIX TOUeK «CBsi3HOE», T. €. JoOhe IBe pacyeTHbhie TOYKH MOXKHO
COeNIMHUTh LENOYKOH y370B, KaXIble IBAa CMEXHBIX 3JIEMEHTa KOTOPOH
SBASIOTCA COCeAHUMH y3namu, Kpome Toro, 6ymem cuuTaTh MHOTOYIOJb-
Hyl0 ceTOynylo o6aacte G, BbOpaHHOH Tak, 4TOOH ee reoMerpuyeckas
rpanuua I') BoavowHo Gamwe npumelkana k rpasuue I' o6ractn G. 3a-
MeTHM, 4TO Y3J0Bble TOYKHM KOHTypa I', MOTryT /Jexarh Kak BHYTpH, TaK
n BHe obaactu G.

3nayenne HCKOMOK yHKkuMH u=u (X, y) B TOuKax (X;, y,;) 06o3Ha-
unM uepes u;;=u(x; y;). Cnenys obGuieHt cxeme (cM. § 5 (2)), ana
KaWLOH BHyTpeHHeH Toukn (X;, y,) ceTkn S, 3amenseM nuddepenun-
albyoe ypaBHeHHe (1) KOHEUHO-Pa3HOCTHBIM ypaBHEHHEM

uij=T(ui—l.j+ui+1,j+ui.j-l+ui.j+1): (2)

rae (X;yi1, Yj+1) — PacyeTHble TOYKH.
B rpasnunbix ysnax mepsoro poiaa B, cetkn S, monaraem

u(B,)=u(B)=¢(B), )

rie B—O6mnkaiimas k B, Touyka rpauuus I,

Cucrema (2) sBasieTcsl HEOXHOPONHOM JMHeHHOH cHcTeMoOH, npuyeMm
YHCJO HEH3BECTHHX (T. €. YHCJIO BHYTPEHHHX Y3/0B CETKH) PaBHO YHC]y
ypasuenuit. Cucrema (2) Bcerja cOBMeCTHA M HMMeeT eMHCTBEHHOe peile-
nue, YToOH mOKa3aTb 9TO, AOCTATOYHO YOEAHTLCH B TOM, UTO COOTBET-
CTBYIOLIAsi ONHOPOMHAS CHCTeEMAa HMeeT JHLb HysaeBoe pemenne, OpHo-
ponHas cHCTeMa, O4YEBHAHO, (OPMANbHO MOXET ObITh 3anucaHa B BUAE
cucteMbl (2), ¢ To# JuMmb pasHuued, 4TO 3HauenHe GysKuuH @ (P) Ha
rpaiute I' cleayeT mosoXHTb TOXIZECTBEHHO pPaBHBIM Hymo: @ (P)=0.

Onnoponnas cucrema (2) Bcerma COBMECTHa, TaK Kak 3Ta CHCTeMa
MMeeT TpHUBHAIbHOE peuienne u;;=0. l'loxaﬁ(eM 4YTO OJHOpOJHas
cucrteMa (2) He MOXET MMeTb pemel-myi u;;# 0. Tlycrs, nanpuwmep,
ILJs HEKOTOPOTO pELIeHHS OIHO U3 ee Heuaaecruux Uy, #0. IHna
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onpegenentoctn Oylem cuuTaTh 4,, > 0. 'OGo3snaunm 4epes Upg Hau-
60/IbIIYI0 KOMMOHEHTY DAacCMaTPUBAEMOrO pEIUEeHHs, T. €. MOJOXHM

upQ >”[j (4)

I1s Bcex y3/10B ceTkn S,. B cuny nepaBencrtBa (4) Oysem umerb

uPQ>upq> 0. (5)
Ha ocnoBanuu cucrems (2) nosyuaem

1
upq =7 (#p-y1, q+Ups+1, Q+up, q-1+Up, g+1) (6)

YuutbiBass HepaBeHCTBO (4), 3ak/ioyaeMm, 4TO
Up-y, Q <SUpQ, Up+1, Q SUpQ, Up, Q-1 Upq, Up, @+1 K Upq.

Hu oavo wu3 nocnemnnx uyeTbipex HepaBeHCTB HE SBJAETCH CTPOTHM,
Tak kak ecau Obl 9TO HMeJNO MecCTo, TO, CK/aAbiBags BCe YeTbipe Hepa-
BEHCTBA M yuHThiBas Qopmyny (6), Mn noayuunu Gu upgy < upg (?!).
[MosTomy

Up_y, Q=Upsy1, Q=Up, Q-1=Up, Q+1=1Upg. (7)

TlpoBons anan0TH4HbIE PACCYIACHHSA IR TOYCK Up iy, @, Upag, Qye - -y
Ha KOHEYHOM Llare  JOCTHIHEM  HEKOTOPOro  rpaHH4YHOTO  y3.aa
Upim, o CeTKH S, ¢ Oauwadimel Touxkoh MET, rae nonoxeno

Upem, @ =@ (M)=0.

Takum o6pasoMm, u3 uenu paseHcTB (7) umeem upy =0, 41O mnpO-
THBOPEYHT HepaBeHcTBY (9).

Wrtak, omHopoaHas cucrema (2) He MOXET HMETb MOJIOXKHTE/NbHBIX
peweduil. AHAJOTHYHO 10OKAa3bLIBAETCA, YTO 3TA CHCTEMA HE MOXET HMEThb
orpunarenbhbix peuenuit, Cnenosatenvwo, u,;=0 nana kaknoro pe-
LmIeHHS, W, 3HAYHT, HEOJLHOPOZHAA CHCTeMa (2) COBMeCTHA M HMeer
eHHCTBEHHOE pelieHHe.

Pewus cucteMy (2), NonydunM mpuOAHMKEHHBIE 3HAYEHUA HCKOMOMU
GyHKuuM K =u (X, y) B y3aax cetouHod obnactu G,. Tem camum Gyzer
HalileH0 MpUOAMKEHHOe 4YHC/IeHHOe peiedne 3agaun dupuxae mas 06-
nactn G,. MoxHo nokasaTh, YTO B OOCUIeM C/yyae TNOrpPeWHOCTh NpHU-
G6amennoro pewexnsi umeer nopsinok O (k).

§ 7. Mpouecc JiuGmana

Echu uyucnio ysnoB ceTkd S, Be/IHKO, TO HEMOCPEeNCTBEHHOE pelue-
nue cucreMmn (2) u3 § 6 cranosuTca 3arpyanuTennHeiM. Kpome Toro,
nna  kpusonuueduot ob6nactu G 3HAYeHHA DYHKUMH # B TPAHHYHBIX
y3nax cerkd S, BHOpaHel CAMWKOM rpy6o. DT oGCTOATENbCTBA 3a-
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CTABAAIOT IS peuleHus YyKa3aHHOW cucTemsl mnpuberaTb K HTepa-
IHOHHBIM METOAAM C. OAHOBPEMEHHHM HCMPAB/IEHHEM TPaHHYHBLIX 3HAYe-
HH. ' '

CornacHo npouyeccy ycpeduenus Jlubmana, BbIOPaB Hava/jbHble MPH-
6nmKenns uﬁ(}), nociAefoBaTeNbHble MPHUOIHKEHAA ufff’ ] BHYTPEHHHX
y3a108 (x;, y,) cetkn S, onpexensem o dopmyne

k 1 fe— b~ k= (k=1)
uff = 7 WSV -+l el T FulTn) k=1,2,.00. (1)

Yro xacaetcd rpasuudslx y3noB A, cetku §,, TO 3Ha4yeHds QyHKUME
u(A,) B 3THX y3nax NOC/ELOBATEIlb-

HO ucnpasaseM no Qopmynam auxed- %
HOU UHTepnoAfyuU: o

i‘ﬁ
WO (A,) = u (A) = @(A), / ;
A _ u®=1 (B) —u (A) I.
u()(Ah)_u(A)—l————h—_T_-s—ﬁ hl'
(k=1,2, ...), @ |
rae A—Onmkallimaa kK A, Touka \\
rpauusl [ (2 (4)=¢ (4)), B— 8—
6mokatiid Kk A, BHyTpeHHuit y3en 8 \‘~,—I-—”

cetkn S, (puc. 64) u O6—yna-
nenine y3na A, ot rtouku A, npu- Puc. 64.

yeM 8>0, ecim A, —BHyTpeuHss

royka obnactu G, u §<<0, ecau A, —BHemnas Touka obaactn G.
B uactHom cnyuyae, ecan ysen A, newut Ha rpawuue I' (4,=A4, §=0),
TO HUMEEeM TOUHO

u® (A,) = u () =@ (A).

Ha npaktnke mocie HekoToporo miara # MoxHO cuutath (4,)
HEH3MEHHBIMH (HAMPHUMEp, €CAW 3TH 3HAYEHHS YCTAHOBATCH C 3aJaHHOM
CTEMNeHbI0 TOYHOCTH).

3a HayanbHble 3HAYEHHS u}‘}’ TeOopeTHYeCKH MOXHO B3fTh /MIOOYI CcH-
cremy uncesn. Onnako cieayer umerb B BHAY, YTO B CUJY NPHHUMIA
makcumyma (cm. § 4, cBofictBo I) mna 3uavenuét uckomolt QyHkuHU
i (x, y) KOMKHBI ObITb BBHIMOJHEHH HEPaBEHCTBA

mguijéMv

rie m=min @ (P) u M=max ¢ (P). [losatomy pasymuo nosnarats
. r r

m<uld <M.
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Mpaktuyeckn mas BubGopa u}}” rpy6o pemaior 3apady [Hupuxne B 06-
nactn G ¢ NMOMOLLBIO KPYyNHOH CeTKH, a 3aTeM HalleHHHe 3Ha4YeHHs
UCNoNb3ylT AAs pelieHds 3amaun  Jlupuxsne Ha maHHOH  MeskoH
cerke. Jlna Hayana npouecca OGBIYHO NPUMEHSIOT JIHHeHHYl0O HHTepno-
JALHIO.

Hokasmsaercs [1], [3], [6], uyro nns mo6oro wara cetxku k& mpo-
necc JluGMaHa HE3aBHCHMO OT BHIOOpA HayajbHHIX 3HAYEHHH CXOAMTCH,
T. €. CyllecTByeT

limuy =u,,
k—>o»
NpHYEM MOTPEIIHOCTb NPHOIHMKEH-
HOrO pelleHHs HMeeT TOPANOK
O (h?).

Ilas mnpakTHyeckoro npoBene-
HHS BBIYMCIEHHH 1O MEeTOLy HTe-
pauyH MOJe3HO NPHUrOTOBHTb JOC-
TAaTOYHOE YUC/IO CHelHalbHBIX 6bl-
wucautensrsix wabronos [9). Cro-
co6 3aroToBJEHH 3THX MAa6M0HOB
ISl C/yyas HEU3MEHHBIX T'paHHY-
HbIX 3navenu#t caenywown#. Ilycts
obnacte G, B KoTopo#t HomkHO OHITh HalimeHo peuwieHde 3apaun Ju-
puxse, NOKpHITa CeTKOH (puc. 65). BuyTpensne y3nn 3To# ceTkH oOTMe-
yeHbl OeNbIMH KpyXKaMH; rpaHu4Hble y3J/ibl, B KOTOpbLIX H3BECTHLI 3Ha-
YeHHsl MCKOMOH (YHKLHH, OTMEYEHH YEPHHIMH KPYXKaMH,

Ins nocTpoeHHs BHLIYHCAHTENbHOro 11a6J0Ha CTPOMM BTOPYIO CeT-
Ky, JMHHH KOTOPOH MNpOXOAST MO-

cpelliHe MEXAY JHHHSMH [EepPBOH, o|lo|o|eo]e
NpuyeM TaK, 4YTO Y3JH  MNEpPBOH . : : | |
CeTKM (BHYTpDEHHHE M TpaHuyHHeE) | @ —I--'--(?--(l)- -9- e
nonajalT B IEHTPH KJIETOK BTO- T T T T B
poit ceTku (puc. 66). ® |-Q-|-Q-|-0-|-Q--Q-|- Q-] ®
Knerkn BTOpOH CeTKH, B IleHT- C L Ll L]
pax KOTOpBbIX J€XaT TpaHHYHblE ® '(,)","(,3‘ 09| ®
316l 1EpBO# ceTKH, 0OBeLEeM XHUp- PPN PN
Koﬁ ueprot. ToToBHM BH'{HCJIE- bl N A I N 5
TenbHbi# wmabaon Ne 1 npusened ° _6_ _6__(')__6_ °
Ha puc. 67. [ [
B o6Benenunie xupHolt uyepToit olelo]e
KJeTKH wa6aoHa Ne 1 BuchIBaloTCA
HeU3MEHHble TpaHHYHble 3HayeHHd, Puc. 66.

onpenenentrie Ha Koutype I'y,. BuyT-
peHHHe KJeTKH OYLYyT 3amno/HAThCA INOCHeN0BATENbHO HTEPallHOHHbIM
nponeccoM. [1o3ToMy HY»XHO 3arOTOBHTH JOCTAaTOYHOE YHCJIO OLHHAKOBLIX
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wa6soHoB Ne 2, 3, ..., COCTOSILUX H3 ONHHX BHYTPEHHHX KJCTOK *)
TAKOTO Xe pa3Mepa, Kak KjaeTku maGioHa Ne 1 (puc. 68).

Buyrpenune knetku madsona Ne 1 3anonHseM HayanbHBHIMHM 3HAYe-
HUAMH MpoLlecca HTepaunu (IPOU3BOJBHLIMH YHCAAMH MJH PeLIeHHSMH
3amaun dupuxne, mnosyuennniMu mis OGosnee kpynHo#t cetku). Korma

wabsod Ne 1 3anonHeH, Hae
M1 YHHaeTCsd 3amnojiHeHHe wab-

noHa Ne 2 TakuMm oGpasom,
yTOOB B KawIOH €ro Kjerke
N2
Puc. 67. Puc. 68.

6L10 3anMcaHo cpeanee apudMeTHUeCKOe YeTHpex uHceld, CTOsIUIMX B
COOTBETCTBYIOWIMX KieTkax mabaosa Ne 1,

OueBHnHO, 4TO npu 3amonHeHnu wabmoHa Ne 2 Takxke yuacTByiOT
M 3HAYeHHf, CTOfIL(ME B IPAHHYHBIX KJeTKax wmabiona Ne 1.

[Tocne 3amosuennst wa6aona Ne 2 ero Hax/abBaloT Ha 1waGaoH Ne 1,
OCTaB]sIfl NPH STOM OTKPHITHIMU TPAHHYHbIE TOUKH MOCJTENHEro, H ana-
JOrHYHBIM cnocoBoM 3anonusatoT wabson Ne 3, ucnonpsyst mwabmon Ne 2,

[Tpouecc npoposmiaercss 4o Tex MOp, MOKa B mpenenax 3alaHHol
TOYIOCTH He COBMAAYyT JBa MOCJENHHX IIa6/OoHa.

[Mpumep 1. Haittu npubnuxenHoe peilieHHe ypaBHEHHS

0% 0%

o=

yloBjeTBopsiolee Ha oKpyxHocTH x%2+4-y2=16 (I') ycnosuwo
u(x, y)| p=x%>

Peweunune. B cunry cuMMETPHUHOCTH pelleHHA pPacCMOTPHM  4eTBepTh
Kpyra.

*) [ToHsiTHO, uTO ecau rpadiyHble 3HAYCHNA [OAJEXKAT HUCIPaABJIEHHIO, TO B
uabJioHax cjaeyeT COXPaHUTL TaKiKe H rpaHuyible KJeTKH.
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1-ii sman. bBepem Kpynuylo ceTky c waroM h=2 (puc. 69).' Bamxaimas

x ysny A (4, 2) cetkn Touka rpannun ' ectb M (Y12, 2), nostomy nosnaraem
u(A)=~u(M)=12.22=48. Ananoruuno pns yana cetku A’ (2, 4) 6amxakmasn

A'(2,4)
H'(2,Viz)
b M(V1Z,2)
e A(42)
2
‘—2
- b Li40) =
Puc. 69. Puc. 70.

Touka rpannusl I' ectb M’ (2, V' 12), nostomy u(A’)==u(M’)=48. B ysnax
C (4, 0) u C' (0, 4) ceTky, OYEBHJHO, HMeeM

u(C)y=u(C')=0.
O6osHauasi uepe3s a, b ¥ ¢ 3Hauenus (QYHKUMH 4 BO BHYTPEHHHX Yyanax
ceTku (puc. 69) M yuuTtHiBas CHMMETPHIO 33Jlaul, COCTaBJIIEM CUCTEMY KOHEUHO-

Pa3HOCTHBIX YpaBHEHHH

1

a=-— - 4b, b=—‘]T (2¢+a-0), c= !

(484 48+ 20).

)

W3 3T0H cHCTeMbl HaXOLMM:
a=24, b==24, ¢=236.

2-ii aman. Bepem Gosee Meakyio cerky (puc. 70) ¢ warom hA=1 npu ne-
YTOUHEHHBIX IPaHHuYHbIX 3HauyeHusx. Ilonaraem

u(A)=u(A')=15, u(B)=u(B’')=48, u(C)=E63.

Ucnonbays 3HaueHns ¢yHKUMH u (X, y) B y3Jax KPYNHOi CEeTKH C l1arom
h=2 v B TrpaHHYHBIX Yy3JaX M} YUYHTHIBas CHMMETDMIO 3aAauH, COCTABJASEM
KOHEYHO-pa3HOCTHBIE YpaBHeHHs NoO nepBoi M BTOpOH cXxeme ANsl 3HaueHWi a,
117(.1 ¢, d, e, [ wuckomoit ¢yHKUMH u B y3nax ceTKM ¢ warom h=1 (puc. 70).

MeeM:

1
e =

(0-364-484-24), f=— (48--e+63436), |

ENFSRN|

b= (e-+e-+0424), =';—(24+24+24+ 36),

d=—‘1-1-(e+c+24+36), a=%(24—|—24+c+c).

OTciopa NpuGIMKEHHO HAXOAHM:
a=26, b=20, c=27, d=28, e=127, [=44.

|
{
|
)



§ 71 NPOLECC JIUBMAHA 269

3-4 sman. Yrtouusaem 3uaueHus u (x, y) B rpaHHYHBIX y3naax. HMcmoaesys
dopMyas (2) M noNyyeHHble 3HAYEHWS BO BHYTPEHHHX Yy3/1aX CETKH, HAXOLMM:

u(A)y=u(A’)=13, u(B)=u(B')=49, u(C)=T73.

4-4 sman. Ha ocHoBe MOONYyYeHHBIX JNAHHBIX CTPOMM CHCTeMy ILAGJIOHOB
(Ne 1—7) u nocnegoBare/ibHO YTOUHAEM (C TOYHOCTBIO O €IUHHIbI) 3HAYEHHS
ucKomo#t GyHKuuu u (¥, y) BO BHYTPEHHUX y3JaX.

Ia6aoust No 6 U 7 cOBMAjalOT C TOYHOCTBIO O €JHHHIBI.

OTMeTHM, UYTO TOYHBIM pelieHHeM 3TOH 3ajaud ABjasgercd QYHKUHA

1
u=xy2 4 [256— (x2+ 4?2
Oans CpaBHeHHUA TPHUBOIHM 3HAaYSHUSA TOYHOrO peweHvd B Yy3JgaX CeTKH

(ruabmon Ne 7a).

ﬂ!l‘il OUEGHKH TOYHOCTU pemendd, InoJy4edd0oro mo MeToAy CeTOK,
CYWEeCTBYIOT TEOpeTUYeCKHEe OULHKH, Kax npaBu/j0, 3TH OUEHKH BECbM2
C/AOWHB H TpUMCHEHUE UX BaTPYAHUTEJbHO. ﬂoaTomy Ha TIPAKTHKE

Ne 1 Ne 2
0 13 | 49
2 | 271 | 44 | 73 | 20 27T | 46
24 | 28 | 36 | 44 | 49 26 | 29 | 37 46
26 | 27 | 28 | 27 | 13 % | 27 | 2 | o
24 | 26 | 24 | 20 | o0 26 | 26 | 26 | 20
Ne 3 Ne 4
2 | 27 | 46 20 | 28 | 47
% | 30 | 38 | 46 2% | 30 | 38 | 47
2 | 28 | 30 | 27 27 | 28 | 30 | 28
2 | 26 | 26 | 20 271 | 27 | 26 | 20
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Ne 5 Ne 6
20 28 47 21 28 47
27 30 38 47 27 30 38 47
28 28 30 28 28 29 30 28
28 28 27 20 28 28 27 21
Ne 7 Ne 7a
21 28 47 0 12 46
27 30 38 47 22 28 47 73
28 29 30 28 | 30 33 40 47 46
28 28 27 21 32 32 33 28 12
32 32 20 22 0

UCMOJNB3YIOT IBOHHON mepecyeT pelenusi ¢ waramu k u 2k, Ecam coot-
BETCTBYIOLIME pPe3y/bTaTh COBMANalOT C 3aJaHHOM TOYHOCTBIO, TO CYH-
TalOT, YTO MCKOMOE pellleHHe 3aJayd HaHieHo NpaBHiabHO. B mpoTuBHOM
clyyae NPUMEHSIOT nepecyeT C 1UATOM £/2 W CPaBHHBAIOT NOJYyYEHHHIH
pe3yJbTaT C NMPEXHHM Pe3y/]bTaTOM, COOTBETCTBYIOWIHM 1uary kA, U T. A.
OTpenabHo ciaepyeT NpPOAHANM3HPOBATb B/AHSAHHE OWIMOOK OKPYrJenud.
CxeMa BHIYHCJEHHH JOMKHA OHTb YcToduusol, T.e. OMINOKH pelleHHs,
CBSI3aHHBlE C OKDYIJIEHHeM, He JOMKHb BO3PacTaTh HEOTPAHHYEHHO.

§ 8. Nonsarue o pemennn 3anaum Jlupuxje MeTOAOM MOAENNPOBAHUSA

IMpubnmxennoe pewenne 3samaun Jupuxne MoxeT OBITb NOJYYEHO
TaKkKe C TOMOLIbI0 MojenHpylowux ycTpoiicts, Ilom modeauposanuem
c obleli TOYKM 3pEeHHsi TNOHHMAeTCs HCMO/Ab30BaHHE AaHAJOTHH Mexny
(u3MyeCKUMH SABJCHHIMH M COOTBETCTBYOUIMMH JH(depenuyanbHbMH
YPaBHEHHSAMH,



§ 8] MOHSTME O PEIIEHHH 3ANAYM IHPHXJE METONOM MOIENUPOBAHHA 271

3amaua Hupuxne
Au(x, y)=0 mpu (¥, y) €G, u(x, y)=9¢(x, y) npu (x, y) T,

rae koutyp I' orpannunBaer obnactb G, NpHGIMKEHHO pelaeTcs ¢
TIOMOWLBIO CceTo4H020 3rexTpourtezparopa [16]—[18]. Ipunuun nocnen-
Hero ciepyroumuit, B nannoft o6nacty G MOCTPOMM JBE CHCTEMBI PaBHO-
OTCTOSILUHX NMPSAMOJHHEAHBIX POBOJHHKOB, NAPAIENbHHX COOTBETCTBEHHO
ocam Ox u Oy, Ilycte TOukH mepeceuenus

x;==ih, y,=jh (i, j=0, 1, +2, ...)

(h—paccTosiHie MewIdy COCEIHHMH IPOBOLHHKAMH) 3THX NPOBOLHHUKOR
AIBJASIOTCS BHYTPEHHHMH Y3JaMH CeTKHM, a KOHUH MPOBOLHHKOB COOT-
BETCTBYIOT TpaHHYHBIM y3naM. [lpeamosowum, 4YTO B NOCTPOEHHOH
cHCTEMe MPOBOXHHKOB NPOTEKaeT NOCTOSAHHHIM anexTpuyueckuit Tok., Torna
Hayenue ;;=1u(X; Y,) MOKHO MHTEPNPETHPOBATb KaK NOTEHUHANT
TOKa B y3ne (X;, y;) NpH YCIOBHHM, HYTO B TDAaHAYHHIX y3Jax (*p. A
MOTEHUHAN TOKAa MMEET 3alaHHYI0 BeMMuHHy @ (X, y,). Heiicrutensto,
B cuny 3akoHa Kmpxroda cymMmapHoe KOJNHMYECTBO 3/IeKTPHYECTBA, mNpoO-
TeKaloUero uepe3 KawUbil BHyTPeHHHH ysen (X;, y,), PaBHO HymO.
[loatomy, oGosnauas 4Yepes R OMHYECKOe CONPOTHUBJIEHHE eXUHHILH
oaMHe npoBopuuka (R ==const), Ha ocHoBanum 3akoHa Oma Oynew
HMETh

w(—h, g)—ulep y) (e th y)—ulx, )

Rh Rh
+u(xiv y/—:)h—u(xi, .‘/j)_l_u(xir yj+’;)h—'lt (x;, yj)=0.
Orciona
Uyy= 71;‘ O TN L TR o TSI (N
ecan (x;, y;) € G, npuuem
Upg =@ (%, y,), ecam (x,, y,) €T, 2)

Ha ¢dopmyn (1) u (2) BeiTekaer, YTO u;; fBJIAIOTCS 3HAUEHHSIMH pewie-
uia Hauedl 3apayu Jlupuxse, NMoJMyueHHOrO METOAOM CETOK MO mepBofi
OCHOBHOM KOHeuHO-pasHoCTHOH cxeme (§ 5, (7); § 6, (2)). Benuunn #;;
onpenenfloTCss NyTeM  HENOCPeACTBEHHOrO H3MepeHHHd  IOTEeHLHANOoB
YCTaHOBUBUIEroCs TOKAa B ysnax (¥, y;). Jlng mosbiienus TOYHOCTH

MeTOZa MPHMEHSIOT CIelHa/]bHble MPHEMB BBOXA rPAHHYHBIX YCIOBHH
(em. [16]).
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§ 9. lNousitue o pemenun 3agaym Jlupuxse meronom Monrte-Kapmao

[lyers Ha mnnockoctn Oxy nana o6nactb G ¢ KYCOYHO-TJIALKOH
rpanuueit I'. B o6nactn G noctpoum KBaapaTHYIO ceTKy S, ¢ marom h:

X;=Xo+ih, y;=yo+jh (i, j=0, &1, £2, ...), (8]

rne Ax;=x; ,—x;=h, Ay;=y,; . ,—y,=h(h>0).

Mbl mpeznosnaraeM, 4TO CeTKa S, COCTOMT K3 BHYTPEHHUX Y310B M
TPaHHYHBIX y3J0B nepeoro pona (cM. § 6). Ipannynnie yasw cetku S,
o6pasyior ee epanuyy T,. Tpyb6o roeopsa, rpasuua I', npencrasaser
co60l JMHeHHbI pAN Touek Mpq (X ps Yg), ANNPOKCHMUDPYIOUHH KPHBO-
mieiinylo rpanuny I' oGnactn G ¢ TouHoCTbIo #O K.

[lpencraBum cebe uactuuy M, KoTOpas COBepllaeT paBHOMEpHOE
cayyalinoe 6ayxmaHue no ysaam cetku (1). A uMeHHO, Haxo-
HSCb BO BHyTpeHHeM ysne M;;(x;, y;) ceTkn S, 5Ta 4acTHLa 33 OLMH
nepexon C OIHOH M TOH e BeposTHOCTbIO, paBHoH 1/4, mMower nepeme-
CTHTHCS B ONMH M3 YeTHIpeX COCeAHHX y3noB: uaM B M;_, (x;—h, y;)
(war BneBo), uAH B Miiv,y (x;-+#, y;) (war BnpaBo), wuim B
M; ;1 (x;, y;—h) (war Buus), wm 8 M; ;. (%, y;-+ h) (war Bepx),
npHYeM KaxIb#l TaKOi eNMHHYHBLI Mepexod COBEPIIEHHO CYYaeH M He
3aBUCUT OT MOJIOXKEHUS YACTHIIH M €e NPOULTOi UCTOPHH. ByieM CYHTaTh,
yTo ONyKIZaHHe vacTHUH M 3akaHYMBaercsl, KaK TOJbKO 3Ta YacTHua

' nonanaet Ha rpannny I'y; B
Ta6anua 68 51oM cwpicie rpannua I,
Onpenesenne mara 4acTHUB B 3aBUCKMOCTH npencraBaseT cobolt «norao-
’ OT BbinaBuiero CJIy‘laﬁHOI‘O YyHCaa ll.la}OU-l“n sxpan». MO)KHO no-
kasatb [11], 4To ¢ BeposT-
HOCTbIO, paBHOH 1, Oayxna-
Hue Touku M yepes KoheyHoe
YKCJ0 1aroB 3aKaHYHBaeTcH
0 nan 4 Ax;=h (war BnpaBo) Ha rpanule.

Ecan yactuua M navana
cBoe OayxlaHue cC uxcupo-
BAHHON BHYTpEHHEH TOYKH
Mi,j, ceTKH Sp, TO KOHeyHas
2 » 6 Ax;=—h (mar BaeBo) COBOKYNHOCTD nocnenoBa-
TesibHBIX N0JIO¥eHuH 9TOR ya-
CTHHB M,“,,'o, M,’l‘jl, . '7Mi5iu

CayuaitHoe
YHCa0 XapakTep nepeMellenns

-1 » 5 Ayj=h (war BBepx)

3 » 7 Ayj=—h (mar Buu3) rie M, €T, (=0,
],..., S——l)" MisiaEFm
Ba3bBACTCH TpaexTopuel

yacTuysl (C s WaraMu) MM ucropueld Gayxdanus.

PaBHoMepHOe cayyaiiHoe 6ayxaaHue YacTHUH HA TJOCKOCTH  MOMXHO
OpPraHM30BaTb C NOMOILBIO PABHOMEPHO pacnpeienelHeH NOCJAeN0BaTeNb-
HOCTH OJHOPa3pAMHbX cayyainnix uncen [11], [12], npunnumaiomux
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anavenns 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. lna sroro, vanpumep, mocta-
TOYHO TMPOM3BOAMTH DO3HIPLILI, T. €. CAyyallHyio BHOOPKY H3 uucen
0—9, npuaepxuBaschb MHCTPYKUHH, yKasakHOH B TabGauue 68; npuuem
yucna 8 u 9 nepenrpniBatoTCs,

Cnyuafinele uncia 6epyTcsi M3 rOTOBHX TaGJMllL HJH BbipaGaThIBAalOTCS
anekTponnoit Mammno# [19]. INocaennnit cnoco6 npu pabote Ha cueTHoir
MallMHe MNpeanoyTHTEeNbHEe, TaK Kak OH II03BOJSIeT He 3arpykarhb
CHJIbHO MaMsiTh MAIlMKHL,

ITycte B Touxkax rpaunubnl I' obnactu G onpenenesa HekoToOpas
oyuxkuus @ (x, y). Ilepenecem sTn snavenus Ha rpanuny T'), cetkn S,
Hanpumep (cm. § 6), ans kaxnoro rpannunoro ysna My, (%, y,) € I,
onpenenum Gawikaitinyio no ropusontanu (mau seprukamu) touky N T

H NOJOXHM
¢ (M) =@ (N).
ﬂllﬂ KpPaTKOCTH BBCIAEM o603Hayerne
Ppg = (X5 Y,).

lycts P(i, j; P, g) —BEPOSITHOCTb TOrO, YTO TPAEKTOPHS YaCTHIH,
Bhiwentell u3 ysaa M;; ceTku S, 3aKOHYMTCH B TIPaHUYHOM yaie
M,, €Ty Tak xak Gnykaanue TOYKH HeH3OEKHO 3aKaHUMBAETCS Ha
rpannue ', B nepBoii xe Toyke BLXOZa ee Ka rpanuUy, TO

quP(l) 7 op 11)=1, (2)

Tie CYMMHPOBaHHE PacHpOCTpaHsercs na Bce Toukn M, rpannun T,
npHYEM

. 1 npu p"=p, ¢'=gq,
PW g b, q)={ 0 » |p'—prl+19" —ql=#0, ®
rae Mgy — rpannynni ysen.
CocTaBuM cymmy ‘
vi]=pz;ap(i) .I; p) q) (quy (4)

rae Touka M, (X, y,) npoGeraer BCiO rpanuily I',. Ecan ¢ysxumio
@ (X, Yy) paccMaTpuBaTb KaK CAyyaHHYI0 BEJMYHHY, NPUHUMAIOIWLYIO 3Ha-
ueHus @, Ha rpanune T\, 70 cymma (4) npencraBiser coGoH MaTe-
MaTHYeCcKOe OXHJIAaHWe (Cpeanee 3Hayenne) GyHKUMH @ (X, y)
na rpanuue I', nns TpaekTopufi, naunsaomuxcs B Touke M;;(x;, ;)
(«npeMusi 3a BHIXOL HAa rpaHully» M3 HayaabHOH TOukH M,)).

YacTuua, Hayasllas CBOe cJayuyaiinoe OayxaaHue M3 BHYTPEHHEro
yana M, nocie IepBOro lara ¢ BepOsTHOCTbIO, paBHOH 1/4, nonanaer
B OOMH M3 YeThipex COCeIHHX Yy3a0B. Tlostomy cayyafinpe 6ayxnanus,
HauuHalowuecst B ysae M;;, B 3aBUCHMOCTH OT BHIA TPaeKTOpuit pacna-
DAIOTCA Ha YeThipe KaTerOPHH HOBLIX CHyuyaMHEX OnyXpaHpi:

L Mih Mi-l:j’ L Mii’ Mb/-l’
11, Ml/’ Mi+1tj’ cee 1V. M,]; Mi,j+l) coe
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Mo ¢opmyne no/iHOH BepOSITHOCTH HMeeM
PG, jip, ) =5 Pli—1, jip, @)+ PU-+1, /ip )+
Gt Pl J=1 P )+ P41 P ()

Orciona, ymuoxkas obGe uyacTH paBeHCTBA (5) HA rpaHHYHble 3HAYEHHUS
@pg M CYMMHDYS MO BCEM BOSMOXHLIM 3HAYEHHSM p M ¢, HAa OCHOBAHUH
dopmyan (4) monyuum (cm. [11])

1
V=7 sy, ;1,00 o1+ 20 40 (6)
Kpome Toro, B cuny dopmyan (3) nmeem
Vpg = Ppg> (7)

ecan Touka M,, €T,

Pacemorpum  Tenepp 3amauy [Jupuxnae 06 OThICKaHHH QYHKUUH
u=u(x, y), rapMonnyeckoft o6aactu G m npuHEMalouied Ha ee rpa-
Huue I' samaudnie HenpepniBHbie 3HaueHus @ (X, y). Cornacio Metody
cetok (§ 6) aTa 3ajaya CBOANTCS K HAXOXAEHUIO SHAUEHHH U, ==u (X, )
MCKOMOH QYHKUHMH 4 (X, y) BO BHYTpeHHHX y3nax M;;(X;, y;) HeKOTOPOH
CeTKH S, NPH YCIOBUH, YTO 3HAYCHHS B TPAHHYHBIX y3nax My, (£, y,) € 'y
M3BECTHH W PaBHB @, =@ (X, ¥,). Heussecthbie &, onpenensiorcs H3
CHCTeMbI JuHeliHbIX ypaBuenuil (cm. § 6, dopmyna (2))

1
=g @, T, g pa), }

Upg= Ppq-

CpasuuBas dopmyasi (8) ¢ dopmynamu (6), (7), MBI ycMaTpHBaeM, YTo
OHU COBNANAIOT C TOYHOCTBIO N0 0603Havenuii. ClienoBaTENbHO, H CK O-
Mble HEH3BECTHH @ U;; MOXHO PacCCMaTPHBATh KAK MaTe-
MaTHYECKHE ONHUILAHUSA U

Bennuunbt v, nOmMyckaloT 9KCmepuMenTanbHoe onpenenenne. Pac-
CMOTPHM  JOCTAaTOYHO Gosbiioe 4ucao N paBHOMEPHHX CiaydaiiHeIX
61yxHaHAH YacTHIL MO y3/aM CeTKH Sp, HCXOAAUMX U3 (UKCHPOBAHHOTO

y3na M;, u sakawunBalowuxcst Ha rpasuue I'p. Ilycts (xﬁ,k), yf,k)) (k=
=1, 2, ..., N)—coOTBeTCTByIOlIHe TOYKH BHIXOZA YACTHLH HA rpa-
uauy I',. 3aMensist MaTeMaTH4eCKOE OXHIAHUE U, SMIAPHYECKHM MaTeMa-

THYECKHUM OXHIAHUEM, 6YII.QM HUMETH

(8)

N
bijy=v,;= NL'Z P (xfrk)’ ygk)). (9)
k=1
dopmyna (9) naeT CTATHCTHYECKYIO OUEHKY BEJHYHHB U;; U MOXET OBLITh
npuUMeHeHa 17 TNpHOAMKEHHOTOo peluenus 3anayu Jupuxiae. Merox pe-
IIeHUSA 33734y, OCHOBAaHHBIH Ha WCIOJb30BAHHM CJIYYaMHEIX BEJIMUHH, [1O-
ayuun obulee Hasanue meroda Monre-Kapao (cm. [13]).
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3ametum, uTO ¢ nomombio GopMyas (9) MOXKHO HENmOCpPenCTBEHHO
HaliTH mpuOnuKeHHOe 3HAYeHHe U, pewleHus 3anaun [upuxne B e nun-
cTBeHHOM puxcupoBanHHOW TOouke M, cerkn §,, He 3Hasn
pelleHHsl 3aJay¥ A OCTaJbHHX TOYEK CeTKH, IJTHM O00CTOSTENbCTBOM
Meton Monre-Kapno mns 3anaun Jupuxie pe3ko oTanyaeTcss OT OGBIYHBIX
CTaHIAPTHHIX cnoco60B peulesus 3ToH 3ajxayu.

HurepecHo oTMeTuTh, uTO BeposTHOCTs P(I, j; p, q), B cuny ¢op-
Myas (4), npencraBasieT coboit ananor @yskyuu [puna Ias 3amayu
Hupuxne B obnacth S,. dra Be-
JMYHHA MOXeT ObITh HalleHa 3KC-
NepUMEHTaNbHO Ha OCHOBaHHH (op-
Myanl (9), ecau 3axaTth caenylouiue
rpaHHyHbie YCJIOBHS:

(p(xp) yq):‘l! (P(xp” ya')=0

npu |p'—p|+|q9 —q|+*0.
[TocTpous rakylo pyskuuio ['pu-
Ha, MH TNOJy4YaeM BO3MOXHOCTb,
upumensas ¢opmyay (9), mpocto
HaXOXUTb NpPUGIHNKEHHOE pelleHHe
3apayn Jdupuxae nas obnactu G c
naHHoH rpanuueft I' npu moGmix
I'PaHHYHBIX 3HaYeHHIX @ (X, y). 4
HenocratkoM paccMOTpPEHHOro Puc. 71.
BapuaHra Metoga MonTte-Kapno nns
3anaud Hdupuxae spasercs ciabas CXOAMMOCTb MO BEPOSATHOCTH NpH
N— 00 3MNHPHYECKOr0 MAaTEMaTHYECKOTrO OXHIaHHS

N
~ 1 k) (B
“’U=Wk2 Q(xp, Yg )
=1

K MaTeMaTHYeCKOMY OXHIAHMIO V. UTOOb yCTPaHuTb 910 HeGiaronpust-

Hoe OGCTOATEJNbCTBO, HCMOJb3YIOT pasaHyHbe MOLH(PHKAUMH CaydyalHHX

Gayxnanufi (cM.[11]). Kpome Toro, mpu pemennn 3a1auu NOJE3HO y4YH-

THIBaTb TaKXKe, YTO Oayxianue yacTuisl M, naunHaouleecs B Touke M,

aBTOMaTHYECKH SBASieTCS caydyaMHHIM OJyXIaHHEM YaCTHLH, HaYHHAIO-

wuMcs B M060H NTPOMEXYTOYHOH TOYKE TPAeKTOPHH 3TOH 4acTHUMI.
Mpumep I. Metonom Moure-Kapso unafitn u (2, 2), ecan

Au (x, y)=0 B obnacta G{0<<x<<4; 0<y<4} (10)

ux, 0)=0, 0<<x<4; ux, H=x, 0<<x<<4;

11
w(d, Y=y, 0<y<4 (0, 9)=0, 0<y<4. th

Pemenne. [Ina ksaapara G crpanunedl I nocTpouM KBajipaTHYIO CeTKY Sy
c waroM h=1 (puc. 71). PaccmarpuBaeM cepHio PaBHOMEPHHIX 6JYKAAHHH yac-
THIBI 1O y3JaM HameH ceTKM Sy, HCXOIAIHX M3 HayaJbHOI'O NojoxeHus (2, 2)
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(1a puc. 71 3Ta TOuKa OTMeyeHAa ABOMAHEIM KPYXKKOM) H 3aKaHUHBAIOWHMXCA Ha
rpadune [' B rPaHAYHLIX y3/1aX CeTKH Gy (HAa DHCYHKe STH Y3Jbl OTMEYeHH! KBaj-
patukamu). s oprauusauuu ciayyafiHeiX GJyXKAaHHI HCIIONB3YeM PaBHOMEDPHO
pacnpenesieHHYIO TMOCJeZOBaTeNbHOCT cayuaiHbix wHcesa [14] (cM.ta6uuny 69).

[Tepemeuienye 4aCTHILLI ONIPeENANOCH COTVIACHO YKa3aHHOM BEIIIe HHCTPYKIUH
(raGnuua 68), mpuueM BoiMajeHue uuces 8 W 9 paccMaTPHBAJIOCh KaK CTOSTHHe
yacTHus! Ha Mecte. Hanpumep, nociegoBatesibHO pa3nirpuiBast yucaa Tabauus 69,

Ta6anuua 69
Mocnen0BaTEABHOCTD CAYYANHBIX YHCEN

57705 71618 73710 70131 - 16961 53324 43166

26275 05926 66289 35483 09393 30304 55186

" 64003 20514 00188 55709 86977 31303 11578

93045 93011 42844 52906 09461 99602 69962

HayuHadA C MepBoro, Hmeenm:

cayuaiiHoe yucao 5—iuar sBepx (2, 2)— (2, 3);
caydaiinoe uueno 7—uwar BHHM3 (2, 3) — (2, 2);
cayuaiiHoe yucso 7—uwar BHH3 (2, 2) — (2, 1);
cayuvaiinoe gyucnao 0—war Bnpaso (2, 1) — (3, 1);
cayuaiinoe yucyo 5b—urar seepx (3, 1) — (3, 2);
cayuvaitHoe uxeso 7—iuar BHH3 (3, 2) — (3, 1);
cayuaitnoe yucao | —war Beepx (3, 1) — (3, 2);
cayualiHoe yucao 6—uar Baeso (3, 2) — (2, 2);
cayyailHoe uucio 1 —iar BBepx (2, 2) — (2, 3);
cayyaiiHoe uucsao 8 —mua mecre (2, 3) — (2, 3);
cayuaiiHoe uucsno 7 —uwar suus (2, 3) — (2, 2);
cayuaitHoe yucio 3—war BHHU3 (2, 2) — (2, 1);
cayyaiiHoe 4icjao 7—uar BHH3 (2, 1) — (2, 0).

B y3ne (2,0) GnyxpaHue npekpauiaerTcs, TaK Kak YacTHIA BBIJIA Ha TpaHuuy.
Ilanee mepexogum Ko BTOPOMY GJYKaHHIO YaCTHIBI, CHOBA OTNpPaBJsAfAch M3 TOil
e HauajbHOH TOukM (2, 2), u T. o. Tpaektopun N =20 cayuaitneix 6ayxjanuii
npusejiensl B Tabauue 70.

Ha ocuoBauuu ¢opmyast (9) umeem

1 1 :
u(2, 2)—\_-2—0- _§(—)-20=1.
3ameTHM, uTO B JaHHOM cJlyyae a5 3ajauu JIupuX/ie H3BECTHO TOUHOE PelusHue
)
u(x, y)= 1"

TMosromy u (2, 2)=2_:l'2'=1' Taxkum ob6pasom, Mbl CAYYAHHO OOAYUHJH TOY-
Hoe 3Haueuue u (2, 2).
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Ta6anua 70

Pewenne 3agaun Aupuxie (10)— (11) metonom Monrte-Kapac

3Hauenne
byHKIHM
6le>|ﬁianuﬂ TpaexTopus 6ayx)aanns Bu'}'f);u{/e)
BHIXOA2 Ha
rpaHuLy
1 2,2) - (2,3) = (2,2) - (2,1) -
- (3,1) - (3,2) - (3, 1) - (3,2) -
- (2,2) - (2,3) - 2,3) - (2,2) -
- (2,1) - (2,0); 0
2,2) - (2,3) - (3,3 = (3,2) >
—+ (4,2) 2
3 2,2) » 2,3) - (2,2 - (2,3) -
- (2,4); 2
4 2,2 - (1,2 - (1,29 - (0,2 0
5 2,2) - (2,3) - (2.4) 2
6 2,2) - (2,1) - (2,05 0
7 2,2) - (1,2) - 2,2y - (3,2) >
- (3,1) - B,2) - 2,29 - (1,2) -
- (0,2); 0
8 2,2) - (1,2 - (0,2); 0
9 2,2) - 2,1) - (2,2) - (3,2) >
- (3,3) - 3,3) - (2,3) - (1,3) -
10 2,2 - (1,29 - (0,2), 0
11 2,2) - (2,2) - (2,2) -» (2,) -
- (2,2) - 3,2) - (3,2) - (3,1) —
— (4,1); 1
12 2,2) - (2,2 - 2,) - 2,1) -
- (2,0); 0
13 2,2) - 2, - @,1) - 3,0 0
14 2,2) - (3,20 - (4,2, 2
15 2,2) - (2,3) = (2,4) 2
16 2,2) - (2,3 - (2,3) - (1,3) -
- (0,3); 0
17 2,2) - (3,2) - 4,2),; 2
18 2,2) - 3,20 - (3, 1) - (21) -
- (3,1) - (3,2) - 3,3) - (4,3); 3
19 2,2) - (3,2) = (4,2); 2
20 2,2) - (2,3) - (2,3) - (2,3) -
- (2,4); . 2
2| 2
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§ 10. MeTon ceTok nJs ypaBHenus napaGoJiayecKoro Tuma

B kayecTBe mpHMepa ypaBHEHH® MapaGOIHYECKOTO THMA OCTAaHOBHMCS
HA yPaBHEHHH TeIJIONPOBOLHOCTH I/ OXHOPOAHOro cTepxas 0 < x </
2

Ou__ 2 0% (1)

ot d0x%?
roe u=u(x, t)—remnepatrypa u f-—Bpems (cM. § 1, npumep 3).
B nanpuettinem nng mpocrorn GyaeM nosaraTh @ =1 (K TakoMy ciyd4alo
BCETJa MOXHO TNpPHATH NyTem

l 1 L BBEJECHHSI HOBOTO BPEMEHH
= a?f).
. [ Mrak, paccmoTpum ypas-
J Hedue
du 0%
5F o (2)

k J ~l E
[TycTs, kpoMe TOrO, B Hayajb-
G £ L
L

&S5 Hbli MOMedT Bpemenn =0
h 3aJ1aHO pacripejie/ieHue TeMie-
Puc. 72. patypu #{x,0)=f(x) u 3a-
KOHBI H3MEHEeHHsI TeMIepaTyphl

B 3aBUCHMOCTH OT BpeMeHH (TemJiOBhleé peXHMB) Ha KOHLAX CTepxHs

x=0u x=1I[:
u(0, y=@(f), u(l, )=y ().

Tpebyercst mnaiitm pacnpenesnesue TeMmnepaTypel 4 =1u (X, f) BLOMb
cTepwHs B J0GoM MomenT Bpemend f. Pewum 3Ty cmemansylo 3apady
metomom cetok (6]}, [7]. Has srtoro paccMoTpHM [POCTPAHCTBEHHO-
BPeMEHHYI0 CHCTeMy Koopaueat {x, f} (puc. 72). B nomynonoce ¢>>0,
0<Cx <!/ mocTpoum npsMOyro/ibHyI0 CeTKy

x=ih (i=0,1,2, ..., n), t=jk (j=0,1,2 ...),

t

1
rie h=— (n—uenoe) —wmar sroa» ocM Ox u k= coh® (0 — nocrosu-

n
Has)—wmar Broab ock Of, BooOile roBops, pas/iuyHbl, BeaudnHa o©
Oyner BhiGpana Huwe. Beexs oGosunauenus

(=ih; t=jk; w=u(x; t;)
U 3aMeHsisl ypaBHenue (2) KOHeYyHO-pa3HOCTHHIM ypaBHeHneM, 6yleM HUMeTh

Ui, jrr—Uij  Uivr, =20 g g
ol . . 3

Orciona ;
ui|j+1=0u,._1_j+(l—20)uij+aui+”. (4)

M3 paccmorpenus dopmyast (4) scHo, uYTO, 3Has 3HayeHus QyHKUYH

)
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u(x, t) B TOYKax j-ro caos t=jk, ¢ nomMoumplo 3To# (GopMysbL MOXKHO
BLIYMC/IUThH 3HAYeHHs u (X, f) B Toukax caeaywomero (j-4 1)-ro caos
=(j+ 1)k (puc. 73). [lpu BHYHC/IEHHH NO/b3YIOTCH YETHPbMS cOcCel-
HUMH Y3JAMH — ABHAS CXeMa 8UOA w4 (cXeMa I),

Takum 06pa3oM, HCXOAS M3 HayaJbHOTroO cjos f = 0, 3HaueHus u (x, ?)
1T KOTQPOro Onpene/sioTcid M3 HA4YaJbHOro YC/AOBHA

u(xi» 0)=f(x1) (l=0’ lv 2» 0y n)v

H HCNOAb3ys 3HAYeHHst QyHKUMHM u (x, f) B Kpaluux ysnax (0, 7)), (/, ¢))

=0 1, ... onpenens-
(j=0, 1,...), ompex Czema 7
eMble TPaHHYHBIMH YCJIOBHSIMH

u (01 tj) = (P (tj)v
u(l, t)=1y(t)),

/
1
no ¢opmyne (4) mocnenosa- K
\

(i, j+1)

TENbHO BHYHC/SAEM: o h—— A\ e h——
] i c//, -~ - ~ ~o
u(x; t); u(x, t); (1)) (i,)) (i+1,))
uixp o oo Puc. 73

(i=0,1, ..., n),

T. €. HaXOIMM 3HauyeHHd HCKOMOH (yHkuMum u(x, f) BO Bcex y3sJax
110J1yMOJOCH.

Ocraercss pasymHo BbiGpaTh BeHuHHY O. Ilpu aToM Gynem HCXOMMTBb
u3 Tpe6oBanus, 4ToOH own6ka npu 3ameHe nndbdepeHLHanbHOro ypas-
HeHHsi (2) KOHEYHO-PA3HOCTHHIM ypaBHeHHeM (3) Onlia HauMmeHbuief.

BBenem o6o3HaueHus:

Llul=55— 3
X ot

1 1
Ly[u) =5 [(@4a, j— 20+ u; g, ) — <5 @ =),

rie L, (&) — KoHe4HO-pa3HOCTHbLL oneparop, COOTBETCTBYIOWMH nudde-
pexunanbHomy oneparopy L [u].

PasHocTtb
R, [u) =L, [u]—L[u],

Ha3biBaeMas owubKod annpokcumayuu, €CTb Ta MOrpeliHOCTb, KOTOpas
nonyyaetcs npu 3amene omepatopa L [u#] onmepatopom L,[u]. Boumcaum
3Ty MOTPEIHOCTb B y3/1ax (X, f;) ceTkd i QyHKUMH 4 (X, y), ABAsIO-
uiefics pemenuem ypassenns (2). [1pu sTom L{u] =0u

Ry [u] =L, [u]. (5)
YuuThIBas, 4TO

Uppg, j=u(X;4h, 1), Uiy, =u(x;—h, t),
u; 1 =u(x; t,+0h?,
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u pasnaras L,[u] no ¢opmyne Teiiopa B OKPECTHOCTH TOYKH (X, AR
OrpaHM4MBasiCh 4ieHaMu nopsinka A, Haxomumm

1 Oug;  h* 0%y, h® D%y ht Oy,
L [u]_—i{<u1/+h +.2_l' 0x? +§T 0x3 +ﬂ oxt +
05u,/ hs 0 u,-, au,'j h2 O”u,-,
T3 Tei e 2y tty—h Gt oy w —
_E 03u;/+£1104u,',-h_5 ®u;y h_“@“uij
31 0«8 41 ox? 51 0x5 6! 0xt

1 Ou;y (oh*)2 02u;;  (ch2)® 0%y,
["U"‘ o Pt eE 3T o “_if]}-l-o(h“).

Orciona noc/e NpHBeAeHUsi MOAOGHBIX 4eHOB OydeM HMeThb
%u;y  Ouyy 1 du;; o 62u,~,>
= —f—_ L 2/ ]
Ly(u] (0x2 6t>+h (12 3 ) T

1 8%;, o%3d%y;

Tax xak u(x, f) ectbp peienne ypasuenus (2), TO

azu,'/ 0u,-] 04u,~j Ozu,-/ asu,-/ af’u[/
0x® ~ Of ' Ox* T a1 gx®  of3 °

3amenas B (6) uyacTHble NPOU3BOAHBIE MO f PAaBHLIMA UM YaCTHBIMH
NpPOU3BOAHBIMU TIO X, NOJyYyaem

0%u; 08u;
Ll =1 (—g ) G0 (=% ) Fwt 0. (D)

Bmbepem yncio o Tak, utoGnl nepsas ckoOka ¢dopmyant (7) oOpartHnach
B HyJb, T. €. NOJNOXHM 0/2 = 1/12 n, cnesosarensto, ¢ =1/6. [Ipu stom
3HayeHun O Oynem HMeTb

Lylu)=nt (360 o16) oxe T O ) =—555 5 + O ().

B cuny (5) Bhinonneno pasenctBo R, [u]=L,[u]. TlosTomy npu Takom
BbiGOpe G ans morpewHocTH R, [#] nonyyaem ouenky R, [u]= O (h%),
TOrga K4k Npu Apyrom BhiGope uucia o umeeM R, [u]= O (h*). B atom
cMbicae 3HaueHue ¢ = 1/6 ssaserca aasi pacyeTHOH cxemu | waunyyuinwm,

CoorBercTBylouiast pacyersas ¢opmyna (4) npu Ttakom BuiGope O
OKOHYATE/NbHO MPUHHMAET BHI

l)au,/ ht 0u‘,

1
Ui =g Wioq, j 404U, ). (8)

OtmeTuM, 4TO OueHKa owMOKH annpokcuMaunn R, [u] B oGuem cayuae
Jst TPAHMYHBIX Y3/10B (X;, f;) He rOAMTCA, .
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[Mpumep 1. Ha#itn pemenne ypasHeHHs TeNJoNPOBOJHOCTH
u_ o
ot 0x?
MpH CJAeIYIOWNX HAYaJbHBIX M KpaeBhIX ycjosBuax [7]:
u(x, =4x(1—x) O<x<),
u@©, )=0 u u(l, )=0 Ot < »).
Pewmenue. 3aMeTdM, UYTO HavyasibHble M KpaeBble YCJAOBUS 3aJaud CHMe
MEeTPHYHBI OTHOCHTEJIbHO NMpAMOMR x=2l. IMostomy u pewmenue u(x, t) Gynes

CHMMETPHYHO OTHOCUTEJIbHO 3TOH NpsAMOil.

HOns pacueros mnosaraem h=1/10 u, cnenoBatesbHo, k=ch?=1/600 u
cTpoum cucTeMmy ysuioB (x; &), rae x;=0,li, t,=j/600. Pesyibratel BbIYHCIIE-
HHH yIOGHO PacmoJIOXKHTbL B TPsAMOYyroJbHol Tabauue 71.

Ta6numa 71

Peuenue ypaBHeHU A TEMJAONPOBOAHOCTH METOAOM CETOK

i=1 i=2 (=3 =4 i=5 i=6 =7 i=8 (=9 [i=10

-~
~
1]
=)

0,360|0,040|0,840/ 0,960 1,000|0,9600,84010,640 | 0,360
0,347{0,62710,827]0,9470 987 0,94710,827)0,627 | 0,347
0,336/0,613(0,813|0,93310, 1973 0,933]0,813]0,613|0,336
0,3260,60010, 1800 0,9200,960]0,920|0,800|0,600| 0,326
0,31710,588 |0, 787 0,907)0,9470,907 (0,787 0,588 0,317
0,309{0,5760,774 {0, 1894 0,934(0,89410,774 |0, .576 0,309
0,302 0,564 0,761 0881 0,92! 0,881/0,761 | 0,564 0,302

OUAWN—=O
COOOOOoO
SO0 CcOoOOoO0O

By S S T g S
i

Hayanbnasn crpoka atoft Tabauusl (j =0) 3anonHseTcs Ha OCHOBAHUH 3ajaH-
HBIX HAYaJbHBIX YCJOBUH
u(x;, Oy=4x; (1 —x;)=0,4i(1—0,1i) (i=0, 1, 2, ..., 10).
B nepseiit (i=0) 1 nocaeanuit ({=10) cTron6ubl BNUCHIBAIOTCA AaHHblE T'PAHUY-

HBIX YCJIOBHIT
u@©, ty=u(l, t)=0 (j=0,1,2, ...).

OcransHble cTpokd j=1, 2, 3, ... TaGauuUbl NOCJNEIOBATEJLHO 3aNOJHSIOTCA
C MOMOLbIO NpHMeHeHUs pacueTHOR dopmyast (8). Ilpu stowm, KOHEUHO, Cliefyer
YYUTBIBATb CHMMETDUIO HCKOMOH yHKLHU u.

§ 11. YcroilunBoCTh KOHEYHO-PA3HOCTHOH CXeMbl
/IS pelleHUsl YPaBHEHHS TeNJONPOBOAHOCTH

[Tpn ucrnob30BaHAH KOHEYHO-PA3HOCTHOM CXEMH IS PelieHHs Kpaesok
3amayd BO3HMKAeT BawHblifi Bonpoc 06 ycroduusoctu Ttakol cxemsl. [lox
3TUM MOHUMAETCA C/JeAylollee: KOHEYUHO-DA3HOCTHAsA CXeMa Ha3HBaeTcH
ycTod4usod, eciu Majbsle MOrpeliHoCTH, NONYUIEHHbie B INpoLecce pele-
HHA, 3aTyXalT W4 BO BCAKOM Cjyyae OCTalOTCHA MaJLIMH TMPH HEOTpaHH-
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YEeHHOM YBEJHYEHHH HOMepa TeKyUlero c¢Jof (CTporoe omnpejejerHe
NoHATHSA ycToiunBocTH cM. B [8]). B npoTuBHOM ciyyae cxema HaswBaeTcs
HeycToiuueol. SlcHo, 4yTO HeycTOMYMBAas KOHEYHO-PA3HOCTHAH CXeMa Npo-
THUBOMOKA3aHa /s BHYMCJEHHH, TaK KaK Hen306exHble He3HauMTeJbHble
OWKMOKH, HanpuMep NOrpeillHOCTH OKPYTJAeHHH, MOryT co3xaTb 60JblHE
OTKJIOHEHHS] OT TOYHOTO pellleHHsl KpaeBOH 3alayM M NMPHBECTH K pe3yJib-
TaTaM, He HMEIOLIMM HHYero obuiero ¢ geHCTBHTENbHOCTLHIO.
BhISICHUM yC/IOBHS yCTOMYHBOCTH NMpHBELEHHOR BhIIlle KOHEYHO-PA3HOCT-
Hol cxemn (§ 10, (4)) mas ypaBHeHMS TeNJONPOBOAHOCTH
=5 (M
dt  ox?

€ 3aJaHHBIMH TPAHMYHBIMH W HAYaJbHEIMH YC/IOBMSMM (CMEWAHHAR Kpae-
6an 3adada):

u(x, 0)=f(x),
u(0, f)=9q (), (2)
u(l, H=v(@). |

Nyets Ax;=h n At;=k, tne h=I/n, k=ch® Tlepexons k xoneu-
HBIM pa3HocTaM B ypasHenuu (1) (cm. § 10), 6ynem umerp

ou (x;+h, t)+(1—20)u(x,, t)+ou(x,—h, t)—
—u(x, t,+k)=0. (3)
B rpannunbix ysnax cetkn X;, ;€I BumoiHens ciexylome yCa0BHS:

u(x, O)=s(x), uw(0 )=y, ul,)=v). @)

MNpeanonoxum, yTo B TOYKax HayaibHoro ciog f=0 nomyuena owubka
€0, T. € U(x; 0)=f(x;)+¢&; o ¥ nycTb v (X, {;) —peilesne ypas-
Henus (3):
ov(x;+h, tj)—{—(l—-ZG)fv(xl., tj)-}—ov(xi—-h, t;)—

—vl(x;, k) =0, (5)
YAOB/IETBOPSIOU(EE PAHHYHBIM YCJIOBUAM, COAEPKALUM OWHOKY:

v(xiy O) zf(xi)+8i.0! '0(0, tj) :‘_‘(P(tj)v 'U(l, f,)=1p(t,)- (6)
Hac unrepecyer, kak H3MeHfieTCsl NOCPEUIHOCTD
w(xi) tj)=’0(xi, t])'—'u (xb tl)
npu HEOrpaHHYEHHOM BO3pAacTaHMM HoMmepa j. Briumras w3 ypasnenus (5)

ypasnenue (3), Ans NOrPelIHOCTH W@ (X;, f;) MOJMYYHM KOHEYHO-pa3HOCT-
HOe ypaBHEHHE

ow (x;+h, t)+(1—20)w(x; t))+ow(x,—h, t)—
—w(x, t;+k)=0. (7)
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Ha rpannue I' o6nactn umeem
w(xh 0)"—“‘0()5,-, O)—u(xii 0)=8,', 0
w (0, £)=v(0, t)—u(0, £)=0, 8)
w(l, t)y=v(, t)—u(l, ¢;)=0.

YactHoe peruenne ybaBHeHuﬁ (7) Oynem uckath B BHAE
w (%, t)=Asinpx, 9)
rae yucna A u p (p > 0) nmonGepeM Tak, 4ToObl Bhipaxcenue (9) yIoB«
JIeTBOPAJIO ypaBHeHHIO (7) M OMHOPOAHBIM KPaeBbIM YC/IOBHSAM
w (0, ¢,)=0, w(/, ¢;)=0. (10)
Ha ocnoBanuu sTnx ycmoBu#t nmeeM
Misinp0=0, AYsinpl=0,

OTKyZIa BBITCKAaeT, 4YTO

pl=mn n p=$ (m=1, 2, ...).

CrenoBaTe/bHO,
.. mux;
w (¥, )= A sin -

[Toncrasnas 9T0 BhipaweHue B ypasHenue (7), GyneM HMeTb
oA sin m-r“ (%;+ k) 4 (1—20) A sin TF %, +
ma

+ oA sin _l_(x,.—h)—l,tf” sin rflﬁx-=0

i
HIH

o [sin P (x4 h) —2 sin % x4 sin 22 (xi—h)] +

+(1=MsinTEx,=0. (11)

BuipaxeHnne, cToflllee B KBaApaTHbIX ckoOkax paBeHctBa (11), mpuBemem
K BULy, ynoGHOMYy nus jaorapudmupopanus. HMmeem

miun miu
T Tk

=2sin T . P h—1) =—4sinZ2T x sin2 28
X;=2sin— x,(cos —h 1) 4 sin——x; sin® - h.

X ; cos

sin ml—JE (x;+h)—2sin m—;‘-xi—|— sin '—nlﬁ(x,.—h) = 2sin

ma
l

IMomcraBass 3TOT pesyabTaT B paBencTBo (11) M cokpauiasi 06e wyacTi
mi
l

—4osin? 7 ht (1— M%) =0,

—2sin

ero na obulMii MHOXHTeNb Sin—— X;, moMyynM
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Orciona
M=1—40sin? "m h

A= (1—40 sin ™% h)—’t. (12)

3ameTuM, 4TO A He B3aBHCHT OT TOYKH (X, #;). Taxum oGpasom,
IS OLHOPOIHOrO ypaBHewusi (7) mnosaydyaem IMHERNO  He3dBHCHMbIE pe-
IIeHHsl BHIA
1

w, (x,,z‘)_(l—»zlosm2 h)k sm—[-x (m=1, 2, ..., n—1),
npuyeM Kaxloe pelleHHe YIOBJAETBOPSET ONHOPOIHIM KDPaeBbIM YCJ0-
Busam (10).

Jluneiiast KOMOHHALMS 3THX pellieHui

w(x; 1) = 24 Cm nt)=

m=1

n-1 ty

. mmn
=Z (1—4051n2——lz)k sin —= x; (13)
m=1

TaKKe SIBNASETCA pelleHueM ypaBHeHusi (7), yLOBJETBOPSIOLIAM NpH Jl0-
6bix 3HayeHHAX ko3¢ddHUHEHTOB ¢, ycaoBHaM (10). Dtn KoapduuueHTH
noaoupaloTCs TakK, YyTOOH BHINOJHANOCH nepeoe ycaosue (8), T. e, uToOH

w(x, 0)=e;, (i=1,2,..., n—1).

Jns ycTOMYHEOCTH pacCMaTpPHBaeMON KOHEYHO-PasHOCTHOH cxeMu (3)
#eo6x0nuMO, YTOOH NpH JIOOHIX 3HAYEHHX TMOCTOSHHBIX €, Cpy +vv, Cuoy
dynkung w (x, t;), onpenesieMasi paBeHCTBOM (13), ccraBanach orpanu-
ueHHOH mnpu ¢, . Ilng 3TOro mocTaTouHO, YTOOH IAsl BCeX 7 Obino
BLINIOJIHEHO Hepaaencnao

1—40sin 20 <1,
Orciona
— 1< 1—40sin? '";;hgl
n
0<osint <L (m=1, 2, ..., n—1). (14)

HepapenctBo (14) 3aBemomo OyneT BHIIOJHEHO, €CAH BEJMYHHA C
YAOBNETBOPSIET YCJOBHIO

0<»0’<?. ' (15)
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[Monydennsle HepaBeHCTBa MAIOT AOCTaTOYHBIE YCJOBHA YCTOHYHBOCTH
PACCMOTPEHHOM paHee KOHEYHO-PA3HOCTHOH cxeMH (3) AJd peuwleHHs cMme-
HIaHHOW 3aZayM B CJydae YpDaBHEHHS TeNNOMPOBOAHOCTH. 3aMeTHM, YTO
BuiGpantoe 8 § 10 snavenne 0=1/6 yxomnerBopsieT sepasenctsy (15).

3amevyanue. B3is 0=1/2, Mb nonyyaem oueHb ymoGHOE KOHEY-
HO-Pa3HOCTHOE ypaBHeHHe

20 pp1 =g, Uiy, g (16)

Cxema ycTofuMBa, OJHAKO B STOM C/lyyae MNOPSLOK OTK/JIOHEHHH yPaBHe-
Hus (16) oT ypasHeHusi Temsonposoanoctu pased O (h%), B TO Bpems
Kak npu 0=1/6 3tor nopsagok pasen O (h?).

§ 12. MeToa MpOrOHKH NJ YpPaBHeHUS TeRJIONPOBOAHOCTH

B npensixyuiux naparpadax M BHAENH, YTO IJIf  YCTOHYHBOCTH
KOHEYHO-Pa3HOCTHON CXeMbl I ypPaBHEHHS TElIONPOBOLHOCTH UIATH
h=Ax; u k=Af, pomkun ObTb HEOAWHAKOBH, npuyeM BuIGOp wara k
S TIPOCTPAHCTREHHOR KOOPIAH-

HATH X HAKAAAHBAET ONpeIe/IeH- CLzema I

Hble OrpaHUYeHHst HA BEAHYHHY
jyara & Ons BPEMEHHOH KOOPAH-  (i-] j+7)
Hatel £, BaxdocTb 3TOro 06¢TO- ac
fiTeabcTBa Obina ormededa Ky-
pautoM, ®puiapuxcom u Jlesu.
Taxk kak npu ycTOR4YMBOH cxeme
war k£ umeer nopsmox O (h?%),
npuYeM OTHOWeHHe O = k/h?
OrpaHHYEHO CBepXy, TO NpH Ma-
A0M h npoIBMXKEHHE  peleHus
u{x, ) no t BecbMa He3HAUUTENbHO # 00beM PaGOTH YPe3BbIYAMHO
geauk, Hanpumep, npunss A=0,1 wu wnonaras k=oh?=1/600, no-
AyUUM, 4TO AN ONHCAHMS MpOllecca pacnpocTpaHeHus Tenna 3a eu-
ruuHbil mpoMexyTox Bpemedn 0<St<C1 TpebGyercsa Ttabiauua, comepwa-
was 600 crpok!

Mbl ceiiuac yKaxeM IDYryl0o YCTOHYMBYIO BHYHC/IHTE/NbHYIO CXEMy,
A8 KOTOPOH OTHOLueHHe FE/h? He ABNSIGTCS OrPaHHYEHHHIM CBEPXY H
MO3TOMY wiar k=Atj BPeMEHHOH KOOpIHHATH MOXeT OHbTb BHIGpaH
CPABHUTENBHO KPYMHBIM.

Paccmotpum no-npexxemy B obnactn G{0<CTx <</, 0<C?t < + oo}
MpHBeNeHHO® YypaBHEHHE TerIONPOBOAHOCTH

ou _0J%
I "o (1
C CPAaHUYHBIMM H HAYA/TBHBIMH YCIOBHAMH

0, )=q(t), u(l,)=v@), ux 0)=f(x). (2)

(i+1,j+1)
-0

~ -

~~< h - \\‘~-/7"/
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[Toctpoum B o6aactu G npsSIMOYroJAbHYIO CETKY
x;=th, t;=jk (i=0, 1,2, ..., n; j=0,1,2, ...),

rae h=I/n (n—uenoe) M k-—HeKOTOpas MOJOXHTE/IbHAS BeJHYUHA.
Hyers u;;=u(x, t)).

Hcnonpsys npubiamkeHHyio CHMMETPHYHYIO ¢dopMyny Ijas BTOpoH mpo-
H3BOAHOH MO X M NpuMenss (OpMyay uHCIeHHOro AHMpdepeHUHpOBaHHS
no t «Hasany», pas (j+ 1)-ro cnos ceTkn BMecTo auddepeHUHaNbHOrO
ypaBhenuss (1) OyaeM uMeTb cJedylolllee KOHEYHO-PA3HOCTHOE ypaBHe-
nue [10]:

Uiy, je1— 20, g1t By, je1 W jri— U g

h? - k

’ ...,Il—l; J=O) 1’ 21 "')y

(i=1, 2

)
U

Uiy, je1— @8ty iy, 0 =—Suy, (3)

rae s=h?/k.

Takum o6pasom, snmech ucnoasayercs cxema Il Buma *3' (nessnasn
cxema) (puc. 74).

M3 rpannunbix ycioBuit (2) momyyaem

Uo, ;1 =@ 1)y Uy i1 =P (). (4)
Cucremy (3)—(4) Gynem pematb merodom npozonku. Ilyctb
Ui, o1 =2, j41 (g, jo1+ 841, ji1) (5)
H, CJeL0BaTeNbHO,
Ui_y, g1 =81, j41(bi_y, jo1 8, ji9)- (6)
[MoncraBaas Bupaxenue (6) B dopmyny (3), 6Gyldem uMeTb
@i 1, e O, jra T8, ) — A8 Uy, s+ 8, =5,

oTclona
i @iy vy, gt suit ey e
i J+1 2+s'—a[..1,j+1 .

CpaBuuBasi 3TO Bupaxenne ¢ ¢opMmynaol (5), momyuum
1

a;, S R R PP bi je1=08;_1, j1bi-1, jatsu;; (7)
(i=2,3, ...,n).
Ilpn i=1 u3 dopmyn (3) u (5) umeem

Uy, jor— (24 8)uy, joaty, = —5Uy,

Uy, je1 =01, 41 (bq, jo1 T Us, j41) (8)
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Orciofa, MCNONB3Yys FPAHHYHbIE YCIOBHS, MOJyYaeM

Q (L)t sy tu,,
Uy, jr= AL 2_|_lsj CELLN 9)

Tax xak dopmyns (8) n (9) HOMKHH GHITH TOXIECTBEHHH, TO, CpaB-
HUBasi HX, BBIBOIHM:

1
@1, 41 =3 g by, je1 =0 (t;1) + sy, (10)

[Toabsysice opmynamn (7) u (10), mpou3BOAA «NPOrOHKY» B TIPAMOM
Hanpasaeuuu (npamoil xod), onpenensieM ABe MOCJIENOBATENbHOCTH YHCEN:

@, 541 %2, ja1 ccv 0y Cpo1, 541 B bl,/+1» b2./+1’ covy byy, J+1e

Otciona, npumensst popmynu (4) u (5), ¢ nomowsio «06parHoz0 x0da»
HAXOJUM 3HayeHus HCKOMON QyHKIMHU:

Uy, o1 =V (Es00),

Uy g, ger ="y, pe1 0,1, 141) @pq, ju1s

Uy g, o1 =8, 1, ja1t0n_2, j41) s, ji1s (1Y
uy, jo1 =g, o1 +01, i) @1, yiae J

Takum o6pa3oM, ykasaH cmoco6 nepexoxa ot j-ro cios K (j+ 1)-my
cnoro. CienoBaTeqbHO, OTHPABASAACh OT M3BECTHOTO HAYyaJbHOTrO (Hyse-
BOro0) CJIOs, MOXHO IUAar 3a IIaroM IMOCTPOHTH HCKOMOe pelteHue « (x, f)
BO BCeX TOYKaX CeTKH (X; f).

BufICHUM yCTOHYHBOCTD MPH j —s - 00 KOHEYHO-PA3HOCTHOH cxeMul (3).
Ilycrs ©,;,=wv(x;, ¢;)—pewensne ypaBHenns (3), ymOBIETBOpsIOLIEE
«BO3MYILEHHBIMY» YCTOBHAM

v(xi; O) =f(xi)+8i0’ 0(01 tj)=(p(tj)1 0(17 tj)::'lp(t]))
rne aio——-HaqaanHe OLIHOKH. nOl"pe[].IHOCTb
W= (%, ) —1 (%, 1)

YIOOBJ/IETBOPSIET YPaBHEHHIO

Wi, i1~ ()W, F Wy, g 5w, =0 (12)
M TPAHHYHBIM YCIOBHSIM
W;o =€, w0i=wnj=0. (13)
[Tonowum
wlf = Misin (14)

Tpu wenom m(m=1, 2, 3, ..., n—1) ¢yuxuns wﬁ}"’ yIOBJIETBOPSIET
BTOPHIM ycoBusM (13).
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lMoncrasnsis Bupaxenne (14) B ypasuenue (12), moayuum

M+ sin TLEIZR) (9 1 g) pajer sinT4 4.
o M+ ginp PR (x;-!—h) + sAh#s sin m%x' =0
HIn
AR [sin LA Sl O] (xl,---h) —2sin 'm;x" + sin man (xli +h)] —
—sM—1)sinZX=0. (15)
Tak xax
sin ZLXi— (*xl"—h)—2 sin "";x" 4-sin 28 (’;"+h) — 4 sin —= mm‘ sin? ”;Ih .
TO, npou3poaa cokpauiesne B ¢opmyne (15) ua sin 204 1 il , OyaeM umeTb
¥ sin 24 g (M —1) = 0
Orciona
A= —3—7171 <1, (16)
s+ 4 sin2 -
ec/n TOABKO §>- 0, M, CJeNOBaTeNbHO,
V<1, (17)

Taxum 06p330M BCe pelleHus wﬁ,’ acummomqecuu CTpeMﬂTCﬂ

K HyJO NMpH j—» 00 WM B KpaHHeM cilyuae, KOraa sin o —0 orpa-

21
HHYEHB H npH (GHKCHPOBAHHOM X, He BO3PACTalOT NO MOAyMo. Tax Kak

peulenne ;; NpeACTaBAseT CO6OH JmHeﬁHylo KoMGuHaunio dynkunit w]’

TO M3 HepaBeHCTBa (17) cnemyer, uto cxema (3) ycrofiuuBa npu Jio-
6omM s>0.

Yro kacaercs ownOKH annpoKCHMaUuH a1s cxeMu (3), To aTa omnlxa,
BooGuie rosopsi, ectb O (A2 k) (cp. § 10).

[Tpumep 1. Paccmorpum pasob6pannyio Bhime (§ 10) cvewannylo sapauy
ANS ypaBHEHHs TEMJIONPOBOXHOCTH
ou_ou
at~ ox?
IpY HauaNbHBIX H KPaeBHX YCJOBMAX
u(x, 0)=4x(1—x), u(@©, t)=u(l, t)=0.
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2
Ipumem h=0,1; £=0,01; caenosarenbHo, s=’—1iz-=l. Tlonaras

Ui je1=0; j+1 (b jr1tUivy, j+1)s
B cuny gopmya (10) u (7) Gynem uMetb:
al’ /+1=l/3, bl’/+1=u1/
n
1

—_— b =a;_ b;_ u; i>1.
T i, jr1=0i_1, jr1bi_1, jr1tuy (> 1)

ai, j+1=
B uactnocT, npu j=0 nonyuaeM GopMyJiH LA NEPBOTO COA:

1
Ga=7> by, =ti0 (18)
1 .,
a;, 1=3 4. - .° biv=a;_11b;_y1+up (> 1. (19)

—a;i_1,1

Kpome T0ro, Ha ochoBaHuu dopmyn (11) nmeem:

upy=0,
Up_1,1=Wny+bn_1,1) n_y, 1
Upog1=Un_1,1Fbn_2,1) n_2,1 (20)

Uyy=(Ug, 1+ by1) ay, 1

Mo dopmynam (18), (19) u (20) MOKHO ~ BHIMHMCJAMTL SHAUYEHHS u;; HCKO-
Mol pyHKUMH Ana mepsoro caos (j=1). INonyuennnie pe3yabTaThl NpUBeAEHH
8 TabJanue 72.

Ta6banna 72

Pewenne YPaBHEHHH TENJIONPOBOAHOCTH METCAOM NPOrOHKH

up | 010,36 |0,64 |0,84 (0,96 {1,00 {0,96 |0,84 |0,64 |0Q,36 | O
a; 0,333/0,375(0,381{0,382|0,3820,382|0,382}0,382|0,382
biy 0,36010,760(1,125| 1,389 1530 1,544 1430 1,18610,813
u;p | 0 {0,310{0,572{0,764|0,882|0,921(0,882|0,764|0,571|0,310| O

0 {0,30216,5640,761|0,881|0,921|0,881{0,761{0,564 [0,302| O

B nqcaegHeit cTpoke TaGauubl 72 AJs CPABHEHUs NpUBeleHH SHAYEHHS u
JCKOMOH (DYHKUMH, NMOJyYyeHHEIE OOEBIYHBIM METOAOM CeTOK npu A=Ax=1/10 "
k=At=1/600 (cM. Tabauny 71). O6pamaer Ha ce6s BHHUMaHHe 3HauYHTEJbHOE
pacxoxjenyue 3HaueHHH u;; H “;1 B6IM3H rpaHuuel obaactu (i=1 u i=9).
310 0OGBACHSAETCH TEM, YTO JJS TAaKHX TOYEK NPHMeHEeHHble (DOPMYJIBI YHCJEHHOTO
anddepernuroBanns 06J1afal0T NMOHHMKEHHON TOYHOCTBIO. Jlnisl yCTpaHeHHs 3Toro
He6/TaronpUATHOrO OGCTOATENBCTBA pEKOMeHAYyeTcs A/ TOYeK, GJM3KHX K rpa-

Hule 06JacTH, HCNOJb30BaTh 6ojiee TOuHble GOPMYJbl uuCJAeHHOro auddepenin-
posanus.
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§ 13. MeTox ceTOK AJs ypaBHeHAH rMNepGOJHYECKOro THNA

OcTaHOBUMCH Ha NPOCTeHIIeM ypaBHEHHH TruNepGOIHYECKOro THMA,
a HMEHHO YpaBHeHHM CBOOOILHBIX KO/NeGaHHH OHXHOPOAHON OrpaHudeHHOH
cTpyHbl (cM. § 1):
0%u 0%u
7 =055, (1)
dt Ox
u GymeM ucKaTb pelledde ypaBuenud (1) Npu 3amaHHBIX HaYaJAbHBHIX M
KpaeBbIX YCIOBHAX

u(x, 0)=f(x), u;(x, 0)=F(x) O0<xr<!) (2)

20, =0 (), u(l, h=%() (O0<t<Too). &)

PemnM 3Ty cMmemanhylo sazauy merogpom cetok [7], [8]. Kak u B cay-
yae napaGoJHMUECKOrO YpaBHEHHs, TNOKpPoeM Tmoaynonocy 0<{x<C/,
0T t<Too mnpsaMoyroabHo#

(i,j+1) ceTKoh x; =ik, ¢, = jk (i =0,
/ 1,2,...,n;j=0,1,2,...).
K k- rie Ax,=x, ,—x,=h=
//”‘/’ ==\ T~ =l/n (n-—uenoe)l_xil At, =
¥ i 7 ’ i) =t —t ==k a cerke
(i-1j) ) (i) (1)) %, /tjlnpﬂ%nH)KeHHO 3aMeHHM
\ nuddepennnanbioe  ypasue-
(i,j-1) e (1) cooTBeTCTBYyIOWIUM
Puc. 75. KOHEYHO-Pa3HOCTHHIM ypaBHe-

HHUEM,

TMonb3yfich CHMMETpHYHBIMM (OPMyJaMH A NPOM3BOLHBLIX, Oynem
HMETb

i, prr =2t 0 ey, =2ty
k" =a h2 . (4)

Ilpu k=Fh/a ypasneHue (4) ynpowaercs W NPUHUMaeT BHI

Up jar T8 oy =Uq, ;H829,
OTKyla

Ui g1 =Wppn, yF 0, — U, 5oy (5

W3 ypaBHesus (5) BHIHO, 4TO IJaA MOJYy4eHUs 3HayeHHH u (x, £)
B (j+ 1)-M cioe uCRONB3YIOTCH 3HAYEHHS U (X, {) B ABYX NPEABIYIIHX
cnoax: j-M ®u (j—1)-M (puc. 75). Ilns wavana BuuucheHuss 1no ¢op-
Myse (5) Taiwe HeOOXONMMO 3HATH 3HayYeHHa # (X, £) HA IBYX CJOAX,
B TO BpeMs KaK Havya/bHbIE YCIOBHA (2) 3amalOT Ham 3Hadedus u(x, f)
amwpb Ha HyaesoM cnoe j=0. OnHako, MCMO/IB3ys HavajJbHHE YCJIOBHS,
MOXHO ONpELEJHTh 3HAueHHsA & (X, £) HA PUKTUBHOM CAOe C HOMEpOM
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j=-—1. Ilna storo 3aMeHuM NPOH3BOJHYIO BO BTOPOM HAYaJbHOM YCJI0-
BHH KOHEYHO-PA3HOCTHBIM OTHOLIeHHeM. Torma OyneM HMeTb

U, -:I:'uz'o =F,~,
rne F;=F(x;). Orciona

Uy y=Up—kF; (6)
Tenepb, 3Has 3HaueHns u (x, £) Ha caoe j=—1, onpenenseMble C Mo~

mouipo opmyJns (6), MOXHO HayaTh BHuHCJeHus. Kpaesne ycnoBus (3)
UCMONB3YIOTCH A NONYYEHHs 3HAYeHHH Uy, M U, ;.

Bumecto onpenesenusi 3HayeHu#t u (x, £) Ha cnoe j=-—1 MOXKHO BHI-
YHCIUTb 3HaueHud « (¥, £) Ha cloe j=1. D10 mocTuUraercs, Hampumep,
¢ nomouwbio ¢dopmyan Teknopa

Ouyo k2 0%u;
Uy =l +k7+7W' (7)

YuutbiBasi, 4TO COrjaacHo ypaBHeHHio (1) umeem
P%uio 0%uzo
/ - a2
012 ox2
nepenuiem ¢opmyay (7) B APyroM BHIe, a MMEHHO:
du;y  a®k? 0%u;,

ug Rtk -+ 57 - (8)

W3 nayaapneix ycnoeu#t (2), npeanonaras, uto f(x) € C®’ [0, /], noay-
yaeM:

dujo Pugg
vo=rfn —r=Fn —Za=/i )
MoncraBnss 3TH 3HayeHus B dopMmyny (8), OKOHYATe/NBHO HAXOAMM
a%k? |
un = fi+kF+—fi. (10)

Ovuesnnro, ¢opmyay (10) nenecoo6pasHo MpUMeHsTb B TOM cayuyae,
Korna QyHkums f(X) sazaHa aHaJUTHYECKMM BLIPAaXEHHEM,

[Ipumep 1. Metonom ceTox HaiiTi npuGJHKeHHOe pellleHHe ypaBHeHus [6]
u _ ot
0i2 ~ ox2’
YZOBJIETBOPSIIOIee TPAHHYHBIM M HayaJbHbHIM YCJOBHAM
u©, t)=u(m t)=0 (0<<?t < );
U, O)=x(m—x), u(x, 0)=0 O<x<nm)
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Pewewnune. BuaweM ciyuae a=1, nostomy k=h. Bbxéﬂpaem k h=mn/18.
C nomouwpio dopmydal (10) onpenesnnm 3HaueHHMA u;y.
Tak kak

F1=0’ f::——2,
TO
Upy = uio—h2 = ll,’o—‘0103048'

Jansuie peutenne nposoautcs no dopmyae (5). INonyuyenusle 3HayeHust npuse-
neHbl B Tabauue 73.

B tabauue npuBefeHn! NMUIb JaHHble AN 0<C x << m/2, Tak KakK rpaduk
pewleHust u=u (x, {) CUMMETPHUYEH OTHOCHTENbHO MJOCKOCTH X =1/2,

Ta6nuuwa 73
PeuleHue ypaBHeHus KoJeGaHHMH CTPYHBI METONOM CeTOK

\x x=0 | x=h | x=2h | x=3h | x=4h | x=5h | x=6h | x=Th | x=8h | x=9h
t=0 0 10,518/0,97511,37 l 1,706 | 1,980 (2,193}2,346 | 2,437 | 2,467
t=h 0 |0,48710,944|1,340]|1, 1675 1,95012,1632,315|2,406 | 2,437
t=2h 0 10,426(0,853 1,249 1,584 1,85812,071|2,224(2,315|2,346
t=23n 0 10,366{0,731|1,097 (1,432/1,706|1,91912,071{2,163|2,193
t=4h 0 ]0,305|0,609 0,914 1,218(1,49311,706{ 1,858 1,950 1,980
t=>5h 0 |0,244(0,487{0,731}0,975|1,218|1,432|1,584|1,675|1,706

3ameuanne I, OrMeTuM OIHY OCOOGEHHOCTh YypaBHeHHs KoJebGauunii
CTPYHHI,
[pr pewennn 3amaun Komu nas  ypaswenusn koneGanuit cTpynb
augdepeniuanshbil oneparop
o0%u 0%u
Llu)=55—0a%35
ot ox
3aMeHseTCs Ha CeTKe TMNpH YCIAOBHHM, 4TO A =ak, KOHEYHO-DA3HOCTHLIM
orepaTopoM

L,[u)= hz () 1= 8y U qy Uy ). (1)

TokaxceM, 4TO B STOM clyyae (PyHKUMS, ABJSIOLAACA PELIEHHEM ypaBHe-
HMA KosJeGaHHst CTPYHH, T. €, YNOBAETBOPAIOULAA YPaBHEHHIO

L[u]=0, (12)
fABJAETCA TAKWXE pelIeHHeM ypasHenus
L, [e]=0.

B camom nene, kak uasectHo [1]—[5], moGoe pemienne nuddepen-
LManbHOro ypasueHns (12) MoweT OHITh MPENCTABJEHO B BHIE

u(x! t)=q)(x_at)+‘p(x+at))
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rae (p " ip—nnaikjiﬁ " nnuddepenunpyempe GyHKUuH, Tlonaras -

.

xi=ih, t;=jk=2,
6yneMm HMETh
uy=u(x;,t)=@l(i—j)hl+p[(E+)) Al

Moncragnss 370 Bupaxenue B gopmyay (11), noayuum

L,,[u]=%{q>[(i—-j—1)h]+xp[(i+j+1)h]—(p[(i—j+l)h]-—
— Yl +j+ D Al—@[i—j— ) A= [ +/j—1) Al +
+olE—j+1)rl+ ¢ [ +j—1)r]}=0.

3ameuvanue 2. Ecin 51 ypaBnenus koneGanufi crpynn (1) Kkpaesnie
ycnoBus (3) OTCYTCTBYIOT, TO € NOMOILBIO GOPMYJIL (5) MOXKHO NOCTPOHTD
pewenne u(x,?) coorBercTBylomlefl sagaun Kowm aumb B cerounoi
obnactu maockocth Oxt, mnmeio-
wel ¢opmy Ttpeyronpanka OAB t r
(puc. 76), rae OB u AB— xapaxre-
PUCTHKH

X
t=;, t=——

HpOXOJlﬂl.Llﬂe COOTBETCTBEHHO 4€pe3
roukn 0 (0, 0) u A(l, 0) (cm. § 2).

§ 14. IousaTHe 0 METONE NPAMBIX

Merod npanetx [21], [22] Moxk-
HO paccMaTpHBaTh KaK Npenesbrbi
cayyalt MeTola CeTOK, KOraa npH
[IPUMEHEHHH TPSIMOYTOJIbHOM CeTKH OIMH M3 JUHEHHHX pa3MepoB ee
CTPEMUTC K HYJI0, a MHOXECTBO Yy3JOB B Ipelese 3amnoJHseT HeKo-
TOPYIO CHCTeMy NpPSMOJHMHEMHBIX napaj/ielbHbIX OTpe3koB. Muew sroro
METOIa MHl H3J0XHM Ha npuMmepe JuHedHOro auddepenuHasbLHOro
ypaBHEHHsl SJIMNTHYECKOrO THNA C ABYMSl HE3aBHCHMBIMH. NI€DPEMEHHEIMH U
4HaNMTHYECKUMH KO3(dHIHEHTaMHU.

Myctp B naockoctn Oxy 3anaHa TpaneueBunsas o6aacte G (puc. 77),
OCHOBaHHSi KOTOPOH JIeXaT Ha NpsiMbIX y=0a 1 y=P (a << P); a ¢ 6oxkos
ara 06JacTh OrpaHHyYeHa aHAJHTHYECKUMH KDHBBLIMH

x=g(y) (L) n x=g/(y (I
@<y<<P; &) <g&),

npuyeM 06sacTh G LENTMKOM NOMEIIAETCS B MHHUMAJbHOM IIPAIMOYTO/IbHUKE
Ri{a<x<b;, a<<y<P}. B obnactu G tpebyercs, Hanpumep, HalTH
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peimtenue u=u(x, y) JAuHeHHOro s/nHNTHYeckOro aHddepeHUanbLHOrO
ypaBHeHHS

- d%u 0%u %u
0 0
Fa(x, 9 g+ s p g+l g u=r(x ), (1
yROB/IETBOPSIOLIEE HA rpanuie o6aactu (G KpaeBbiM YC/IOBHAM!
u(x) a)—':(PO (x)v u(x: ﬂ)=(pl(x); }

2)
£ (g ) 9) =0 (9), (8, (9), 5) =y (9). (
Bynem npeanonarath, 4T0 KO3GhMdHUMEHTH H npaBas 4acTb ypaBHeHHs (1)

¥
Pin

4

9

a=Yp

Puc. 77.

ornpene/ieBbl ¥ AHATHTHYHBI B 3aMKHYTOM TMpPSMOYyrOJIbHHUKE R, npu4yem
BLIMOJIHEHO Yycao8Ue IAAUNTUHHOCTU:

D(x,y)=A(x,y)C(x,y)—B*(x,y) >0 npu (x, y)ER,;
0TCI0Ja, B 4aCTHOCTH, CJAELyeT, YTO
A(x, y) %0, C(x, y)0 mpu (x, y) ER. (3)

HonyctuM Takxe, 4TO QYHKIHH @y (X) U @ (X) SABAAIOTCA aHANUTH-
yecKUMH Ha BceM orpeske [a, 6], a dyuxunu P, (y) u P, (y) —ananuaT-
yeckuMH Ha oTpeske [a, f] u, cBepx TOro, BHIMOJIHEHH YC/AOBHS COrJa-
COBAHHOCTH:

G0 (g7 (@) =1, (a), @ (&, (B)=1,(P), (j=0, 1. (4

Jast nonydeHust M0 METOAY NMPSAMbIX MPHG/IMAKEHHOrO PeIleHHs KpaeBoi
sanauu (1) — (2) pasaenum oTpe3ok [a, f] Ha 72 paBHEIX uacTell ¢ moMOLUbIO
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TO4YCK !/,=!/o+./h (y0=0'5 yn=ﬁ)r h=ﬁ_n'a (J=O)1’ 2) "'»,n)
U yepe3 BHYTpDEHHHE TOYKH JleJleHHsl MNpoBeleM ceMelicTBO napasaJeleii
y=y; (j=1,2,...,n—1) Ha xaxnoi Takoi npsmoit 1ndpdepenunan-
noe ypaBHenue (1) npuG/IMIKEHHO 3aMeHHM OOLIKHOBeHHLIM JaH(depen-
UHaJIbHEIM ypaBHEHHEM JUIS WUCKOMbX (yskumit (X, y;). Has srtoro
B ypaBHeHnu (1) wn3baBumcs OT uacTHOro naMdgepeHuupoBanus no y

¢ nomouibio OpMyJ HYHCJIeHHOro AHddepeHInpoBaHus:

02 1
T_,t; y=,/j=72lu (%, Ypp)) —2u (X, y)Fulx, y;_4)],
02u 1, , ,
—_— =_—|U x’ —Uu x, _ ,
gx()y y=yj l 2h[ x (%, ¥j41) v (X, 9;2)] [ 5)
bi; y_,',‘=2_h[u (%, yj+1)—'u(xy yj—l)]
=Yj
J=1, 2, ...,n—1).

BBenem cokpauieHHbie 0003HayeHHs:
ou (x, yj) , 0%u (x, yj) "
w(x, y)=u;(x), —p—=ujx), —pgz—=1u;(x),
a Takike
Ax,y)=4;(x) u 1. 0.

Torpa, MOACTaBAsiA Beipawenus (5) B ypasuenne (1), momyuum cie-
LYIOULYI0 CHCTeMY OOBIKHOBEHHBIX IM(depeHlUnanbHpX ypaBHeHuit:

B
4,0 5 (0 + 2wy —u_ (9] +
C .
+ 2y () — 2, (), (0] +
by (x)

+a; (%) uj (%) + g [,y (X)—#;_y (X)]+c; (%) u; (%)=
=f,(x) (J=1,2,...,n—1). (6)
Kpome Toro, B cuay kpaeBbx yciaosull (2) umeem
Uy (X) =@ (), u,(x) =0 (¥) (7)

H, CJ€A0BaTE/bHO,

Ug (¥) = Qo (X), U, (X) =0 (¥).

Takum o6pa3om, oT auHefiHoro nuddepenunanbHoro ypasHenus (1) ¢
YaCTHEIMH NPOH3BOJIHLIMH MH Nepellin K cucteMe (6) u3 7 —1 o6hKHOBeH-
HbIX  nuddepenunasbHelX ypaBHewH#t ¢ n—1 HensBecTHHIMH yHK-
UMAMA 1y (X), Uy (X), ..., 4, _4(X), roe uy(X) w u, (X) u3BECTHHW U
onpenensiorcss ¢opmynamu (7). Cucrema (6) nasbiBaetcs cucremod ypas-
HeHull meToda NpaAMbLX,
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Tak kak ko3pHUMEHTH M npaBbie yacTH JHHeHHON .cucTeMul. (6)
AHAJIMTHYHB, a C/Ief0BaTe/NbHO, HenpepuHBHH Ha oTpeske [a, &) u crap-
mue Kosq)qmuuemu A (x);eO npy a< x<{b, TO B CHIy M3BECTHOU
TEOPEMB H3 TEOPHH nmbqaepeuuuanbuux ypaaueuuﬁ ofliee pemieHHe

lI (x) (P/(x C17 Czr cey 2n-—2) (j=l» 2, cey ll—l)

cuctemsl (6) onpeneneno Ha otpeske [a, &) u conepxut 27 — 2 NpouU3BOIIb-
Hoix noctosnubix Cy, C,, ..., C,,_,, BXOZALMX B PYHKIUH @, nuneHno.

yi
=Y 1
|
y= .
| A NN
| ; g &
: 1 /8] [
i i i
7 Zju T & G & Ty %
Puc. 78.

Ins onpenenenHss STHX TNOCTOSAHHBIX HAa OCHOBAHHMHM KPAeBHIX YCJ0-
Buil (2) noayyaem TAKOE Ke YHCIO AUHEHiHHIX anreGpaHuecKHX YypaBHe-
HUH. A HMEHHO, MyCTb X, ==g£,(y,) H xj_gl (y;) — mpoekuuu na ocp Ox
KOHUOB oTpe3ka AN, nexauiero na napannenu y=y, (M. puc. 77).
Torna na OCHOBaHHH (popmyn (2) umeeM rpaHHuYHHE ycnomm

u; (X)) =1v%0(y)), u;(x;)=1, (y,), (8)
e a<{x; <X, <6 (j=1, 2, ..., n—1).

Wrak, nama 3sapava (1)—(2) cBoauTcs K peluieHHio KpaeBOH 3anauu
(6)—(8) mns cucremnl OOBLIKHOBeHHBIX nuddepeHunanbHBIX YPaBHEHH .
Ecnu kpaeBas 3anaya (6)—(8) umeer pewenne, TO OHO MOXET OhITh
HailleHo MM OObIYHBIM METOAOM, Koraa cuctema (6) momyckaeT TouyHoe
pELIeHHE, MIM C MOMOIUBIO NMPHOIHNEHHBIX METOJOB, ONHCAHHBIX B I, [V,
npuyeM QYHKUHH #; (X) LOMKHB ONpelensiTbes Ha BCeM oTpeske |[a, b]

Mocne sTOro Mb O6ydeM 3HaTh NpUOG/IMKEHHBIE 3HAYEHHS HCKOMOH
pyHKUMH & (X, y) Ha ceMeHcTBe napamnenedt y=y; (j=0,1,2, ..., n).
3HaueHuss QYHKUHHM U (X, y) B NPOMEXYTOUHBIX Tquax 06nacm Gmoryr
ObITb HalIEHB MHTEPNOJHPOBAHHEM,

OtmeruM crneuuduyeckyro ocoOGeHHOCTb KpaeBol 3amauu (6)—(8)
KaWKAYI0 M3 MCKOMBIX QyHKUMH 4, (x) HY®HO oOnpeie]nTh Ha BCeM
orpesxe [a, b], 3uHas ee 3Haquuﬂ B IBYX, BOOOILE TOBOPS, BHYTpPeH-
HUX TOYKaX X, W X; 3Toro orpeska. Ecan mbl HailneM HEKOTOPYIO DYHK-
uHIo 4y (%) MHUL MPH X, KX <Xy, TO 9TO MOMET OKa3aThCfl HELOCTa-
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‘TOYHHIM 18 pewieHus sapadn. Jeno B ToM, 4TO mpoekuus Ha ocb Ox
OTpe3ka M/Nj Cmapannenu Y=y, (X, <X¥X;) B obuwem cayvae
HE MOKPHIBAa€T NpOeKUMH HAa 9Ty 0Ch COCeHHX Tmapaanenet y=y, ,
(%74 AKX ) B Y=Y, (%, XX, (puc. 78) u, 3HaduT,
npu 3THX HeGAArONPUATHBIX OGCTOATENbCTBAX IS HAXOXIEHUS u3I Cd-
cremMbl (6) pynxumit #;_, (X) HIH u;, , (X) HYXHO 3HATb 3HAYeHUs QyHK-
uun u; (x) BHe oTpe3ka [x;, X,

Mbl paccmoTpean npoctefiminéi cayd4alh mMeTona MpAMBIX, KOrAA MCXOI-
HHE JaHHbIe aHAMTHUTHYHB M, C/JAEeA0BaTe/1bHO, JOMYCKAaldT OJHO3HAYHOE
aHa/IMTHYeCKOe MpoLOMKeHHe, B cnydyae aMiib HenpepbiBHBIX K03(du-
1IUeHTOB ypaBHeHusl (1) M HenpephIBHHIX IPAHHYHLIX YC/IOBHH (2) npu nmpH-
MEHEHHH MeTOLA NpPAMBIX BO3HHKAIOT JONOJHMTE/]bHbIE TPYAHOCTH, TaK
KaK pemeHue cucteMbl (6) ypaBHeHMH MeTOna NPSIMBIX CYLIECTBEHHBIM
06pa3oM 3aBHCHT OT 3HayeHu#t ee Ko3pduuuenToB M PyHxumit u, (x) u
u,(x) B R Bue obnactu G, npuyem 31eCh 3TO MNPOAONKEHHE HEOJHO-
3HayHo. DTH TPYIAHOCTH OTHajdaloT, ecad obiactb G npeacrasaser coGok
NPSAMOYTO/IbHAK, CTOPOHH KOTOPOrO Napasule/bHbl OCSIM KOOPIMHAT.

Ecau xoadduiuuentn ypaBHerus (1) 3aBHCAT OT X, TO METOZ NPAMBIX
NPUBOAUT K CHCTEeMe JIHHeHHHX ypaBHenu# (6) ¢ mepemennniMH K03(du-
LMEHTAMH, DellieHHe KOTOpoH 3aTpyasuTennho. Iloatomy 3aech, BoOGuie
TOBOPS, BHIFOJHEE HCMO/Ab30BATh OOHYHLIA METON CETOK.

Ecnu kosadpdunuentsl ypaBHenus (1) He 3aBHCAT OT mepeMeHHOH X,
TO cucteMa (6) METOAA NPAMBIX COCTOUT M3 JAMHeHHbIX AH(PepeHuHaNbHEX
ypaBHeHHH ¢ mocTOsHHBIMH Ko3(dduunentamu. CrnocoGbl pellieHHs] TaKUX
CHCTEM XOpomo pa3paGoTaHhl, H MeTOHL MPSMHX MOWET OKa3aTbCd TYT
CPaBHUTE/bHO BBIFOJHBIM,

§ 15. MeTox mpambIX pJja ypasuenus Ilyaccosa

[Tpu 3amene nunefinoro nnddepeHUNnanbHOro ypaBHeHHs BTOpPOro
nopsiika cucteMoi ypaBHenu#i metoga npamuix (§ 14), BooGuwe rosops,
nojayuyaercsi omwn6ka mopsiaxka h2, rie h-—paccTosiHHE MexAy NpPAMLIMH.
A1y omnbKy MOXHO YMEHbIIHTb, €CIM BOCIONb30BaThCA GoJiee TOYHHIMU
dopmynamu uncnendoro nuddepenuuponanus. Ilokawkem 3TO Ha npumepe
ypaBnenus Ilyaccona.

[lycte B npamoyronpxo#t o6nactn R {a << x <Cb; a<Cy<C P} 3anano
ypaBueunne [lyaccona A

u U
a—xz-l‘@'é:f(’ﬁ Y) (1)
U TpebyeTCs HaHTH pelleHHe U ==u (X, y) 3TOr0 ypaBHEHHS, yAOBJIETBO-
psiouee KpaeBbiM YCJAOBHAM!

u (¥, @) =00 (%), #(% B)=q(x); } -
u(a’ y)=\|30 (y)’ u(bv y)=1l)1 (y))
rae Qyuxuun. f up, (8 =0,1) senpepuiBunl u ¢, € C? [a, 8] (k=0, 1).
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Bynem pewatb KpaeBylo 3anaqy (1)—(2) metomom NpSAMBIX. s atoro
BrGepeM mwar h=""—" u uepe3 TOUKH NeneHHs Yy;=yo-+hi (j=0,

1,2, ...,n y,=a, y,=Pp) nposesem mnapamrean y= y;. Tlyers
u/ (x)—u(x yy)- Mpennonaras, uro ¢yukuus u(x, y) umeer Hel’lpepblB-
Hble YaCTHHIE nponsaonﬂue N0 y JI0 WIECTOro NOPSANKA BK/IOUYHTENbHO, pas-
noxuM  pyHkuMH U, (X)=u (X, y;+h) n u,_,(x)=u(x, yj-—h)
no gopmyae Teﬁnopa C TOYHOCTHIO 110 O (h%). Vimeem

ou (x, yy) u(x,y) h2  Oulx,y) ps
ui+1 (x)=uj(x)+ dy h+ 012 'ﬁ‘l’ 0y3 31 +
Otu(x,yy) po Pulx,y) ps | Ou(x,y;40h) pe
—oF atT oy cEt T e 0<&b<H O
bl
ou (x Yy 0%u (x,Yy) p2

w;_y (%) =u; (x)— h+ e

_au(x,yj) e Ou(x,yy) pa

oy 3l o T4
0Ou (x, y) po 0% (x,y;—0h) pe
L gt 0<8, <. ®
CnoxuB paBenctBa (3) u (4), noayuum
0%u (x, y)) Oulx, yj)
By oy () — 20 () 1y (8) = —5 L B - —5 T 5+ O(R). (5)

3amensss B ¢dopmyne (5) dynkuun

u, (x) =u(x, y,) (k=j+1, j, j—1)

0%u (x) yk)
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M OrpaHHyMuBasiCh
ynenamn mnopsaka h?, GyaeMm HMeTb

0%u (x, Yj+1) Puwyy) 0w, gy 0l yy

oy? —2 oy? ay? ot h2+0(h4)- (6)
0% (%, y))
Wckaiouas n3 dopmyn (5) n (6) npoussomnyio o u orbpacniBas

uleHn nopsaaka kS, moayynMm npubamkensyo Gopmyny
Ujyy (X)—20; (X)+u;_, (%)=
— 0%u (x, y/)_l_ 0% X, Yjtq) 9 0%u (x, yy) = 0% (x,y;_y)
- ay? 12 0y? - oy? Oy ’
KOTOpas MOC/e NPHBEAEHHS NOAOOGHBIX Y/EHOB NPUHAMAET BUL
U,y (%) —2u; (X) 4,4 (x) = ‘ .
_m[Pu ey Pulny) | 0y
=n| e Tz W

(@)
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dopmyna (7), umeromwas ToyHocth O (h®), MOXeT GHTb HCNOJb30BaHA
Ias peumeHus xpaesod 3amauu (1) —(2). HeiicTBuTensHO, U3 ypaBHeHHs
(1) npu y=y, umeem

_— ,,
T = Fe () — 1 (), @

rae f, (X)=f(x, y,) (R=1, 2, ..., n—1). Orciona, 3amenss 8 dop-
mysae (7) BTOpBHIE yaCTHHIE NPOMU3BOJAHHIE MO Yy HX 3HayenusaMu u3 ¢op-
myas (8), ans onpenenesns pewenui u,(x) (j=1, 2,...,n—1)

NOJIiyyuM CJAELYIOILYIO CHCTEMY 06HKHOBQHHHX nmquepeHunaanux ypas-
HEHHH:

71 () A 100 (%) 4 87 -y (%) 1 (8701 (%) — 20, (%) 1,y (6)] =
= fra W F 105 () + £y (8 (=1, 2, coyn—1).  (9)

dra ycosepileHCTBOBaHHAA cucTeMa (9) MeToma npsiMbix Gbila mpeasio-
wena M. T, Cnobonsuckum [23] u annpokcumupyer ypapuenue [lyaccouna

€ TOYHOCTBHIO J10 2—220 (h%) = O (h?).
Ha ociioBanuu kpaeBbix ycnoBHH (2) HOMOJHHTENbHO MOJydaeM:
Uy (X) =g (%), U, (X)=0,(x); u,(a)="1o(y;), u;(0)=1p;(y,) (10)
(Jj=1,2,...,n=1).
Orciona
ug (%) = @q (%), up (%) = @y (x).
O6wee pewenne cuctems (9), -KaK H3BECTHO, CKAAAHIBAETCS M3 YacT-

HOTO pelleHHss B3TOH CHCTeMH M OOUIEro pelleHHsi COOTBETCTBYIOULEH
OAHOPONHOH CHCTEMbI

U4y (%) + 100] (%) + vj_, (X) +
(001 () —20, (1) + 0,y (D] =0, (11)

OueBunaHo, yto ob6uiee peiueHHe cucteMul (11) He 3aBUCHT OT 06aacTH
R w xpaeBbix ycnoBuit (2) u ana nausoro ypasHenus (1) mower OuiTh
nonyueno pas u nascerna. [lpusenem Ges nokasatenabcta (cM, [22])
(popmynu obuiero pemenus cucremu (11):

v, (x) = Zsm (y’ TEWITY) g goix 4 Bemor) (j=1, 2, ..., n—1),

rae l=[3—a, A, U B,—npousBo/ibHEE NOCTOSHHBIE H

7 (Y Yo)
2 -7 -
02.—% sin 5]
I A T h
5+cos—y’i—!ﬁ)-)-
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YacTHoe peliedHe HeoAHOpOAHOH cucTeMb (9) HaxomuTCHd O6GBIYRLIM
nyTeM, B KpafiHeM CJyya€ MOXHO NpPHMEHHTb METON BapHalLMK NPOU3EOJIb-
HBIX NOCTOSIHHBIX. JIAf OTHICKAHMA TOCTOSHHHIX .Ak.u,B,k Ha _.OCHOBaHMHU
ycaosuit (10) nonyuaetcs anreGpanueckas cuctema 2n—2 ypaBHenuil.

Mpumep 1. B obnactn R{0<<x<<3; 0<<y<C3} sapnano ypaeHenne
Ilyaccona

d2u o
o tgp=*ty (12)
MeronoM npsAMBIX HallTH pelleHHe 3TOTO ypaBHeHHs, YAOBJETBOpAlOLIEe OfHOPOA-
HBIM KPaeBbIM YCJIOBHAM
u(0, P=u@, y)=u(x, O)=u(x, 3)=0. (13)

Pemenue. IlpumeM h=1 u nposenem npsimple y=1 n y=2. Vcnonrays
MeTO/l NPSAMEIX, GyleM HCKaTb NPHOINKEHHOE pellenne u;(x)=u(x, y;) (j=1, 2)

sanaud (12)—(13) Ha npaMHIX y=y; U Y=y, The y;=1 1 y,=2. Benucwpas
cucremy (9), NONYYHM cJjelyiollHe ABAa YPaBHEHHS:

ua (%) 1001 (x) 4w (x) + 12 [ug (x) —2u, (x) + 2o (x)] =
=x4-24 10 (x+ 1)+ (x+0),

us (x) 4 10us (x) 4 uy (x)+ 12 [1g (x) — 20y (x) + 1y ()] =
=x+3410 (x+2)-+ (x+ 1).

B cuny kpaeBnx ycaoBuit (13) umeeM uy (x)=ug(x)=0, u, caegoBarenbHo,
g (x) =ug (x)=0. Cucrema (14) npunnmaer cienyomuil BUA:

(14)

10uy (%) + g (x) —24uy (x)+ 120, (x) = 12x+ 12, } a8
uy (%) 10us (x) 4 120, (x)—24u, (x) = 12x + 24,
npuyem
ug (0)=u; 3)=0, uy (0)=1u, (3)=0. (16)
COOTBQTCTByIOHlai[ OJHOPOJHAasA CHCTEMa WMeeT BH]
100; () + v, (x) —240v, (x) =+ 120, (x) =0, a7
vy ()4 100, (x) 4 120, (x) — 240, (x)=0. } )
TNoaaras
0, (x) = Ae*¥, v, (x)=Be'¥ (18)

W TOACTaBJSIS STH BHpaxeHus B cucreMmy (17), mocne coxpawenns Ha e no-

ayuaem
A (1002 —24)+ B (A2 +12) =0, }

A (M 12)+ B (10A2—24) =O0. (19)

Tak Kak Ml IpeinoJsiaraeM, uro pewierHe (18) HenyJieBoe, TO ompelesHTeNnb JH-
HeiiHol cucrembl (19) mosmkeH GuTh paBeH mymo. Ortcioga noJydyaeM xapaxme-
pucmusueckoe ypasrerue

10A2—24 A2} 12 —o
A212 1002—24 |

(10A2 — 24)2 — (A2 4 12)2 =0,

HJIU
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T. e o
(902 —36) (11A2—12) =0. (20)
CrenoBarenbHo, XapakTepHCTHYECKHe KOPHH OYAYT
12 12
7~1=_2. ho=—2, M= 1’ A= — T
CootsercTaytomue nocrosinnsie A u B onpegensiorcs u3 cucremul (19). Mmeem
A B —C:
] A24H127  10A2—247
oréo1a A
Ay_ _B, C1o Ae_ Ba _
16 16 (k=1,2); 144 T 144 (k=3 4).
1 r
Moxuo npuusate Ap=—B,=C, (k=1,2), A,=B,=Cy (=3, 4).

Takum o6pasom,
Oy (x)=Cye® + Coe "2 - Ce ¥ VI Cemx V13, |
Uy (X) = —C,e?* —Coe~ 2% | Coe* Vi 4 Che™* Vie/n, ’
Yactuoe peweHue cucrems! (15) umem B BHAE
Uy (x)=Ax+B, i, (x)=Cx+D.

IMoacraBasis 5Tu BelpamkeHust B cucremy (15), aja onpeaeneHHst MOCTOsSHHBIX A,
B, C, D noayuaem cucremy

—2A4+C=1, —2B+D=l,
A—2C=1, B—2D =2.
Orciona naxogum: A=C= —1, B= —4/3, D= —5/3, 4, 3HaUHT,

== rtg). i <x>=—<x+§). @

@1

Ha ocnosannn dopmyn (21) n (22) obutee pemenue cuctemsl (15) umeer BHz

ty () = Coet* oo™ G VT e VI (5.2,
@)

3

Ina onpenenenus mocrosuusix Cy, Cy, C3, C, ucnonb3yem rpaHHYHBIE YCi
qosus (16). B cuay atux ycsoBnit u dopmya (23) nonyuaem cucreMmy

Ci+Cp+C3+Cy=

2/11 —xV12/11 5
Uy (X) = —C,e2¥ —C,ye~2% J- Cpe* V12/“+C4e xV12/11_( x+—)-

-

I

—C;—Cy+C3+Cy
[ (24)

I

w5 wlo ola
!

-

Cre0+ Coe ™04 Coe® ¥ 12 =8 VI2/1

—Cied—Cae =8 +Cye® V1M g o3 V1M =‘§‘5 .
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Orciona
Com L, 1 1 e 1, & 1.
1776 "ef+1 12 ch3’ "2 T 6 ef41 12 ch3’
3 8_e-8Viz/m 3 e3Vie/ii_g

Cs= Cy

T @y Y  wmE Y

TloacraBnss aTu 3HaueHHs B QOPMYJinl (23), MocCse HECJOXKHBIX YNPOLLEHHH
OKOHYaTeJbHO HaXO0AuM

3, 3sh(x VI/TT) —sh [(x—3) YTo/TT] /( , 4"
ty sh (3 ¥ T2/ (++3)
(25)
1 ch((2x—3)
“lo A=F —gz T
3 3sh(x VI2/T1) —sh [(x—3) VI/1T] _( 5
2 s (3 V127) (++3)-

Mpl paccMOTpe/IH HEKOTODHIE METOIbl YMCJIEHHOTO pelieHUs pasjiny-
HHX TUNOB JHddepeHuUnanbHEX ypaBHeHMH B 4aCTHbHIX NpPOHU3BOAHBIX.

Kpome paccmoTpenHbix pa3paGOTaHH TaKwe M JADYrHe MeTOAb, Ha-
npumep Meton Puuapiacona [24], koTopu#t 06sagaeT TeM HOCTOMHCTBOM,
YTO OTHOCHTE/NBHO MalO 3arpyxaer NaMaTb MALUHHHL,
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FrJ1IABA VI
BAPHAUMOHHBLIE METOZLbl PELIEHUS KPAEBbIX 3AAY

§ 1. Nountue o ¢yuxuuonaje u omeparope

BBenem cHayana HexoTOpbie TNOHATHS (YHKIMOHANbHOTO aHaNu3a,
KOTOpbie HaM moHago6aTcs B JaJbHeliulem,
Onpenenenne 1. TlycTs nan nekoTophI#i Kaacc (MHOXECTBO) Pynk-
unth K={y(x)}, roe x —HesapucuMas MNepEMEHHASs WJIH COBOKYNHOCTb
HECKONIbKHX HE3aBHCHMBIX nepe-
MEHHBIX X =(X;, X5, ..., X,).
FoBopsiT, YTO mnepevenHas Be-
JIHYHHA I=I[y(x)] ectp
dynkyuornar ot Gynkuun y (x)
(byukuus oT ¢yHKuuH), ecau
kaxpoft dyskuun y(x) €K no
3aJaHHOMY  3aKOHy  CTaBHUTCH
B COOTBETCTBHE ONpeneseHHoe
yueao /. :
z Knace ¢pynxuntt K= {y (x)},
I/ KOTOPHIX Omnpejiesien JaH-
Pue. 79. Huli QyHKUHOHAA, HasbIBaeTCs
obaacTolo  onpedeseHus WM

061acTor0  3a0anus QYHKUNOHANA, @ caMu (YHKUMH Ha3HBalOTCH donyc-
TUMbLML.

ITpumep 1. Mycrs K={y (x)}—conoxynnocn, ¢yuknufi, auddepennu-
pyeMbix B Touke x=0. Yucmo k =y’ (0) MoxHo paccmaTpuBaTh Kak (YHKIHO-
Han OT Y (x), onpeleseHHbl B obaacth K.

NMpumep 2. PaccvmoTpum MuoxectBo K dyHKumMit y (x), HenpepbiBHO AHO-
tdepennnpyembix Ha orpeske [a, b], T. e. y(x) € CV [a, b]. [avHa NyTH S KpH-
BOH y =y (x) MEXAY TOYKaMH x==a ¥ x=>b (puc.79) ecTp HyHKUHOHAJ OT y (X)
B o6aacti K, KOTOpuIi MOXET ObITb BhipaxeH QopMyJoi

Y=y(@)

) S—
[

b

s= S Vry'zdx.

a
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Npumep 8. Ilycte K-—MHOMKeCTBO BCeX HEOTPHLATENbHHIX (GYHKHHI
t=f (x, y), HeNpPepPHIBHLIX B 3aMKHYTOH 06JacTH Gu ofpalaomuxcs B HyJb
na ee rpanuue I' (puc. 80). O6pem

=SSt(x, y)dx dy
G

ecTh pyHKUMOHAA oT f(x, y).

Onpenenenne 2. MuoxectBo pynkunii K nasuBaeTcs AuneiHbim
(nam, Xopoye, /uUHEAAOM), €CIH
s kaxaux  Qyukumii 2 €K n
v €K cymma ux u+ v €K, a Takke
au €K (a—mobag nocrosinnas).

Hanpumep: a) mHOXecTBO no-
JHHOMOB, 6) MHOXECTBO BCeX He-
npepuBHEX ¢yHKuUuH, B) MHOXeCT-
BO (¢yHknu#, obpamalouuxcs B
HyAb Ha rpanuue 06JacTu, M T. 0.
CYThb JIMHEajhl.

Onpenenenne 3. Pyik-
unonan I=1I[y] nasmBaercs au-
HeliHbiM, €CIM OH ONpeleleH Ha Puc. &0.

JMHEHHOM MHOWecTBe (yHKunA K
n aaa moGoft mapul  HONYyCTHMEIX (yHKUMH 4 M ¥ cnpaBeliHBO CO-

OTHOLIEHHE
Iou+ Bu) = al [u] + BI [v],

raie o ¥ [ —nponsBoJbHHE TNOCTOSIHHBIE,

Hanpumep, dyukunonan k=y’(0), paccmoTpennniit B npumepe 1,
ABASETCA JINHEHHHIM.

Onpenenenne 4. losopar, u4to Ha mHoxectBe K={y(x)}
onpenenen oneparop L, ecnu kaxnoft dynkuny y (x) € K no Hexompomy
3aKOHY COOTBETCTBYET O,IIHa U TONBKO ofHA (YHKUMA 2 =2 (x)¥*),

9TO COOTBETCTBHE MEXLY q)yummamn CHMBOJMYECKH 3aNnHCHIBaeTCA
cnenyloumm o6pasom:

z2=Ly wm z=L(y).

MuoxecrBo K ¢ynkuuii y =y(x), Ha KOTOPOM oOnpeneneH HaHHHH
onepatrop L, Ha3biBaetcs 06/laCTbIO 3adanus BTOrO OnepaTopa, d QyHk-
i y €K HaablBalOTCﬂ donycTumoimu.

Mpumep 4. fyere K={y(x)} ects muomectso nuddepenuupyembix
dyuxuuii. Torga onepauuio 3_ B3ATHSA TNPOM3BOJHON MOXKHO PAacCMaTpHBaTh Kak

*) Bo3MOXHO Takxe, 4TO (YHKLHA 2Z(X) 3aBHCHT OT APYroH nepeMeHHoil
t=(t1, seey tm).
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onepaTop (Tak Ha3bBaeMblil onepamop Odugeperyuposanus)
, d
Yy (x)—d—x y (x).

B Gonee obwem cayuae, ecau p; (x)&€ Cla, b} (i=0, 1, 2, ..., n) u
y=y ()€ C™ [a, b], To

z2=Ly=po () Y +p1 )y "V + ... +pa () y ity
ectb onepatop (auweiineui Ougppepenyuarvroii onepamop), ONpeleSeHHbIH Ha
K=C'"[a, b] co snauenusimu z€ C [a, b].

HeitcTBUTENIbHO, ISt KaxXIoi HonycTHMOH (QYHKIMH y pe3yJbTaT BhifoJHe-
nus onepauuit (1) ects HekoTopas HenpephiBHasg QYHKuHMa z. Hanpuwmep, ecan

L(p=y"+v,

to L(1)=1; L(x)=x; L (x?)=2+4x2; L (e*)=2e*; L(sinx)=0u 1. 1.
C nomoubio JuHeliHoro auddepenunanbHoro oneparopa Ly ofimee JauHei-

Hoe nuddepeHNHaIbHOe ypaBHEHHe C HEH3BeCTHOH (YHKIHeH Y MOXKHO KOPOTKO
sanucaTth Kak

Ly=[(x), @
rae L —onepartop Buaa (1) u f(x) —u3BectHas HenpepbiBHAs QYHKLHSA.
[Tpumep 5. PaccMOTPUM MHOXKECTBO GYHKUHMK K={ u(x, y) } Takux, 4to

u(x, y)€ C®(G), rue G—sapaunas obnactb, Pyuxuusa, onpegensemas dop-
MyJI0i
0% | 0%

U=

o T oy

sBseTCs onepaTtopoM oT ¢ Ha MHoxectBe K (onepamop Jlanaaca). TlpupaBuu-
pasi 3TOT onepaTop H3BecTHOH dyHKuuHu f(x, y), noayuuM ypasuenue [yaccona

Au=f(x, y). (3)
B uwactHoM cayuae, ecam f(x, y)=0, GymeM umers ypasuenue Jlanaaca

Au=0. ()

TakuM o6pa3oM, AuddepeHunaJbHEe ypaBHEHHs, OGLIKHOBEHHEIE H C YacT-
HBIMUM NPOM3BOAHBIMH, C GoJiee oOllel TOUKH 3PEHHS MOXKHO pacCMaTPHBATh Kak
onepaTOpHBE YyDaBHEHHUd.

Onpenenenne 5. Onepatop L HasbiBaeTC AuHedHbiM, eCIH OH
onpeaesneH Ha JHHEHHOM MHOXeCTBe W Aad J0O0H 0aphl JOMyCTHMbIX
byHkuui 4 W v Auseiinas KkomGuHauua WX o - fo (o u  —nponsBon-

Hble MOCTOSIHHBIE) SIBASETCH TaKxe JNOMycTuMOoH (yHkuue#t, nmpuyeM Bol-
[10J/IHEHBl  YCOBHUA:

1) L (au) =aluy;
2) L(u+v)=Lu+ Lv.
OTcona BbITEKAeT, 4TO
L (au-+ Bo)y=alu+PLo

npu MoGbIX MOCTOsIHHBIX o d f,
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: d
Jlerko BuZeTb, YTO ONEpaTOphl =¥ Ly n Au, paccMoTpeHHbIE B NpH-
Mepax 4 M 5, ABAAIOTCA JHHEHHBIMH.

ITpumep 6. Oneparop Ly=y? sBJseTCS HeJHHEHHHIM.

HeiictButenvro, L (u+0v)=(u-+v)2 n Lu-+Lv=u?4v2 CregosaTessHo,
L (u+v) # Lu- Lo, ecan tonsko uv 0.

Ilycts K ectb MHOxecTBO ¢ynkuuii {u}, onpeneneHubx, neicTBH-
TeJbHBIX M HempephiBHHIX B o6aactu ®. Ecam # €K v v €K, TO uucno

(2, v)= S wvdo¥)

Ha3bIBACTCH CKAAAPHbIM npoussedenuem ynxyuid u 1 v, OueBumHo,
(4, v)=(v, u).

Onpenenenue 6. Ilycts nnneéluniit onmepatop L ompemened na
JIMHEHHOM MHOXecTBe (YHKUMA #, 3aJaHHHIX M HeMpepheBHHX B 006JacTH
®, 1 ero 3Havenus Lu npemcraBisioT co6oft ¢yHKLMHM, Takxe omnpene-
JieHHBle W HenpepbiBHHe B . Toraa auneHHbiit onepatop L HasbiBaeTcs
CUMMETPUYHbIM, €CH I JI0OHX HONyCTHMBIX QYHKUHH ¥ U ¥ chnpaBef-
JHMBO COOTHOUIEHHE

S vledo = S ulvdo,
[0) (0]

T. €.
(Lu, v)=(u, Lv). (5)
Ecnn nas nioGoft  monmycTUMOH (yHKUMH & HMeeT MeCTO Hepa-

BenctBo (Lu, #) =0, npuyem (Lu, u)=0 Torma M TONBKO TOrAa,
korga u==0, TO onepatop L HAa3LIBAETCS NOAOMUTEAbHbIM.

ITpumep 7. Paccmorpum oneparop
Ly=_y”’
onpefeieHHbli Ha MHoxectBe ¢yHkuuit y€C® [0, 1] rtakux, uto y(0)=0

u y' (1)=0.
Eciv 4 4 v—jonycTuMee QYHKIHH, TO TOJY4aeM

1 1

S (vLu —uLv) dx = S (—ou”+uv") dx = (uv’ —ou’) ! =0;
)

[} 0

N03TOMY
1 1
S vlu dx = S ulv dx,
1) 0

*) Eciu u ¥ v—Q@yHKIOMH HECKOJbKHX NepPeMEHHBIX, TO MHTerpaJj S ABJIS-

(0]
ercs KPaTHBIM.
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t. e. (Lu, v)=(u, Lv), u, Takum o6pa3oM, omeparop L sBJAsercs CHMMeT-
PHUHBIM.

Kpome Toro, yuurhiBasmt, ut0 # =0 ecTb B CHJY TPaHHUYHBIX YCJOBRil
eLUHCTBEHHAas JomycTuMasi pyHKUMA Takas, uyto u' =0, npu 4 FZ0 umeem

(Lu, u)=§uLud =— §uu"dx=-—uu'

0 0

1
1
+Su12dx>0'
0 0

npuvem (Lu, u)=0, ecan u=0. CnegosatennHo, onepatop L moJomuteex.

§ 2. BapuauvonHas 3apaua

Mycts nan dyHKUMOHAN
=1y (%], (1)

onpeseneHHuit Ha rekoTopom mMHOxecTBe K= {y (x)}. 3anaua 06 oTbvicka-
HUM 3KcTpeMyMoB (yHxuuonasna (1) nasbiBaeTcst sapuayuoxHol sadauedl.
Bonee TouyHo Bapuaumonsas 3aja-
17 Ya CTaBHTCS CJeAYIOLIM 06pa3om:
Tpebyercas  walith  QyHKUHMIO Y=
=1 (x) €K Takylo, 4TO 1/ BCex mO-
nycTumbix dynkun# y =y (x), mocra-
TO4YHO Onu3kux K Gyskuun g (x),
8 umeeT MecTo HepasenctBo [[y] = /[y
B Clyd4ae MHHHMYMa WM HEDABEHCTBO
ITy) <<I1Y] B cnydae maxcumyma. 3a-
MEeTHM, YTO paccTosiHHe Meway QyHK-
UHSIMH y ¥ §J MOXHO TNOHUMATh IM0-
pasHomy.

y=4(%)

S

Q= —— —

Puc. 8l1. [Tpumep 1. Paccmorpum 3amauy:
cpend rJalKuX KDUBHIX Y=y (x), mpo-
xoxamax vepes touku M (a, A) u N (b, B), HafiTH JAHHMIO C HaHUMeHbIUell AJH-
Hoit pyru (puc. 81).
3azaua CBOAMTCA K HaXOXKAeHHIO MHHEMYMa (yHKIHOHAJa

b
s=$ Vi+ytde
a

AN KPUBBIX Y=Y (x), NPHHALJIEKALIHUX Kaaccy CW [a, b] u Takux, uto y (@)= A
u y(b)=B. V3 reomeTpuueckux cOOOpa)eHHHA OUYEBHAHO, HYTO HCKOMBIM peLue-
HueM Oyjer npsiMasi
- B—
y=A+3—

2 w—a),

npuueM Smin =} (b—a)*+(B—A)2
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- § 8. OcHoBHBIE TeOpeMbl BapHALMOHHOrO MeTOAA
pellleHHsi KpaeBhiX 3ajnay

Mycts B o6nactu G ¢ rpanuuelt I' nano auneitnoe anddepenunans-
HOE ypaBHeHHe C HenpepbiBHHIMH Ko3dduunentamn (0OGHIKHOBEHHOE MHJH
C YaCTHHIMHA NPOW3BOJHLIMH) M TpeGyeTcs HalTH pellleHHe y STOro ypas-
HeHusl, yIOBJeTBoOpsioliee Ha rpanuie I' 3anaHHBIM JHHEHHBIM OLHOPOA-
HBIM (KpaeBhiM) ycnoBusM. JleBylo YacTb STOrO ypaBHEHHSi MOXHO pac-
CMaTpuBaTh KakK JuHeHHult onepatop L, onpeneneHHbii Ha MHOxecTBe K
$yHKkumui, 06nanaOIWUX HeNpepPLIBHEIMA TPOH3BOJAHLIMM HYXHOIO NOpAKa
B G-+T ¥ ynoBiaerTBOpAIOIIMX JAaHHBIM KpaeBbIM YycjaoBHaAM Ha I,
Takum oGpa3som, Hamla KpaeBas 3ajJauya CBOAMTCA K PELIEHHIO ONepaTop-

HOFO ypaBHeHHs _
Ly=r(P), (1)

rae P o6o3HayaeT COBOKYNHOCTb HE3aBHCHMBIX TepeMenHnix, f(P)—
nasecTHas QyHKIMS (KOTOPYI0 Mbl GyleM CYHTaThb HenpepoBHOH) M y €K,
npuyeM ¢yHKuHA y Ha rpanuue I' ynoBiaeTBOpsieT KpaeBbIM yCIO0BHSIM

R[y]=0, (2)

rae R—u3BecTHHl anuednbfi Pynkiyonan wnam onepatop 6ojiee HH3KOroO
nopaiKa.
3ameTHM, YTO HeOJHOpOJHas KpaeBas 3axaua

Ly=f(P) (3)
Rly]=¢(P) npn PE€T, (4)

rae ¢ (P)—mu3BecTHas QYHKUUA, CBOAMTCA K ONHODOIHOM, €CIAH mOJO-
KUTb Yy=2z-+y,, (e Z—HOBas HEH3BECTHas (YHKUMA W y,— KOCTa-
TOYHO I/anKas QyHKUHMS, YAOBJETBOPSIOWAs KpaeBOMy ycnoBuio (4):
Ryl= o (P).

He#ictButenpio, u3 ¢opmya (3) u (4) nonyvaem Lz=f(P)—L
1 R[2z]=0. dynkumo y, oO6HYHO HETPYAHO HaliTH mMOAGOpPOM.

Vines BapHalMOHHOrO MeTOda TNPUMEHHTENBHO K HalleMy .Cayyajo
COCTOMT B TOM, YTO KpaeBas 3anaua (1) — (2) 3aMeHsieTCs paBHOCHAbHOM
3amaveli 00 OTHICKaHHHM (YHKIHH, HarouUiel SKCTPeMyM (OOBLIYHO MHHHMYM)
HeKoTOpOMy GyHKHHOHANY. BapHaunonHbIii METOA pelleHds KpaeBHIX 3anauy
N0/Iy4YHJ IIMPOKOE PacnpocTpaHeHHe MOCAe TOro, Kak HeMeUKHH MaTeMa-
ik Putu B 1908 r. npennoxun ynoOGnblii npuem Ans NOCTPOEHHS NpH-
G/MMKEHHOrO pelleHus BapualMOHHOM 3ajauyn. Meton Purua 6ymér us-
nowen B § 7. - ‘

IlpuBeneM nBe BawHble I/ HaJbHEHIIEro TEOPEMHI,

Teopema 1. ITycre L— cummerpudroul auneiinolil oneparop, onpe-
Oesennbill u nososcuresotbili 8 kaacce K. Toeda oneparoproe ypasnenue
(1) npu naruuuu kpaesozo ycaosus (2) 6 Kaacce: K. He ModceT umers.

121
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08yx pewenuil, T. . ecau cyujecTeyer peuwerue kpaegod s3adaqu (1) —(2),
TO OHO eOUHCTBEHHO,

IHokasaTteanctBo. [Ipexnonoxum, uto kpaesas 3anaya (1)—(2)
BMeeT IIBA PelIeHHd Y, U Y,, T. €.

Ly,=f(P), R[y,]=0 ()

Ly,=f(P), Rly,]=0. (6)

BoiunTass M3 ypaBHeHMH (D) COOTBETCTByIOWlMe ypaBHeHus (6), B cuay
ausefinoctu onepatopa L u dyHkuuonana R noayyum

L(y;—y,)=0, R[y;—y,]=0, (7)
T. €. (y1_y2)€K~

YMHOXAsi DepBO€ H3 MOJYYEHHHIX DaBEHCTB CKAMAPHO HA PAsNOCTb
Yy — Yy, OyLeM uMeTbH

(L(y1—Ya), (41—y2))=0. (8)

Tak kak 0o ycnoBHIO omepaTtop L nonoxutenpHellt B kaacce K u Qyni-
unst (y;—Y,) €K, 10 u3 dpopmysn (8) cnenyer y; —y, =0, T.e. y, =y,,
yTo U Tpeb60BanoCh N0Ka3aTh.

Teopema 2. Iycto L—cummerpuunoui oneparop, onpedererHoiil
u noaoxcurenonoitl 8 kaacce K, a Fy)l—dynkyuornar suda

Flyl=(Ly, n—2(f, )= (Ly—2f) y do, (9)

o
ede f=f(P)—npasaa «acte ypasnenus (1).

Ecau xpaesas 3adava (1)—(2) ¢ 00HOpOOdHbLMU 2pAHUYHBIMU YCAO-
BUAMU UMeeT peuleHue Y, TO 3TO peuwieHue OaeT MUHUMYM DyHk-
yuonany Fly).

O6parno, ecau 6 kaacce K cywectsyer ynkyus G, daromjas munumym
pynkyuonary (9), T0 3T PYHKYUA ABAAETCA peuleruem ypasrerus (1).

NokasateabcTtBo. 1° ﬂyCTb_'g €CTh pellleHNe KpaeBOH 3amauu
(H—(2), 1. e. L=f(P) u R[y] =0. 3amenssa f(P) uepes Ly
B dopmyae (9), noayyum

Flyl=(Ly, y)—2(Lyg, y). (10)

Monbaysick CHMMETPUYHOCTbIO onepatopa L, Gynem umeTb

(Ly, y)= (4, Ly)=(Ly, y).
[Moatomy
Flyl=(Ly, y)—(Ly, H—(LY, y)=
= (Ly, y—y)—[(L7, y)—(Ly, 9] —(Ly, 9)=
=(Ly, y—y9)—(Ly, y—§) —(Ly, §) =
=(L(y—5), 4—y)—(LY, §). (1)
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B npapoit yactu ¢opmyan (11) TOoabko mnepBoe ciaraemoe siBAsieTCs
nepemensniM. OueBuaHo, (y—Y) € K, mo3TOMYy B CHJY NOJIOXKHTENbHOCTH

onepatopa L nmeem _ B
(L{y—y), (4—y)) =0.

CnepoBatensno, dyuxuuonan F[y] mocturaer cBOero HaHMEHbLIErO 3Ha-
YeHHs LIS TE€X M TONbKO TeX HONYyCTHMbX (YHKUHME y, IAs KOTOPhIX
HMEET MECTO PaBEeHCTBO

(L(y—9), (y—1))=0.
Orci0na Ha OCHOBAHHH OMNpeNe/NeHHs TONOXHTENbHOrO OllepaTopa MoJay-
yaeM y—y=0, T. e. y=7.
3ameTum, uto u3 ¢dopmyan (11) caeayer, YTO HauMeHblIEE 3HAYEHHE
dynxunonana F(y] pasuo F; (y)=F[§]=— (L7, p).
2° Tlycrp cymectByer d¢yHKIMsa § M3 ksaacca K, naouias MHHHMYM

¢ynkunonany (9). ITo 3HauuT, yTo AAA Mo6oH dynkumn y, €K u no-
CTaTOYHO GJHM3KOH K I COpaBeiMBO HEPaBEHCTBO

Fly,|—F[g]=0.
Ionoxum 1= (y,—Y) €K u paccMorpum cemelicTBO GyHKUUA
y=7+an, (12)

rae o-—uyucaoso napamerp. OuyeBupno, mnpu J060M o GyHKuUHR y
SBAAIOTCA NONYCTHMBIMH M MPH JOCTATOYHO MajJOM |@ | BHINOJHEHO He-
PaBeHcTBO

AF =F[y)|—F[§] =0.

Ha ocHoBanun ¢opmyan (9), Benoauss ToxaecTBenHbe npeo6pasoBanus,
HMeeM
AF=(Ly, y)—2(f, y)— (LG, ) +2(/, ) =
=(Ly, y)—2 (L7, y)+
+2(Lg—1, y)—2(Ly—f, 5)+ Ly, §) =
=(Ly, y)—2 (LY, y)+2 (Ly—f, y—Y)+ (LY, §) =0. (13)
Orciona, ucnoap3ys npeobpasosanne (11) um dopmyay (12), Haxomum

AF=(L(y—7), (4—5)—(LF, §)+2 (LT—F, y—T) + (L7, §) =
— a2 (L, n) 4 2a (LF—£, m) =>O. (14)

JleBas uactp nepaBedcTBa (14) mnpencraBnsger co6GOH KBampaTHbIH
TpexwleH OTHOCHTE/]bHO NapamMeTpa &, NpHYEM STOT TPEXYJEH He MOXeT
MensiTh 3Haka. CieloBaTeNbHO, COOTBETCTBYIOLIEE KBAAPATHOE ypaBHEHHE
3aBElOMO HEe WMeeT JeHCTBHTE/bHHIX Pa3/iHYHbLIX KOpHell H, 3nayuT, 06.a-
DaeT HEMOJOXHTENbHbIM AHCKPHMHHAHTOM, T. €.

(Ly—f, 1) —(Ln, m)-0<0;
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orciona (Lyj—f, 1) =0. Takum oGpasom,
{(Ls—r)ndo=0 (15)

()

ans moGoH dyukunn 1 € K. B cuay nponssoabuocTH dyHkumuu 1 oTcI0Aa
cnenyer (cm. [3]), uto Ly—f=0, 1. e. Lj=jf. Takum oGpasom, §
eCTb pelleHHe Halled Kpaemo# 3axaud.

§ 4. Cvenénue JauHeliHO#i KpaeBoil 3amauu
LJisi OObIKHOBEHHOro An¢@depeHnnaJbHOro ypaBHeHUs
BTOPOr0 MOpsiAKAa K BapHaLMOHHOI 3ajgaue
Paccmorpum o6bikHOBeHHOe AH(depeHlnalbHOe ypaBHEeHHE
Y +Px)y' +Q (%) y =D (x) (1)
¢ JMHEMHBIMH KPaeBbIMH YCJIOBHSAMH
0y’ (a) +ay (@) =4,
Biy’ (0) + Py (6) =B, }
rae ¢ynkuun P (x), Q(x) u @D (x) uenpepuBHn Ha otpeske [a, &) u
lag|+lal5=0, |By|+|B]=0.

[Mpusenem ypasuenue (1) K CrieLHaZbHOMY, TaK Ha3biBAEMOMY camoconps-
ocennomy 6uly. Ilns 3TOro yMHONHM BCE €ro 4eHsl HA MOJOKHTE/bHH
MHOXHTENb

(2)

j“P(x)dx
p(x)=e® ,
nocne 4ero noJy4um
p(x)y" (X)+p (%) P(x)y' +p (%) Q (x) y =p (x) © (x). (3)

Tak kak
X

‘ fP(x)dx
p'(x)=ed P(x)=p(x) P(x),

TO ypaBheHHe (3) MOXHO 3alHCaTb B BHIE

2wyl +aw s =7, (4)

rae p(£) >0, ¢(x)=px)Q(x), Sf(x)=p(x)D(x).
Huddepennnanbioe ypaBienne BTOPOro nopsiaka Buaa (4) HasmiBaercs
camoconpazcertom. Beona mHelinsi#i oneparop

Ly=— % P x)y']—g %)y, (8)
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nonay4yum

Ly=—Ff(x), (6)

rae p(x), p’ (x¥), ¢(¥) u f(x) venpepuBHbl Ha oTpeske [a, b].
[lpeanonowuM CHauana, YTO Kpaeswe YC/A0BHA (2) SIBAAIOTCA OMHO-
POAHBIMH, T. €. ‘

oy’ (@) +ay (@) =0, By’ (8)+ By (6)=0, (7)

rae |oy [+ ]a|5=0 u |B,|+]|P|=0, npuuen Ges Hapyuienus OGUHOCTH
paccyxaeHuil MowHO npexmosarath, 4to a; =0 u f§, >0.

IMokawem, 4To B 3TOM cayyae oneparop L fBiaseTca caMocoup -
EeHHB M (CHMMeTpuuHbiM) B kijacce ¢ynkuuli K= {y} HenpepuBHLIX
Ha orpe3ke [a, b] BMecTe cO CBOMMH MEPBLIMH M BTOPHIMH TIPOM3BOJHBIMH
(y EC®[a, b)) n ynoBreTBOPAOMWUX Ha KOHUAX OTpesKa [a, b] oxHopon-
HbBIM KpaeBbIM yciaoBusaMm (7).

Mycts u €K u v €K. Ha ocHoBauun dopmynn (5) umeem

(Lu v)—(Lv, u) =

—S{—v[ (p ()Y 4 q (5) ] +u [ (P9 0) g (0] } ax=

[p (%) (uv"—vu")+p' (%) (40" —vu') ] dx =

4
dx

[p (x) (40" —vu')] dx =

-
)

" =p(b)w(b)—p (a)w (a), (8)

I

P

@ (x) = u (x) v(x)

9)

u' (%) v (xX)[

OyHKUMH #=u (X) ¥ V=" (X) yAOBJETBOPAIOT OXHOPOLHHIM KPaeBhLIM
yC/n0BUAM

oy’ (a) +au (a) =0, 0,0 (a) 0w (a) =0,
rae a; =0 nmm a==0. CrenosareibHo,
W' () =—Zu(a), ¥ (a)=—Zv(a)
WK

u(a)=——%u’ (), v(a):——%‘fv'(a).

Hoatomy w (a) =0. AnanoruyHo poxasbiBaeTcs, 4T0 @ (b) =
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CnenoBatenbHo, u3 ¢opmynas (8) Bmtekaer (Lu, v)—(Lv, u)=0,
snaunt, (Lu, v)=(Lv, u), T. e. onepatop L cuMMeTpHYEH.
BbIﬂCHHM, IIpH KaKHX yCJOBHAX OmnepaTtop L asnsaercs IIOJMIOXKHUTENDbHLIM,
Ina ¢ynxunn y € K umeem

1

’

b
d ’ N
(Ly, ) == {5 1p )5 +0 () 5] yax. (10)
a
Mnrerpupys mo uactam nepsuil unen ¢opmyns (10), nonyunm

b
(Ly, )=—p®) ' |+ Slp wy —g ) p21ax. ()

Tak xak p(x) >0, to us c¢opmyan (11) BHTekaer, uto oneparop L
NOJIOMHTE/IeH, €CIH
gx) KO mpr e <KX <O, (12)

y(a)y' (a) =0, y(b)y' (b)<0. (13)

Tak kak @, >0 u f; =0, To B cuny KpaeBnix ycaosuii (7) nepa-
penctBa (13) SKBHBA/NEHTHH HEPABEHCTBAM

a< 0, f=0. (14)

Takum o6pa3om, kpaeBass 3ajzaya (6) —(7) npu HaNUYMH HEPaBEHCTB

(12) u (14), cornacHo teopeme 2 u3 § 3, paBHOCHIbHA 3amaye O MuIU-
MyMe (QyHKUHOHana

Flyl=(Ly, y)+2(f, v) (15)
B kaacce ¢ynkuu# K. Hcmonbsys dopmyny (11), umeem
Flyl=p(a)y(a)y’ (a)—p (b)y (b)y’ (b)+

b
+ @)y r—g @) 2 +2F (v ylax. (16)

B wacrsoctH, ecan a; >0 u f, >0, To noayunm

Flyl=—2p(@) s @+F.p(0) 4 0) +
b
+ i yr—g@ i +2r @ plax. (1)
a
Ananoruysble BbIpaXceHHs Nojy4yaem AAs IPYyTHX Clydaes.
PaccMoTpuM Tenepb KpaeBylo 3amadyy (6) ¢ HEONHODOJHLIMH KpaeBLIMHU
yCIOBHAMH (2) B MpENNOJIONKEHHMH, YTO BHIIOJHEHH HepaBenctsa (12)
u (14). Onepatop L B knacce dynkuu#i K;, yIOBIETBOPAIOLHX YCJO-
BusAM (2), BOOOLLE IOBOpPSl, HE ABAAETCA CHMMETPHYHBIM W NONOKHTE/b-
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HHIM, TO3TOMY He/Ab3sl HEMOCPEACTBEHHO MCMOJb30BaTh TeopeMy 2 rpe-
Ibiayuiero naparpada.
Mycts z=2(x) € C?® [a, b] n ynosnerBopser ycnosusm (2), T. e.

0,2 (@) + 0z (a) =4, Bz’ (b)+Pz () =B. (18)

‘O6o3Hayas uepe3 y peliedne kpaeBot 3amauu (6), (2), BBemeM dyHkunio
u=u(x), onperenseMylo pPaBeHCTBOM

u=y—z. (19)
®yukuus & yHOBAETBOPSET ONHOPOIHLIM KPAaeBHM YCIOBUSAM
a0’ (@) au(a)=0, By’ (b)+Pu(b)=0 (20)
H fiBAdeTCA pelleHneM ypaBHenuss Lu=Ly—Lz T. e,
Lu= —f(x)—Lz. (21)

Takum o6pasom, u € K. Onepatop Lu B knacce dynkunit K sapasercs
CHMMETPHYHBIM H NOJOWHUTEbHBIM, U, CJIelOBAaTeJbHO, pelleHne ¥ KpaeBoi
3anaun (20)—(21), B cuay Teopemn 2 u3 § 3, maer MuHuMyMm QyHk-

uxonany
F[u] = (Lll, ll) +2 (f(x) + LZ, u)‘

Orciona Ha ocHoBanuu dopmyns (15) nmeem

Flul=p(a)u(a)u’ (a)—p(b)u(b)u’ (b)+
b

+{ P =g @ +2(f (0 + Lo u]de.  (22)

a

M3 pasencrea (19) nonyuaem, 4TO pemienue y kpaesok samaum (6), (2)
naeT MHHHUMYM (yHKLHOHATY

Filyl=r(a)[y (@) —z(a)][y’ (@) —2" (a)]—
, —p @) [y (0)—z(®)][y (B)—2" (B)] +
@ —r2—g@ =22+ 2(f (W) +L2) (y—2)]dx =
=p () [y (@) —2(a)][y’ (a)—2 (a)]—
—p(B) [y ) —2z®)][y (6)—2" (b)]+
b .
+ [P (%) 42 —q (%) 4> +2f (¥) y] dx +
;
+ (P22 —g (%) 2 —2f (v z) dz +

b
+2([—p @) y'2' +q®) yz+(y—2) Le]ax. (23)

a
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Hcnonpays uuTerpupoBanne mo uyactsM, 6ylneM HMeThb

§(y—z) Lzdx= —3 (y—2) [d—‘i (p (%) 2')+¢ (¥) z] dx =

b
=—(—2)px)7 |:+ flrzw—2)—g@) 29— 2))dx =
=p (a) [y (a)—z (a)]2' (a)—p (]) [y (b)—2z (B)] 2’ (b)+

b
+ipwe v ——guzy—2)ax

BHocs 9TO Bhpamenne B Qopmyay (23), mnocie HeCHOKHLIX yNpOLLEHHH
NONYYHM

F,(y)=r(a)|y(a)—z(a)]]y (a)+2' (a)]—
—p(b) [y (B)—z ()] [y’ (B)+2" (b)) +
b

+§ P y2—g ) v2 2 () y)ax—

b
—{lpwzr—quw) 2427 (x)2]dx.  (24)

Myets o, >0 n B, > 0. s kpaesux ycnosuit (2) nmeem

v (@) =228 (g =222
H

e U
Torna

Fy[5) =22 24y (a) —ay? (a)) — 552 2By (6) — Bu? (0)] +
b

+ (1P y2—gq () 52+ 27 (%) y] dx —

_ {%ﬂ (242 (a)—az? (a))] —’% [2Bz (b) — B2 (6)]
b
+{lpwer—g w2+ welar). @)

Tak Kak crosimue B ¢QurypHoit ckoGke usens ¢opmyas (25) ¢uk-
CHPOBaHE M HE MEHSIOTCH NPH H3MeHeHHH (YHKUMH Yy, TO BMeCTO
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¢yukuuonana F,[y] mowHo paccmoTpers ynxumonan

®fy)= '%1) [24y (a) —ay? (a)]—’—’ﬁi? [2By (5)—By? (0)] +
b
+{pxyr—g @) 2427 () y)ax. (26)

a

~

Taxkum o6pasom, Kpaesas 3anaya (6), (2) ¢ HEONHOPOAHLIMHM KPAEBhiMHU
yCIOBUSIMH B [IPENNOJIONEHHH, YTO HMEIOT MecTO HepaBeHcTBa (12) u' (14),
3KBUBAJIEHTHAa BapualMOHHOW 3amave I8 (yHxkuumonana (26) B knacce
dyukuuft K;, ya0B1eTBOPAKUINX 3a[1aHHBIM KPAaEBLIM YCIOBHAM.

3ameuanune. 1° Ecmm a,=0 u B,5%0, 10 y(a)=2z(a)=A/a.
V3 ¢opmyan (24) Buitekaer, uto 3a @ [y] MoxHO mpunaATh PyHKUMOHAN

Oy]= —p—élﬂlwy (5)—By* (6)] +
b N
+ 0 p ) vt —q () y2 427 () y) ax,

2° Auanoruyno mokassiBaeTcs, yto ecau o, =0 u B, =0, T0
b

@y]={[p 0 y2—g @) 2 +27 (%) ] ax.

a

§ 5. Kpaesnie 3anaun nns ypasuedui Ilyacconma u Jlamnaca
[lycts nano ypasuenue Ilyaccona
—All=f(x, y)’ (1)

0%u | 0%u
A”=5x—2+0_y2 u f(x, y) € C(G).
Tpebyercs HaiiTu pewenne ypasHenus (1), nenpepeiBHOE B saMKHyfdn

obnacth G=G+T u ynoenersopsiomee Ha rpanuue [' 370H o6aacta
KPaeBOMY YC/IOBUIO

rae

ulr=09(P), (2)

rie P=(x, y) n @ (P)—s3anansas HenpepnBHad ¢yukuus. [Ipeanono-
wuM BHavane, 4to @ (P)=0, T. e.

u|p=0, (3)
n Oysem peliaTb OXHOPOAHYIO KpaeBylo 3amayy (1)_,(3). [TokaxeM, uto

B Knacce ymkunit K={u(x)}, uvenpepmiBHeix B G BMecTe CO CBOMMH
NePBLIMH W BTODHIMH MPOM3BOIHLIMA M OOpawlaowuxcs Ha koutype I
B Hyab, oneparop Lu= —Au cuMMeTpHYEH H NO/OWKUTE/eH,
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[ycts u € K u v€ K. CocTaBuM BhipaxeHnne
(Lr, v)—(Lv, u) =

Pu | 0% 0%
G
du v ou
=SGS [5‘("0"‘—”@*@(“@—”@)] 4 dy.
Tpumensis u3BectHyio ¢opmyay I'puna
Sde—l—Qd —SS’ a—Q—‘E> dxd
J vy= s ox 0y y

M HCNO/b3YS HyJeBhle Ipanuynbie ycnosus #|p==0, v|p=0, noayunm
(Lu, v)—(Lv, u)=

f[efoB)ost (o) in] =0 0

caenosarenbHo, (Lu, v) = (Lv, &), u, 3nayut, onepatop L cuMMeTpHueH.
Ilanee yCTaHOBHM MOJIOXHTENbHOCTb omnepatopa L. Hwmeem

(Lu, u)_—SS (ax=+ay=> dx dy —

-—§3 [Ec(" #) (5] dray+ { &)+ (5)] axar

IMpumenss x mepsoMy unTerpany ¢opmyny I'puna, B cuny KpaeBuXx ycuo-
Bufl s QYHKUMH 4 [OJY4YHM

(Lu, u)=—ig(—u—dx—l-u )—]—

I (2 + ()] -
1) () e o

(Lu, u)y=(—Au, u) =0

Ecau (Lu, u)=0, 10 u3 dopmyan (5) caeayer, 4To
Ou__Ou

T. €.

0x ay =0.
Orciona u(x, y)=c, B Ha OCHOBAaHHH KpaeBOro ycJOBHf (3) HMeeM
u(x, y)=

CaenoBaTenbHo, onepatop L noaoxuTesnex,
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Takum oGpasoM, nis kpaeBoit samaum (1) ¢ OXHOPONHLIMH KpaeBbIMH
yciaoBusiMu (3) BbImoJHennl ycnosus Teopembl 2 u3 § 3. CnenoBarennHo,
3Ta 3ajaya SKBHBAaJIeHTHA BapHalMOHHOH 3amaye g dyHKuHOHana

Flu] = (Lu, 0)—2 (&, f) (6)

B Kjaacce dyHkuui @, npuHamaexawux MHoxectsy K. B cuny dopmy-
AH (5) nomydaem

(YRR e P

PaccvoTpum Tenepb kpaeByio 3amadyy (1) ¢ HEOXHOPOIHLIMH KPaeBbIMH
ycaosusamu (2), n nyctb Ky = {u (X, y)} —knacc dyukunit u € C?(G 4-T),
YAOBNETBOPSIOUHX yca0BUSAM (2).

Cnenys wunee npeaninywiero mnaparpada, mocTpoum  (yHKuuIo

z2=22z(x, y) € C®(G4T), g KOTOPOH BHINONHEHH KPaeBbie yClI0BHA (2).
Beenem ¢ynkumio

v (%, y)=u(x, y)—z(x, y), (8)

rae u(x, y)—peulenne Hawel HeONHOPOAHOH kpaeBo# 3amauyu, Torma

dyunknua v=wv(x, y) ymosaersopser Ha Koutype I' oaHopomnomy Kpae-
BOMY YCJIOBHIO

v|r=0 (9)
W fABJsIeTCA pelleHHeM ypaBHEHHS
Lv=Lu—Lz=f(P)—Lz, (10)
L 0%z |, 9% ecTHA @ _
rae z=—-(m—|—a—y2) —mu3BecTHas Qynkuna. Pynkuus v=wv(x, y),

SiBJAACh pelleHHeM OAHOPOAHOH KpaeBoH 3amaum (10)—(9), Ha ocHoBa-
uun dopmyan (6) maer nammeHbiiee 3Havenue QyHKUMOHamy
Flv]=(Lv, v)—2 (v, f(P)—Lz). (11)

Boaspautasce B nocjenHeM paBeHcTBe kK pyHkuuu u# (cM. (8)) m mcnons-
3ys CBOHCTBa CKaJPHOrO NPOM3BeNeHWs H JuHednoro omepartopa L,

NOJIy4YuM
Flu—z]|=F,[u]= (L (e—2), u—2)—2(u—2, f(P)—Lz)=
= (Lu, u)—2(u, f)+ (e, L2)—(2, Lu)4-2(2, f)—(Lz, 2). (12)
Tak kak nociaegHne IBa 4YJeHa Q)opmznu_(w) He 3aBHCAT OT HCKOMOH
Pyuxkunn u=u(x, y), 70 QyHKkuHa u=u(x, y), DAoL HAUMEHbLIee
sHayenue ¢ynxunonany (12), OyneTr MHHUMH3HDPOBATH (YHKUHOHA.
Fy[u)=(Lu, u)—2(u, f)+[(Lz, u)—(Lu, 2)]. (13)

Mokawem, yto dynkuuonan (13) MOkHO 3aMeHHTb (YHKLHOHANOM,
He coxepxauiuM ¢yHkuuo 2. Mcnoabsys npeoOpasoBaHHe, MpHMeHEHHOE
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B dopmyne (4), nmeem
(Lz, u)—(Lu, z)=SS (zAu—ulAz)dz=
= ([ (8 =) axt (5w i) ] = [ (s53—u 50) s
r r
rie n—BHelHss HopMaib K I' u
Ou _Budy Ou dx 0z 0z dy 0z dx

on _ 0x ds dy ds on ox ds dy ds*

Orciona, -Tak Kak z|p =u|r =@ (X, y), nonyyaem

(Lz, ) —(Lu, 2= [ @ (x, ) (Gr—5 ) ds. (14)
T

C npyroﬁ CTOPOHBI, Ha OCHOBaHHH GOPMyan (5) HaxoauM

P O
—Jotn ot ([ (%) ()] e 0

TNoncrasnss (14) u (15) B dopmyay (13), Gynem umers

F2[u]—SS[( oY+ (5 ) —2ru] dxay— Sq»(x s (16)

Tak kax nocaepHee caaraemoe B ¢opmysne (16) ne 3aBuCHT OT dyHK-
uMM &, 10 Kpaesas 3amava (1)—(2) sxkBMBaneHTHAa BapHalMOHHON 3anaue
A1 pynxknHoHana

O 1] = (S [( ) (‘a;) —2fu] dx dy (17)

B knacce ynxunit K.

B yactaoM cayyae, ecam f=f(x, y)=0, TO nosnyyaeMm ypasHenue
Jlannaca Au=0, npuuem KpaeBas 3anaya (1)—(2) ectpb un3BecTHas
sadaua [Qupuxae. Pemiennem 3TOH 3amaun, Kak BoiTexkaeT H3 dop-
Mmymnt (17), saBasercs dyskuns u M3 knacca K, MHHHMH3Hpylowias
unteepan Jupuxae

o= [(2) + (2] o
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§ 6. Wnen metona Purua

Meron Purtua cayxuT aas npHbAMKEHHOrO pelIeHHsl BapHallUOHHOMN
3anaui.

Ilnst nmpocTOTH paccMOTPHM STOT MeTOmL A/s (PYHKUMOHAJa Buia
Fluj=(La, uy—2(f, w), (1

Onpene/ieHHOr0 Ha HEKOTOpOM JuHelinoM MHowecTBe K ={u}, rae L —
NOJOKHUTENbHLIA HHeRHHH onepaTop ¥ f-— 3ananHas nenpepoiBHas QYHK-
umsg. [pexnonaraercs, 4yTo dynkuun kKnacca K ynOBNETBOPRIOT JHHEHHKM
KPaeBLIM YCJOBHAM

R(u)=¢(P), 2)

rae R—musBecTHH nuuefinnii ¢dyHKUMOHAN M (—3ajanHas NOCTOsSHHaf
BeJHYHHA MM (PYHKUHA.

[locTpoum noc/ienoBaTeNbHOCTb AOCTATOYHO FNAAKMX JHHeHHO Hesa-
BucUMBIX  QyHkunil uy (P), uy (P), ..., u,(P), rae u,(P) ynosaerso-
psieT HEOJHOPONHBIM KPAaeBHM YCNOBHAM

R[uo] =(p(P)) (3)
au;(P) (=1, 2, ..., n)—ONHOPOAHKM KPAaEBLIM YCAOBHIM
R[z]]=0 (=1, 2, ..., n). (4)
CocTaBuM JuHeliHyl0 KOMOHHALMIO
u(P; ¢y, Cg +un, ) =1 (P)—[-IZ cu; (P). (5)
=1

Tak kak R[u]=R[us)4+ X ¢;*0=g (P), To u €K npn Mo6HX N00CTO-
i=1

SAHHBIX Cq, Cg, +.., Cp.

MpuGamkennoe peuwtenne BapuaunoHHod 3apaun (1) —(2) Oynem
uckatb B Bume (5). Jlnsm storo momcraBuM u (P; €5, €5, «e., C,)
8 ¢yukuuonan (1). Torma nomyuum

F[u]’:q)(clv Coy ooey cn)v (6)

rie @ —u3BecTnas QyHKUMS, 3aBUCALLAS OT 72 TEPEMEHHBX C;, Cg, ...
..., ¢,. lonGepem kospouumentn ¢, ¢,, ..., ¢, TaKuM 0Opasom,
yTo6n F[#] 610 MunuMaibHbiM, DTO JaeT €HCTeMy ypaBHeHHH

oD Y oD

— =0, _=01 ey __=Ol

de, dcy dac,
M3 KOTOPOH ONpenesIoTC: LJocTosHANe ¢; (i=1, 2,...,n) B dopmyne (5),

Takum o6pasom, Bapuaumonsas 3amaua (1) —(2) npubimxeHHo cBo-

AHTCH K 3ajaue o6 oThicKanuu akcrpemyma dynkuun @ (¢y, ¢4, +.v., C,)
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MHOTUX mepeMmeHHbX. TouHocTb peruenns, BooOllLe roBOpsi, BO3pPAcTaeT
npH yBENMYEHHH YHC/Ja nepeMeHHbix ¢yuknnn @,

B caenyiomnx naparpacdax Mbl pacCMOTPHM nmpumeHenne MeTona Putua
K KOHKDeTHHLIM KPaeBbIM 3alayam.

§ 7. Mertoa Purtua ans mpocrtefimeli Kkpaesoii 3agaqm

[lycts naHo nuueiinoe anddepenunanbuoe ypaBHenue

d ’
Ly )+ax)y=7(x) (n
¢ npocTeHUINMA KpPaeBhMH YyC/JOBHAMH
ylay=4, y(b) =5, (2)

re p(x), q(x), f(x)€C[a, &], npuuem p(x)>0 npu a<<x <L b,
CornacHo pesyabratam § 4 (3ameuanue 2°) kpaesas samaya (1)—(2)
NPy H3BECTHHIX YCNOBHAX 9SKBHBAJIEHTHA BapHALMOHHOH 3ajaye nas
dyukunonana

b
Flyl =S[p (x)y?—q () y* +2f (x) y)dx (3)

na wmuoxectse ¢yukinl y € C'?[a, b], ynosaeTBOpsIOWHX KpPaeBHIM
ycaosusm (2).

st peutenns BapuaunonHolt 3anaun (3) — (2) npumenum Meton Purtna.
BuiGepem cucteMy  JMHeHHO He3aBHCHMbIX (YyHKUMH  (KOOpIHMHAaTHhe
GyHKURR) &4 (%), U, (%), uy(X), ..., 4,(X) Takux, 4TO0 u,(a)=
uy (b) =B, a ocranbape ¢yukunn u;(x) ({>0) ynosnersopsaior oxHo-
POIHBIM KpaeBbIM yC/HOBHSIM, T. €. 4;(a)=u;(b)=0 (i=1, 2, ..., n).
Peuwenne BapnauuoHuo#i sanaun OyneM uUCKaTb B BHIE JHHEHHOH KOMOH-
HaUHH n
y (%) =u,(x)+ I cu; (¥), (4)

i=1

rae ¢;(i=1, 2, ..., n) —dexoropsie nocrosHusie, Ouesnano, pyHkuus,
olripeneseHHass paBeHCTBOM (4), ynosneraopﬂer 3aJaHHLIM KPaeBbIM yCJO-
BuaM, T. €. y(a)=A, y(b)=28

Kosdnpuuuemu ¢y, €9, ..., C, DON6EPEM TaK, YTOOH yHKUHA Yy (X)
14Basa 3KCTpeMyM pyHKUHOHATY (3). [Noncrasnsis Bulpawenue (4) B dop-
myay (3), moayuaem

b n 2
FiyJ=S {p (x)[ o(%) + Zc i ( x)] —q(x) [uo(x)—l— > ciui(x)] +

=1

+ 27 (%) lao (x)+ 2 clu; (x)]}dxsxp (€1, €gy ovey Cp),
i=1
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rae P (¢, €y, ..., €,)— KBaAPATHYHAS PYHKIUS MEPEMEHHHIX €y, Cy, ..., C,.
Kak wusBectHo, ans Toro u4to6e auddepenunpyemas  ¢yHKuus
P(cy, €4y +o., C,) TPH HEKOTOPHIX 3HAYEHHAX €y, Cy, ..., C, HMENA
9KCTpEMyM, HeoOXoiAMMO coO/ofeHHe I8 STHX 3HAueHHH CJeIyIomux
ycaoBuf:

0 _o ¥ _ 9% o, (5)

0cy dc, L

Cucrema (5) spasercs JuHeHHOH OTHOCHTENBHO HCKOMBIX K03(hdHIHEHTOR
€y, €5, +++, C,, TPHUYEM YHCJIO YyDPaBHEHHH DAaBHO WYHC/IY HEHM3BECTHHIX.
CocraBus cucreMy (5) M pewnB ee, eC/H 9TO BO3MOXKHO, HaiaeM Ko3d-
¢buunentsr ¢;(i=1, 2, ..., n), nocae yero peuieHde BapHaUHOHHON
3aJayu, a CJeloBaTe]bHO, H pellleHHe HCXOJAHOH KpaeBoit 3amauu naercs
¢opmysoit (4). B atom u cocrout ¢opManbHbifi acnekT Mertonza PuTua
Aans kpaeBo# 3amauu (1) —(2). OueHka mNOrpemiHOCTH 3TOrO0 MeTozAa
npeacTaBasieT COGOH OTHOCHTENbHO TPYAHYIO 3amauy [3), m pasbupats
ee 3mecb He OyneM. 3aMeTHM TOJIbKO, YTO TOYHOCTb pelieHHs B 60/b-
WIOH CTemeHH 3aBHCHT OT yJayHOro nox6opa KOOpPAMHATHBIX (yHKuUMH,
¥, BOOOUIE TrOBOps, BO3pacTaeT ¢ YBEJIHYEHHEM HX YHC/Ia,

Mpumep 1. Halitn pemenue ypasHeHus [l]
Y+ (1422 y+1=0,

ylOBJeTBOpsiollee KpaeBbiM ycjoBHAM y (—1)=y (1)=0.

Pemenne. 3a cHCTEeMY KOOPAMHAaTHHIX GYyHKUMI {ui (x)} TpUHUMaeM
NOJIMHOMBI, PAacHoJIOXKEHHble MO CTeNeHAM x2, YNOBJETBOPSIOLIHE OXHOPONHBIM
KpaeBbIM YCJIOBHSIM:

Uy ()=0, u(x)=1—x2, wu,(x)=1—x4, ..., up(x)=1—x2n

Jns mpocTOTH BHIKJAZOK BO3bMEM JIMIIL TPH KOODAMHATHHE QYHKLUMHH, T. €.
6yaeM HCKaTb QYyHKIHIO Y=y (X) B BULE CYMMbI

y=c1 (1—x®)+c, (1 —x9). (6)

JlanHoe ypaBHenue, rae p (x)=1, ¢ (x)=1-4-x3, fj(x)=—1, oueBuiHO, ABAsAETCA
camoconpsixkeHHEM. CocTaBisieM JJISi HEr0 COOTBETCTBYIOUIHH (pyHKLUHOHAA

1

Fiyl= { 1" =+ 2 —2y) d.

-1

3amensa y ero BeipaxkeHueM (6), moayuaem

1
Flyl= { {@err+acom?—(1+22) [e 1 =29 +
-1

ey (1—=x)2—2 [¢; (1 —x8) +c5 (1 —24)]} dr.

oF oF N
YacTHHe NPOH3BOLHBIE e F7 MOXHO  HaidTH JuddepeHLHpOBaHHEM
1 2
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uHterpana F [y] mo napamerpam ¢; H Cyp!

1
oF s
5o = S {4x(2c1.x+4c,x )—

-1
—(14+x2)2(1—22) [c; (1 — ) ¢ (1 —2H)]—2 (1 —x2)} dx =
38 4 1
=8 (mgetga—g)
1
oF
9 3 3)
ac; S {83 (2c,x 4+ 4c,x3)
-1
—2(14x3) (1—=x%) [e; (1 —=x®)F-¢, (1 —xH)]—2 (1 —x4)} dx =
(k8,2
TO\9 36452 5
[IpupaBHUBAs 3TH NPOM3BONHblE HYJIO, NMOJYYAEM CUCTEMY YpaBHeHHil

38 4 1 4 2488 9
ot ge=73 gatppe=3

OTKYAa HaxonuM, uto c¢;=0,988, c,=—0,054. [lopcraBasia HaiineHuble 3Haue-
HHS ¢; U ¢y B dopmyny (6), mosyuaeM npHGIHIKEHHOE BbipasKeHHe JJIS HCKOMOTO

peleHus:
y=0,934 —0,988x2 40,054 x2, (7)
§ 8. MNpuaowenne meroxa Putua Kk pemenuio
kpaesodt sapauau Illltypma — JluyBuins

PaccMoTpuM omHoposroe camoconpsinenHoe auddepeHinansHoe ypas-
HeHHe .

[P(x) ') +[g(x)+Ap (x)]y=0 (1)
C OllepOlleIMH KpaeBblMH yCJIOBHﬂMH
QoY (a)+a1y' (a)=0, Bo!/ (b)"l"ﬁly' (&) =0, (2)

rae p(x) >0, [ag|4]a; |70, [Bo|+[By[7£0, p(x), g(x), p(x)—
HenpepbiBHBE (YHKUMH H A — nmapamerp.

OueBunno, dynxuus y=0 ects peuenne nuddepenunanbHoro ypas-
vends (1), ymoBiersopsioutee kpaeBniM ycaoBusaM (2). OmHako o6huHO
NPeNCTABASIOT HHTEPEC HEeTPUBHA/IbHBIE pellieHns KpaeBol 3anayn (1) — (2).
OThickaHHe HeTpHBHA/IbHHIX pelteHnd nuddepeHUnaNbHOrO  ypaBhe-
una (1), yLOBNeTBOPAIOLIUX ONHOPOAHLIM KPAaeBHIM YCAOBHAM (2), Ha3w-
Baetcs 3adawed lltypma—JTuysusrn, C sTOR 3amayeil 4acTo NPUXO-
IMTCA MMETb 1eJ0 B ypaBHeHHAX MareMaTHyeckod ¢usuku. Te 3nauenus
mapaMeTpa A, IPH KOTOpPHIX CyLIeCTBYIOT HETpHBHA/bHBIE 3HAYEHUA 3aJayH
(1) —(2), Ha3bIBAIOTCA COBCTBEHHLIMU 3HAYEHUAMI HIH COOCTBEHHbIMU
wucramu 3agayn Lltypma — JluyBuans, a COOTBETCTBYIOLUIHE HM HETpH-
BHAJIbHBlE DEUICHHT — COOCT8EHHbIMU PYHKYUAML NI COOCTBEHHBLMU pe-
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wenusmuy 910l 3amaun. OrpaHuunMmcs paccMoTpenHeM ypaBhenus (1)
NpH NPOCTEHIUUX OXHOPOIHHIX KpaeBHX YCHOBHAX
yl(a)=0, y(&)=0. 3)
[MokaxeM, kak, ucnoab3ys Meton PuTua, MOXHO npu6AHMKEHHO PELIUTh
coorBeTcTBYloUlylo 3anauyy Llitypma — Jluysuaas.
Ins storo, kax ykasaio B § 6, nas ypasnenna (1) mocTpoum coor-
BETCTBYIOWHH QyHKUHOHAJ

b
Flyl= S {p(x)y”" —[q(x)+Ap (x)] y2} dx. (4)

Bynem uckath ¢yHKUMIO Yy =y (¥, A), DAIOWYI0 SKCTPEMYM STOMY
¢yHkuHonany u Takyw, uyro y(e, A)=0, y(b, A)=0. Te snauenns
napameTpa A, NpH KOTOPHX HAlla BAPHAUMOHHAs 3aNaya HMEET HeTpH-
BHAJIbHBIE peEUleHusi, MPH H3BECTHHX ycaoBHAX (cM. § 3) saBasiorcs
MCKOMBIMH COGCTBEHHHIMH 3HaUeHHSAIMH paccMaTpuBaemoii 3anayu Ltypma —
JlnyBuans.

Wckomyio @yHKUMIO Yy NPUOAMXEHHO NPENCTaBHM B BHIE JHHeHnoi
KOMOHHAlUMH KOOPAMHATHHX (yHKUMH

y=,§l c;ut; (x), (5)

rae u;(@)=u; (b)=0 (i=1, 2, ..., n). Beuny onHopomsocTH 3anaun
nonaraem u,(x)=0. [loxcrasup Bupaxenne (5) B uuterpan (4) u
Npou3Bens COOTBETCTBYIOUIME BHKJAIKH, GynieM HMeTh

F[y]=\p(cly 02) 00y Cn, )"))

rie P —KBanpaTuyHas c¢opma (nMHeHHas oaxoponHas (yHKUNS BTOpOH
CTeNneHn) OT NEePEMEHHBX Cy, €y, +.., C,.

Koadpduunentsl ¢y, €y, ..., €, HAXOAHUM, HCNO/b3Yys HeOOXOAHMbIE
ycnoBHA AAS 3KCTpeMyMa ¢yHKuuH P, IDTO NaeT HaM JHHEHHYI0 OLHO-
POLHYIO CHCTEMY .
%o Mo, ..., R, 6)

1 2 Cn i

Kak wn3BecTHo, Ans TOro 4To6n oOpHOponHas cucrema (6) nmena
HEeTPHBHA/JbHOE pelieHHe, HeOOXONMMO M NOCTAaTOYHO, 4YTOOGH omnpene-
aateap ee A (M), oueBuaHo, 3aBHCAIWMH OT napamerpa A, Obl1 paseH
nymo. Takum o6pasom, I/is ompene/enHs COOGCTBEHHLIX 3HaueHHH nosay-
yaem ainreGpanuecKkoe ypaBHeHHe 7-H CTemeHu

AN =0, (7)

KOTOpOe Ha3blBAeTCH XAPAKTEPUCTUHECKUM YPABHeHUeM WIH YpasHeHuem

yacror 3ajaun ltypma —Jlnysuanga. Pemns xapakrtepucTauyeckoe ypas-

venne (7), HAXOAuUM nepBblie 72 COOCTBEHHBIX 3HaueHHM Ay, Ay, ..., A,
Hna onpenenenus ko3P UIMEHTOB ¢, €5, ..., C

, CleLyeT Kawioe
M3 IOJYYEHHBIX COGCTBEHHBIX 3HauenHH A; MoicTaBHTb B CRcTemy (6)
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H HalTH COOTBETCTBYIOLUHE HETPHUBHA/NBHBIE pelieHusl 3TOH CHCTEMb.
Cobetennbie Qynkunn y=y(x, X)) (j=1, 2, ..., n) onpenensiorcs
u3 dopmynw’ (5), rae Koa(b(pnuueﬂ'rbl c; (i=1, 2, ..., n) umeoT Haii-
ACHHLIE BHILIE 3HAUCHHS,

3ameruM, 4TO MeTomOM PuTHA MOXHO OTHICKATb, pa3yMeercs npH-
O6/IMKEHHO, JIHIIb KOHEYHOE YHUCJHO0 COOCTBEHHHX 3HaueHUH 3amauu
IItypma — JInyBuang (kak npaBu/IO, TaKkHe 3alaun HMEKT Geckoneywoe
MHOXECTBO COOCTBEHHHIX 3HAauCHHI), npuueM dyem 6OJbIlle HCIONb3YyeTCH
KOOpAHHATHLIX (yHKUHM, Tem Goabiue, BoOOUlE TrOBOPSA, HAXOUHUM COOCT-
BEHHLIX 3HAYEHHH U BBHIUIC TOUHOCTb BhIUMCJIEHUH.

MMpumep 1. Merogom Purtua onpeaeinTth nepsbie ABa COGCTBEHHBIX 3Ha-
yeHHsl M NepBHle jpBe coGcTBeHHble GyHKuun 3anaun Ulrypma —Jluysuans ans

ypaBHeHus
y"+hy=0 8)

y(0)y=y (1)=0. 9

Pemenue ®ynrunonan (4) pjas gpaHHOro ypaBuenus (8) umeer BHJI

IPH KpaeBBIX YCJOBHSAX

Flyl={ (=g dv. (10)

VYuureiBast Kpaebnle ycaoBusi (9), BeiGHpaeM, HanpuMep, clelymoumue Koop-
nuHaTHBIE (QYHKIHH:

Uy (x)=x(1—x), uy(x)=x%2(1—x)
W COOTBETCTBEHHO MOJaraem
y=cy (x —x2) 4y (x2—x3), (1
rile ¢ M Cy—NOCTOSTHHBIE KO3((HUHeHTH, He paBHble HY/MIO OAHOBPEMEHHO
(ci+c3 > 0).
[MoncraBasis Beipaxenue (11) B dopmyay (10), 6ynem umersb
1

Fly)= S {[ey (1—2x) 4¢3 (2 — 3x2)|2— 1 [c) (x—x%) + ¢, (x2—x9)]2} dx.
o
Orciona, AupdepeHuupy s U0 MapaMeTpaM ¢; U ¢, MOJ 3HAKOM HHTErpasa, noJyuum

1
55 S l—-2x)[cl(l—2x)+c2(2x—3x2)]}—

—A(x—x2) |y (x—x2)Fcy (X2 —x3)]} dx =

1 1 1 1
=<§01+3‘02)—7~ (g@crl'éﬁcz) )

1
1 OF
T 9 S{(Qx——sz)[cl(l—Qx)-l—

+cq (26— 3x2)] —A (k% —x3) [¢; (x —x?) g (x24—x3)]} dx =
1 2 1 1
= (F cl+l_5 cz> —A (56 C‘_{_m Cg) .
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F OF
[IpupaBHHBas HYJIO NPOH3BOLHbIE So- M oo UPHXOLUM K CHCTeMe
1 3

1 1 A
(§°'+€°2) ( 1_1"6)=0'
1 A 2 A
5o (1-m) 5% ( l—ﬁ>=°
A
Certen ((1—15) =0,

A (12)
5¢, ( 1——-) +4c, ( _1—) =0.

Cucrema (12) uMeer HeHyJeBoe pelleHHe C,, C; TOTZAa H TOJbBKO 7ToOria,

HJan

Korja onpejesntejb ee paBeH Hymo. [IpHpaBHMBass HYJIO ONpejesnTe]b CHCre-
Mbl (12), noayuum xapaxmepucmudeckoe ypasHerue

A A
2(-1) () .
A AN T
2(1-1) (1)
uJu, nocje ynpoieHuH,

A A
(‘—W) (3_. W)":O' (13)

OTClOJ,'la HaxXoAuM ﬂpHGJ]H)KeHHble co6CTBEeHHbBIE 3HAUYEHHH 3alavyy
A =10, A,=42. (14)

Koadduuuents ¢, U ¢, onpeflensieM u3 cucrembl (12). Ilpu A=A; =10 ume-
eM ¢,=¢C, ¢, =0. CnepoBaresbHO, neppas cob6cTBeHHana QyHKUHA Hawel Kpaesoii
sajlauu B cuay cdopmyan (11) ects

yr1==c(x—x%) (c#0).

IMonaras A=A, =42 B cucreme (12), 6yneM HMeTb

2¢;+¢, =0, 16c,—8c,=0;

oTCI0fa €y ==C, Cy= —2c. [loacTaBnAa nocjefHue BuipaxkeHHs B Qopmyay (11),
noJsyyaeM BTOPYIO COGCTBEHHYIO (YHKIHIO

Ya==c(x—3x2+42x3) (c#0).

B paHHOM csy4yae H3BeCTHO TOUHOe pellleHue KpaeBoit 3agaun (8) —(9).
A uMeHHO, COGCTBEHHLIE 3HAYeHHs HMeT BHA A,=n2n?(n=1, 2, ...), a co-
OTBETCTBYIOLLHE COOCTBEHHble QYyHKUMHU onpelensiorcss GopMmyJaoi

Yp==c sin nnx (n=1, 2, ...),

rie ¢ # 0. B wactHocTH, noayuyaeM A, =n2=9,87 u Ay=4n2=239,48. Takum
o6pasoM, M3 npné.nmxeanux cobcTReHHBIX 3Hauenuil (14) nepsoe onpepesieno
NpUMEPHO C OTHOCHTEJbHOH NoOrpemwHocToio 1,3%,, a BTOpOE —C OTHOCHTEJIb HOI
norpemsocrbio 6,4%.
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§ 9. Meron Putua paa sapaum Jlupuxie
Bynem uckatp peluenue ypaBHeHus Jlannaca

Au=0 npu (x, y) € G (1)

ulr =f(%, y), (2)

rae I' —npocTol 3aMkHyTHIH KOHTYp, OrpaHHYHBAIOM(HA KOHEYHYI0 06-
nacte G, a ¢yukuus f(x, y) uenpepmBHa Ha I'. Coraacto § 6 ara
KpaeBasl 3alaya 9KBHBAJEHTHA BapHAUMOHHOH 3azaye A4 QyHKUHO-

=T {(2) + (5 v

B Knacce GyHKUMH, HMEIOUMX HenpephiBHBIE YacTHble NPOU3BOJAHBIE 1O
BTOPOTO MOpSiAKA BK/AKOYMTENbHO B 3aMkHyTo#f odnactw G+ I' u ynos-
nerBopAouinx Ha rpanuue ' kpaeBomy ycnosuio (2). Iloctponm koueu-
HYI0O CuCTeMy JuHeHHO He3aBHCHMbIX yHkuuH (KoopAuHaTHhie QYyHK-
LLHH)

uo (xy y)i ul (xl y)' o0y U” (xo y) EC(2) (G+F)
TaKHX, YTO

uo(xa y)ll‘ =f(xa y)y ui(x’ y)IP =0 (t=l: 2) LICICNY fl).

Torpa nuuelinasi KOMOHHALMA

@ (x, y)=u,(x, y)+ § ¢l (%, y) (4)

NPUHAANEKHT KJIACCY JNONYCTUMBIX (PyHKUMH npH JHOOHX NOCTOSIHHLIX
€y, Cgy +voyCp. POPMYNy (4) MOXHO 3anucartb Kopoue:

Q(x, y)= g]o ¢t (%, y), (4")

rae ¢, =1. [Noncrasasna BHpawenue 4"y B ¢yuxumonan (3), nmonyuum

n

F[fp]=§}5 [(2; ci%)z'l‘ (é‘:c,%)z] dxdy. (5)
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[MonGepem ko3hduuMEHTH €y, Cy, ..., C, TaK, 4TOOH ¢yHkuus F[@]
uMena MuuuMyM. st 3TOro HeOGXOAMMO BHIMOJHEHHE yCAOBUM

ac,F[q)]—?SS [(Zc a;;)a"’+(” i%‘)%]dxdy:O (6)

i
[”07 ul] + ¢y [ul’ ul] + e + Cn [um ul] = Or
(4o, us) 4y [y, 5]+ - o ¢, [, 4,] =0, (6")
[”o» un] + ¢ [uh un] + cee Cn[umun] =0
rae
Ou; au, ou; au,)d
= xd
4y )= SS(@x % T oy Ty b
npuyem
(25 u)=[u;, u;] (7)
U3 nunefinoit cuctemu (6°) onpenensioTcsi KOIDHUHEHTH Cq, Cy, . . ., C,.

byukuua @ (¥, y) ¢ Ko3pduuUeHTaMH, ONpene/eHHHIMH H3 CHCTEMBI
(6"), npeacrasaser co6oii npuGau-
®eHuoe pemenne 3amaun Jupuxae.
ToynocTh npubGamweHnss 3aBHCHT OT
BbIOOpPA  KOOPAMHATHBIX pyuxuni
u,(x, y) n or uyucaa 3sTux GyHk-
uui [3].

Ilnst o3HakoM/IeHHS C TpHMeHe-
HueM Metoda PuTtua Kk Gosee o6Guium
KpaeBbLIM 3a1ayaM /s YpaBHEHWH ¢
YaCTHBIMH NPOM3BOIAHBIMH CJeLyeT 06-
patHThca K 6osee MOAPOOHBIM pyKO-
Boxcteam [1], [3].

[Mpumep 1. Halitn dyukuno u= Puc. 82.
=u (%, Y), TrapMOHMYecKyl0 B o06Jactu
G: x>0, y>0, x4y <1 u yrosaerBopsioutyio Ha rpanune It x=0, y=0,
x+y=1 (puc. 82) ycaosuio
ulp =x24y2 (8)

P_eme Hue. BriGepem caegyiouyio cucteMy KoopAMHATHBIX (yHKIHHI
Uo (%, Y)=x2+4%, uy (x, y)=xy (1—x—y),
Ug (%, Y)=x% (1—x—y), uslx, ) =xy2(l—x—y), ...
H COCTaBUM JIMHEHHYIO KOMOHHALMIO .

@ (%, Y)=x2+4 2ty (1 —x—p) +coxy (L —x—y)+caxy? (1—x—y). (9)
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Jlerko nposepuTh, 4TO0 QYHKUHSA @ (X, y) YAOBJETBOpPseT KpaeBoMy YycJjosuio (8)

npH J06bIX SHAYEHHAX TNOCTOAHHBIX €y, Cg, C3.
Ins cocraBneHus cucreMbl (6') nojcuynThiBaeM KOS(HIHEHTH NPH HEH3BECT-

HBIX C, €y, €3 H CcBOGOJHbIE YJIEHHI.

(g, uxl =z, uo)= { { (2% (y—2xy—y2)+2y (x—x2—2xy)) dr y,
G

[ty ) =Iluq, uol= SS [2x (2xy —3x%y —2xy?) + 2y (x2 — x3—2x2y)] dx dy,
G
Lo, sl = s, uol={ § (2 (2 —2xy2—y2) + 2y (2xy— 252y —3xy2)] dx ay,

[uy, u1)=\\[(y—2xy—y?) + (x —x%2—2xy)?] dx dy,

o O

[y, wal=lug, ui]={{ [(y—2xy—1) @xy—3e2y—2xy)+
G
4 (x — x2 —2xy) (x2—x3—2x2y)] dx dy,
lus, w5l =lus, wil =  [—220—p®) 2 —20p2— )+
G
+ (x—x2—2xy) (2xy —2x2y —3xy?)] dx dy,
(g, ugl={§ @ry—32y—2xy22+ (2 — 0 —2x2y)21ax dy,
G
(g, sl =5, ual= {§ 1@xy—3x2y—2x?) (1 —2xp —p7) +-
G
+ (22— x3 —2x%y) (2xy —2x2y — 3xy?)] dx dy,
[us, us]= S S [(y2 —2xy% —y3)% + (2xy —2x%y — 3x4?)?] dx dy.
G

Pe3syabTaThl BHIYHCJEHHH TpuBeleHH B Tabauue 74.
Ta6auna 74

3Hauenns KoahGMUHEHTCB NPH HEU3BECTHBIX

i (4o, uj) Lus, uj) tu,, uj) [us, uy]
1 1 1 i 1
T30 90 252 252
0 1 1 3 1
~ 90 952 1120 70
3 1 1 1 3
90 252 70 1120
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Orcioga JimHefiHasi cHCTeMa AJs onpefesieHHs KO3(h(HIMEHTOB 3aMHUIETCS B BHLE
I I S :
90t T 353 % To5g @ T30
1 3 1 1
552 o im0 @t =0 | (10)
1 1 3 |
952 O T75 T T %= 50 |

Pemus cuctemy (10), naxonum

cl=%’37l- = 3,0401; Co=C3= —%:7 = —0,0562.
[MoacraBasia HaiiieHHBIE 3HAUGHHS BEJNHYHH Cy, Cy, C3 B popMyay (9), moayuaem
npuGAHIKeHHOe pelleHHe Halleidl 3ajauu:

¢ (x, Y)=x2+4y2+xy (1 —x—y) [3,0401 —0,0562 (x + y)].
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FMTABA VII
UWHTEIPAJIbHBIE YPABHEHUA

§ 1. OcHoBHbIE BHABI JINHEHHBIX MHTErpaJbHbIX YypaBHEHUi

Tlon unTezpasvHolM ypasHenuem TOHHMAEeTCH YpaBHEHHE, COLEPKa-
1iee HeH3BeCTHyI0 (PYHKUHIO y (X) NOIL 3HaKOM OMNpeJeJeHHOrO HHTerpaja
[1]—[15]. B nanbneiimeM Mu OrpaHHYHMCS PACCMOTPEHHEM AUHEUHbIX
UHTE2PAAbHLLX YypasHeHuld, B KOTOpble Heu3BecTHass (YyHKUUS BXOAHT
JYILb B NepBOH cTenewu (nnHeiino).

lpuBenemM HexoTOphie HanGO/Mee YaCTO BCTPeUAlOLIHECH THNH HHTe-
rpanbHHX ypaBHeHui. YpaBHeHHe BHIa

b
{ Kix,9)y(s)ds=7(x), (1)

a

rie K(x, s) (a0po) n f(x)—u3BecTHble (YHKUMH, HA3HBaAeTCd wuUHTe-
epaabHbim ypasHenuem Ppedzosbma nepsozo poda.
Y paBuenne Buna

b
y(x)—A g K(x, s)y(s)ds=f(x), (2)

rie A — YNC/JOBOW NapaMeTp, HOCHT HA3BAHUE UHTE2DAALHOZO YPABHEHUA
@pedzoavma 6TOPOLO poda.

lapameTp A BBOAMTCS 0O CIEAYIOWHM COOOPAXEHHSIM: TIPH JIAHHOM
3HaYEHMN A HHTErpajbHOE YypaBHeHMe (2) He BCeraa MHMeeT peuleHus.
Bapboupys napamerp A, MOXHO ROGHTbLCA TOro, 4ToOH peLienne ypasHe-
Hus (2) cywecrsoBano. [lapamerp A MOXHO Takke BBECTH B JIEBYIO
yacTh ypaBHeHus dpearonbma nepporo poaa (1).

Ecau B (2) f(x)= 0, To nonyyaeTcss OLHOPONHOE YypaBHEHHE

b
y(x)=A [ K(x, s)y(s)ds, 3)

nonyckawouiee HyneBoe (TpuBHaibHoe) peumtenue y ==0. Te 3snauenns na-
pameTpa A, NpH KOTOPHIX OXHOPONHOE HHTEerpajbHOe ypaBHeHue (3) umeer
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HeTPHBHA/IbHbIE PELIeHHs, HA3LIBAIOTCA COOCTBEHHbIMU 3HA4eRUAMU (co6-
cTeeHHbimu qucaamy) axpa K(x, s) HIR COOTBETCTBYIOUIErO YpaBHEHHUS
(2), a orBevaioue UM HeHy/eBhe peLICHUS — COOCTBEHHbIMU (DYHKYUA-
mu. OcHOBHOH pe3yabTaT TeOopuH CJeAYIOLUHA (Teopema Ppenrosbma)
[10], [11]: 1) ecan A He ecTb coGcTBeHHOe 3HaueHne aapa K (x, s), TO
COOTBETCTBYIOLIEe HEONHOPOXHOE HHTerpaibHoe ypaBHewne Ppenrosbma
(2) ¢ perynsipueim sapom K (X, S) ¥ HenpephiBHBIM CBOGOAHBLIM YJIEHOM
f(X) umeer emuHCTBEHHOE HempephiBHOe pellleHHe y (x) (e << x < b);
2) ecan we A ecTb cOOGCTBEHHOE 3HAUEHHE, TO ypaBHEHHe (2) HAH He
HUMeeT pelleHHd, MM e Jonyckaer OecYHC/IEeHHOE MHOXECTBO HX.

B npunoxenusix ‘Bawuyio ponb HUrpaloT ypaBHehus dpenrosnMa BTO-
poro poma ¢ cummerpuveckum sdpom K (x, s), T. e. Takum, 4TO

K(x, s)=K{(s, x).

CummeTpHyeckoe anpo o6G.1agaer ClAefyIOMMH CBOMCTBAMH (CM., Ha-
npnmep, [5], [11]):
1) mas BCAKOTO CHMMETPHYECKOTO siApa CYULECTBYeT MO MeHbulefi
Mepe OZHO COOCTBEHHOE 3HAYeHHE;
2) Bce cOGCTBEHHbIE 3HAYEHHS CUMMETPHYECKOro fiApa AeHCTBUTE/bHHI;
3) cobeTBensblie GyHKIME @ (X) 1 P (¥) CHMMETPHYECKOro siapa, COOT-
BETCTBYIOLIHE Pa3/I4HbIM COOCTBEHHBIM 3HaueHnsM A u W (A 5% p), opro-
TOHA/MbHH Mexay co6oil Ha OCHOBHOM mHpoMexyTKe (a, ), T. e.
b
Sqa(x)ip(x)dx:O.

a

Mpuwmep 1. Ilycte npocToit 3aMKHYTHIA KYCOUHO-TNIALKHIL KOHTYD

x=8(), y=n() O<t<T) @™
OrpaHMuiBaeT KOHeuHyio 06/acTh G. Torna byuxknusa u (x, y), naouas pelueHHe
COOTBeTCTBYIOLLEil 3a1auu llupnxm (r.u , § 4), T. e. Takad, uto
a‘)

Au=—— o + 6y2 Y =0 upu (x, y) €G

u=f(t) npu (x, y) €T
(f (¢) —usBectnas GyHKuUHA), MOKeT OuThb npejcrasieHa B suge (cm. [11], [16])

09
ulx, yy=qQ p(t) 5;-dt
ot
‘?‘

rae
n#)—y
E(t)—x

d GYHKIHA [ (f) YROBJETBOPSIET HHTErpa/bHOMY ypaBHEHHIO
T

6 (¢, x, y)=arctg

)+ § Kis, it dt=( (),
0
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AAp0 KOTOporo eCThb
N ()—ns)

9 arct
EEm—twe) °

of

B uacTHOCTH, Hanpumep, IJs 3JJHIICA
x=acost, y=bsint (b<a)

K, )=

6yneM HMeTb
ab
(@® ¥ b2 —(@2—b2) cos(s+ 1) °

B NPUNOKEHHAX BCTpEYAOTCA TaKXe HHTerpajbHbieé ypaBHEHHH BHAA

X

{K(x,5)y(s)ds=F(x) )

a

K(s, t)y=

y () —n S K(x,9)y(s) ds=F (x), (5)

KOTOpble HOCST Ha3BaHUSl WUHTEZPAAbHbLX YypasHenuil BoasTeppa COOT-
BETCTBEHHO NEPBOro W BTOpOro poaa. Beons ¢yukuuio

. K(x,s) npn a< s<x,
K> (x, )= 0 npu § > X,

ypassenuss BoabTteppa (4) u (5) MOxHO 3amucaTh B BUIE COOTBETCTBYIO-
IWHX ypaBHeHHH ®Ppenroabma c sapom K* (x, s). Takum oGpasom, Teopus
ypaBHennil BosbTeppa cBoauTCs K TeOpHH ypaBHeHHH Ppearosnbma; OAHAKO
B HEKOTOPHIX C/lyyasix ypaBHenus BoabTeppa nosnesnHo usyyath He3aBHCHMO.

lNpumepom ypaBuenns BoabTeppa nepBoro poma siBasercs 0606ujen-
Hoe ypasuenue Abeas

LIS~ (0<a<), (6)

0

rie f(x)—mu3sBecTHas HenpepnBHO Auddepenunpyemas Pyukuus. Peuwse-
nne ypaBuenus (6) maercs cdopmynod (em. [2], [11])

y(x) = sin ost [L(Ol _I_S(f' (s)df ]’

x—s)1™¢

B YeM MOXHO YGeIMThCS HEMOCPeINCTBEHHO.

3ameruMm, uyTto ecan aapo K(x, s) u f(x) —mHenpepniBHO muddepen-
unpyemule dyskunn, npuyeM K(x, x)5=0 npu a < x <b, 10 ypasHe-
uue BosabTeppa mnepsoro poma (4) cBoauTcs K ypaBHeHuio BoabTeppa
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BToporo pona (5). [He#icrButensto, auddepenunpys ypasuenue (4) no x,
6ynem uMeTb

K(x, x)y (x) +'S Ky (x, s)y(s)ds=f'(x);

oTCroaa

v+ Ki(x, 9y (@ ds=f(0) (@a<x<0),
rae ‘

K, (x, s) o
K (x, S)-‘—my i (x)=-KL(x(:v—l)—,

[MoaToMy B manbHeiimieM Mbl He OyIeM OTAENbHO 3aHHMATbCA HHTErpab-
HbIMH ypaBHeHHsiMH Bosabrteppa nepsoro poana.

K onnne#iHbiM HHTErpajJbHbM yPaBHEHHSM MOXeT ObITh NPHBELEHO
60/blI0€ KOMMYECTBO 3alady MaTeMaTHuyeckoH usmkm.

B ocuoBHOM MbI Gymem 3aHUMaTbCA HHTErpajbHbIM ypaBHeHueM Ppern-
rolbMa BTOPOro pOJa M YacTHYHO ypaBHeHHeM BosbTeppa BTOpOro poza
(D19 KpaTKOCTHM B JajbHeliieM Mbl MX OydeM HMMEHOBaTb MPOCTO ypas-
vedusimu dpexnronbMa u Boabreppa).

OcHoBHbIME TpOG/IEMaMu 34eCb SBJASIOTCA CAedyIOLLHe:

1) Haxoxcenune npuUOGIMMKEHHOrO HWIH TOYHOrO pelIeHHst HEOLHOPOJ-
HOI'O MHTErpajibHOrO YpPABHEHHsi MPH 3aJaHHOM 3HAYeHHH napameTpa A;

2) HaxowaeHue COGCTBEHHBLIX 3HAYEHHH M COOTBETCTBYIOLIHX COOCTBEH=
HbiX GYHKUMH OOHOPOZHOrO MHTErpadbHOrO ypaBHEHHS.

§ 2. Ceasp mewny anddepeHUNANLHBIME Y PABHEHHAMH
n ypasuenusmu BoabTeppa

Paccmotpum nmueftnoe nnddepenunanbioe ypasHenue

d%u du
G tr () g a=r %) (e<x<0) (1
NpU HAYATbHBIX YCJOBHSX
u(a)=A4, u'(a)=8. (2)
[Nonaras
d2
=y (%), (3)

noc/ie IBYKPATHOTO HHTErpHPOBAHHUA MOJYyYUM

X
d
G=Yu@ds+c
a
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. X
a=SaSuaw+qu—m+g.
a a
ViameHsis nOpsAOK MHTErPHPOBAaHHS B ABOHHOM MHTerpase, GyleM HMeTb
X s X X X x
SdsSy t) dt=SdtSy (#) ds=S(x—t) y () dt.ES(x—-s) y (s) ds.
a d a 4 a a

Kpome TOro, us nayanpHux ycaosui (2) npu x=a naxoaum C, =B,
C,=A. Tlostomy

a

u

= \y () ds+ B 4)

Ry

u(x)::S(x—s)y(s)ds+B(x—a)+A. (5)

MMoncraBnas Bupawenns (3), (4) n (9) B muddepenunanpnoe ypashe-
uue (1), 6yldeM HMeTb WHTerpajbHOe ypaBHeHue BoabTeppa

y )+ [Kix, 9y () ds=F (), (6)

rae
K(x, S) =P(x)+q(x) (x——S),
F (%)= f (x) — Bp (x¥) —[B (x — a) 4 A] g ().

3nas dyskuuio y (x), moxxo no gopmyae (5) nailTh pewenue 4 (x)
W npousBoiHylo u’ (x); TakuM o0Opa3oM, HHTerpasbHoe YypaBHenne (6)
BKJIOyaeT B ce6s BCI0O HMHQOpMAIHIO, CBSI3aHHYIO C HayaJbHOH 3alaueit
(3anavet Komn) nns auddepenunansnoro ypasnenus (1).

AHanornynuifl pesyibTaT noJyuyaercd mis auHefinoro auddepequnanb-
HOrO ypaBHeHus 7-ro nopsaka [5].

O6parho, ecau snpo K(x, s) ecTb Leablif MOJINHOM OTHOCHTENBLHO §
CTEeNeHu n, T, €.

K(x,s) =2 a,(x)s”,

m=0

TO NyTEM NOCAeL0BaTeNbHOro AH(depeHuupOBaHHS HHTErPasbHOrO ypas-
vennst (6) Mbl mpumem k 3amaye Komw ans nexortoporo muneiinoro mud-
(epeHUHaNLHOrO ypaBHEHHS,
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Mpumep 1. Pemnte uHTerpasnbHoe ypaBHeHHe

y(x)+§(2+x—s)y(s) ds = x2, ()
MocaenoBaTeibHO npoguq;q:epeﬂuupoaaa IBa pasa, 6yleM HMeTb
x
v 0 +20 0+ () ds =2, ®
¥ (x)+2y (xo) +yx)=2. 9

W3 ypasuennit (7) u (8) npu x=0 nosyyaeM HayaJbHble YCJOBHA
y(0)=0,  y (0)=0.

Pewass o6uuHBIM npuHeMoM puddepeHnHanbHoe ypasHeHHe (9), HaxoanMm
Y (x) =2—2e~% (14x).

§ 3. Ceasb JunHeiiHoli kpaeBoil 3amaan
€ MATErpaJbHbLIM ypaBHeHueM Ppearoibma

PaccMoTpuM aas caMocOnpsikeHHOro AugGepeHHalbHOTO ypaBHEHHS
BTOPOro nopsiika

Liyl=px)y"+p (%) y' +q(x)y=1(x), (1)

rae p(x), p'(x), q(x), f(x) uenpepniBun Ha [a, b] u p(x) >0 npu

a < x<b, onHopomHylo KpaeBylo 3agayy (ra. IV, § 3)
L ly]l=o0ey (a)+ay (a)= Oy}
Typlyl=Poy (0)+ By’ (6)=0
(Jag|4lay |50, [Bo|+]|By1=0).

Onpenenenne. dyukuus G(x, s) nasnpaerca ¢yukyued I'puna
(pynryueid earuanus) [4], [11] xpaeso#t samaun (1) —(2), ecan Bunon-
HeHbl CleldylollHe YCJIOBHS:

1) G (x, s) onpelneneHa 1 HenpepbiBHA B 06JACTH @ <X < b, a s < b

2) L, [G(x,5)]=0 npn x=s; .

3) I;[G(a, 5)]=0, T,[G(®, S)]=0:l

4) G,(s+0, 5)—Gi (s —0, s) = —

2

p(s)”
Ecnan ¢ynxuns Ipuna G (x, s) naitnena, To pelleHue kpaeBoH 3ajaun
(1) —(2) maercs dopmynof
b
y)=—1{ G(x, 9 f(s) s, (3)
a

YTO HETPYAHO MPOBEPHTH HEMOCPeACTBEHHO. MOWHO NOKa3aTh, 4TO yHK-
uus I'puna G(x, s) cummerpuueckas: G(x, s)= G (s, x).
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PacemoTtpum Tenepb kpaesyio 3anady [Utypma — Jlnyeunas (ra. VI, §8)
[Px)y') +[g (x)+ Ao (x)]y=0, (4)
L,lyl=T4[y]=0 (p(x)>0, p(x)>0). (5)
Hurepnperupys Ap (X)y kKak cBOGOAHBIA uneH, HAa OCHOBaHWH (hop-

Myab (3) HEMOCPEACTBEHHO NPHUXOAMM K ONHOPOIHOMY HHTErpajbHOMY
ypaBnenHio dpearoibma

b
) =2 §K(x, )y () ds, (6)

rae
K(x, s)=0(x, s)p(s). (7)
Co6crBennbie 3Hauenns A 3amaun lltypma — JluyBuans, oueBumHO,

GynyT IBAATHCS COOCTBEHHBIMH 3HAYEHHSIMH MHTErPajJbHOrO ypaBHeHHd (6).
YpaBuenne (6) MOWHO CBECTH K HMHTErpajJbHOMY YDaBHEHHIO C CHM-

MeTprueckuM siapoM, JeficTBuTenbHO nonaras z (x) =y (x) V'p (x) B cuny
¢dopmyn (6) u (7), Gynem umeTh

b
z(x)=?»SK* (x, 8) 2 (s) ds,

rae sappo K* (x, s)=0(x, s) l/p (x) Vp (s) cummerpuuno. CnenoBa-
Te/JbHO, BCE COGCTBEHHBIE 3HAYEHHS A HEeHCTBHUTE/bHBI.

§ 4. MeTton mocsenoBaTeJNbHbLIX HPUGIHMEHHI

PaccMoTpum ypaBuenne dpenronbma
b
y ) =7x) + § Kx, $)7(s)ds, (1)

rae f(x) u K(x, s) HenpepbiBHhHI,
Bynem uckaTh peleHue B (Gopme CTENeHHOro psia

@
y(x) = 2 W', (%), )
n=o
Moacrasnsia Buipaxenue (2) B mHTerpanbHoe ypasnenue (1) u mpupas-
HHBas KO3(UUHEHTh MNPH OAMHAKOBWX CTeMeHsix mnapametpa A, Gynem
1MeThb

(PO (x) =f(x)’

\ .
o (0= K(x, )9, () ds (n=1,2, ...).

a

Mycts | K (x, s) | < Mu | f(x)| <N Bobnactu R {a<{x<Ch, a L s<C b}

@)
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Via dopmyn (3) nmo uumykuun noaydaem |g, (x)|<<M"N(b—a)".
[losTomy cxomuMocTh psima (2) Oyner obecrneyeHa, eciau
1
A< Mo—a)
Mpuuss

Y (%) &y, (1)= 3, Mg, (x),
k=0

MB MONY4MM NPHOTMKEHHOE pElUeHHe HHTEerpanbHoro ypasuenus (1)
¢ MOrpelHoCcTbIo
®

er=|y () =y, ) [ X (Mo ()<

k=n+1

S b NIM(b—a)[h[]"+
<k=§lN[M(b'“m””— —mo—air D

dopmyna (2) maeT aHaJIMTHYECKOE OTHOCHTENbHO A pellleHHe ypaBHEHHs
dpenroabma (1) B okpectHocTH ToukH A= 0. M3 ¢opmyn (3) BbiTekaer,
4yTO pelleHHe (2) MOXHO 3amucaTb B BHIeE

® b
y(x)=f(x)+h2 An—t S K, (x, s) f(s)ds

n=1
HJ/INn
b
y ) =@ +A{R(x, 5,0 f(5) ds, (5)
roe
R(x, s, A)= 2 AR (%, ). (6)

Kospduunentn K, (X, s), Tak HasbiBaeMble uTepuposarnusie A0pa,
MOryT GHITb MOC/eNOBaTeNbHO Haliewn mo dopmynam [11]

Kl (xy S)=K(x, S),
b

K,x, 9= K, 0K,_ (t, )at (n=2,3, ...).

a

dynkunsa R (x, s, \) HaswBaercs pesoaseentoid ypasuenns (1) n
npu Maanx |A| onpemensiercs crenenHnM psgom (6). Iloabsysich ananu-
THYECKHM npoxomiennem [17], pesonbsenty R (x, s, A) MoxHO mpono.-
WHUTb Ha BCIO KOMIJIEKCHYIO [UIOCKOCTH fapaMeTpa A, 3a HCKJIOYEHHeM
COOGCTBEHHRIX 3HAYEHMH Ay, Ay, ... (0coBbie TO4KU), KOTOPHE SBIAAIOTCS



340 HHTECPAJIBHBIE - YPABHEHUS [ra. vu

NoNIOCaMH  pe30nbBeHTH., Torna ¢dopmyna (5) maer pellieHHe HHTErpasb-
Horo ypaBseuus (1) mpm mobom A=A, (B=1, 2, ...).
PacemoTpum Temepp coorBeTcTBylollee ypaBHenwe Boabreppa

X

y (%) =7 )+ K(x, 5 ys) ds, (7)

rie a << x < b. Tlonaras
&)= 2 M, (%), (8)
n=0

AHAJIOrNYHO MpEeIBAyLUIEMY MOJYyUYUM

Yo )=/ (%), Y0 = (K% )9, (ds (m=1,2, ...).

Orciona
. M"N(b—a)*
i, () | <= (o, 1,2, .0, (9)
rIe
IK(x, s) | <M mpn a<Cx<<b, a<{s<h
H

Ifx) <N mpu a<x<b.

CnenopatenbHo, paa (8) cxomurtesa mpH Al060M A # JaeT eLHHCTBEH-
Hoe peuiewne ypapHeHus (7). [lorpemHocts npHGAHMNEHHOrO pellleHHs

Y, (x)= éwk (%)
k=o

Ha ocHOBauuu ouedox (9) naercsa copmyno

=y IMEMEN (b—a)k
G=ly (=Y, I< X T =
kR=n+1
n b— b
=N{eM\M(b—a>_ZMI—Mk([——al}_
k:o

Mpuamep 1. MetogoM nocsefoBaTeIbHbLIX NPHOMMMKEHHH HalTH NPUGIH-
KEHHOe pellieHue ypaBHeHHS

1

= v <)

Y (x) x+k510+x+sds O<<x<)
0

ITonaras
Y (x)= 2 Atg, (x), 10)
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HMeeM

=1—(104x) 1n Lt

P (¥)=x, @, (x)'—_'S ﬁ)—-{—sx_—l-s 05
0

TakuM o6pa3cM, B KauecTBe MEPBOro NPHOJHKEHHS MOXHO B3ATh

1
Y1 () =x-+A [l——(lO—I—x) In (l+—lm)] .
3nech

1
M=maxm=0,l, N= max x=1.

0<ix<1

1
CanepoBarenbto, psa (10) cxomutes npu |A] < m: 10.

B uacTHocTH, NpH A=1 TOYHOCTb pelleHHS Ha OCHOBaHHU (4) ecTb

1-(0,1.1)%
ly(x)—yy (x)] < m«. 0,01.

3aMeTuM, 4TO HeynOOCTBOM MeTONa MNOCAENOBATE/NbHHIX NpHOAHMNce-
HUfl aBasercss HeoOXOAMMOCTb BHIYMC/IEHHS KkBanpaTyp. Ecam uuTerpain
He BBIYHC/IAIOTCA TOYHO, TO MPHXOAHTCA npHOeraTb K YHCAEHHHM KBai-
paTypuniM ¢dopMynam.

§ 5. Pemenne HHTErpajbHOr0 YpaBHEHHS METOLOM KOHEUHbIX CYyMM

MeTox OCHOBbIBaeTC HAa NPUOAMKEHHOM BLIYHCIEHHH OMPELENEHHOro
MHTErpaja ¢ NOMOILbI0 HEKOTOPOH KBalpaTypHOH ¢opmy.n
b n
(Fx)yde= D AF (x)+RF), (1)
a =1
rae x; (i=1, 2, ..., n)—a6cunccn Touek orpeska [a, b), A; (i==
== 2, ..., M) —4YUCJIOBLIE KOIPGUUKEHTH, He 3aBUCALIHE OT Buéopa
qaym(uvm Fx), n R[F]—OCTaTquuﬁ uned (own6bka) copMyan (1).

O6uuno A,>0 u ZAi=b-—a.
=1

Hanpumep, B cayuae paBHOOTCTOAWHX TOYeKk X;=a-(i—1)k
(i=1,2, ..., n), rae h=(b—a)/(n—1), Oynem umers (cM. [18]):

1) n1a popMyns MPAMOYTrOabHHKOB!

Ai=h (i=1) 2) Loy Il—l), A;;:O;
2) pas obweit dopmMyan Tpameuui:
h

A=A,=%, A=A=..=4,,=k
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3) ans obuie popmyaw Cumncona npu n=2m-1:

h
A1~A2m+l=§ )
4h
Ay =A,=... =A2m=§v
21
A3=A5=- AZm- =§l

Npyrue kBanpatypunie dopmyas cM. B [16], [18), [19].
Mycts Tenepb maHo muTerpanbuoe ypasHenne Ppearosbma BTOPOro
poaa
b

y () =A K, )y @) ds=Fx) (@<x<). (2)

a
Bri6upast Touku Xx; € [a, 6] u BBOAR 0GO3HAYEHHSA:
yx)=y, Klx; x)=Ky, fx)=f (G j=1,2, ..., n),

Ha ocHoBanud dopmyan (1) GymeMm umern
y,.—AZA,K,~,y/=f,~+R,-, (i=1, 2, ceay 1), (3)
i=1

rie R;— cootsercTByioune omwnbku, OTOpachiBas B cucreme (3) Beau-
unHbl R, g npuO/mKeHHnX 3HavyeHnht Y, peutenus y(x) B yanax
x; (i=1, 2, ..., n) noayuuM Jnkchinyio a1reOpaHYeCcKyI0 CHCTEMY

n
yi—A' zA/Kiiyi=fi (i=1,2, ..., n). (4)
i=1
Beoast cumBon Kpouekepa
[ 0, ecim i j,
6,.,=1 1, ecmn i=j
, Q=]
U y4dTHIBAA, 4HTO
n

— N\
Y, = 2_,5‘-/)’/,
i=1
cucremy (4) moxeM 3anucaTtb B BUIE

N, —MKNY=F  (=1,2, ..., n. (4
i=1

Ecan

A (M) =det (6;; —AA,K;;) # 0, (3)

To cucTeMa (4') UMeeT eAMHCTBEHHOE pelllenne Y; KOTOpOe MOXHO HAHTH
metonoM [aycca miv apyruMu MeToaaMH, pa3paGoTaHHLIMH A/ peuletus
cucteM anreGpanyecKHX AnnednniX ypasuesuit (cm. wanpumep [18)).
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Habins Y; (i=1, 2, ..., n), ana pewenns y(x) noayyaem wus
ypaBHeHus (2) npubanxeHHOe aHAaJHTHYECKOe BhIpaxkeHue

Y(x)=F0)+A D AK(x, 1), 6)
j=1

Paannuubie mexay co6o#t Kopuu Ay, Ag, ..., A, (m<n) anre6panue-
ckoro ypaBHenuss A (A) =0 mnpenacraBiasiior co6oif, BooGLie roBops, IpH-
6nuwenns coOcTBeHHblx 3Hauenu#t saapa K(x, s). Ecm Y (i=1,

2, ...,m k=1,2, ..., m; I=1,...,p,) —COOTBETCTBYIOIlHE HEHY]e~
Bble pelleHHst OLHOPOIHOM CHCTEMbl

X0y —MAK )T =0 (=1, 2, ..., n), (1)

i=1

TO co6cTBenHHE (YHKUMH f1pa NPUOAMKEHHO OnpenensioTcs GopMynaMn
- ~ n ~
(sz(x) =7"k2AjK(xr x/‘)y]!k (k= 1, 2, .. < M l= 1:' ooy pk)'
i=1

Ouenka MOrpeiiHoCTH MEeTONa KOHeYHHX CyMmMm mpusenesa B [16] u
[19]. 3amerum, 4TO STOT METOA HaeT XOpOLIME Pe3y/bTaThl, €C/]H ALPO
K(x, s) u npaBas 4acTb f(X) mocraTouyHo riaakue ¢yHkuun. B mpo-
TUBHOM CJlyyae NOJIE3HO NPeNBapHTeNbHO npeo6pa3oBaThb COOTBETCTBYIO-
wuM 0o6pa3oM uHTerpanbHoe ypasuenue (cu. [19]).

MeTOn KOHEYHLIX CYMM MOXeT OHTb NPHMEHEH TaKke K HMHTerpajb-
HoMy ypaBHenuio PpeirosbMa nepBoro pona

b
A SK(x, )y (s) ds = f (x).

a .
B arom cayyae npubimieHHsbie 3HaueHHs Y; peutenus y (x) (@ <K x <<b)
B ysaax Xx; (=1, 2, ..., n) GyayT onpenensiTbCsl H3 CHCTEMH

n
7\' EA]Kle]=fl (i:::l, 2’ c ey ’l). (8)

i=1
Oco6eHH0 MPOCTO NpPUMEHEHHE METONA KOHEYHBLIX CYMM ISl PeLIeHHd
MHTerpajpHoro ypassenus BoabTeppa BTOpOro pona

X

y@) =k (Kx, 9y ds=f(x) (e<x<0),

a

KOTOpOE MOXHO pacCMaTpPHBAaTb Kak ypaBHeHHe PpenrojibMa BTO-
poro poza (cM. § 1). 3pmecy K;;=0 npu j>>i, u, caenosatenbHo,
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COOTBETCTByIOIIAA cucTeMa (4) umeer Bul
i
Yl_)" ZA/KI/Y/=fI =1, 2, ..., n). 9)
i=1

[Monyyunace nuuefinas cucrema c TpeyronnHoH MaTpuuel. Ecan
1—AMK;5=0 (i=1,2, ..., n), (10)
TO H3 cHcTeMu (9) mocnenoBaTe/NbHO HAXOLHM:
Yi=f (1 —AA K7L,
Yo=(+ 7"A1K21Y1) ('1 _7“42[(22)-1’

Y, — (,cn 'S4k, Y,) (1—AA4,K,,)" 1.
i=1

Venosue (10) mpu nawHoM A 3aBexoMO BLIMOJNHEHO, ecan Ko3addwu-
UMeHTH A, JOCTATOYHO Majbl, YEro BCErla MOXHO ROOHTHCS.

Mpumep 1. MeTogoM KOHEUHBIX CyMM HaiiTH NPHOJHKEHHOE pelleHUe
HHTErpasibHOro ypaBHeHHA
1

y(x)-{-S xe*Sy (s) ds =e*. (11)
o

BuiGepem yambl x; =0, x,=—, x3=1. 3Hauenus sgpa K (x, s)=uxe*’ u

1
2
npasoit yactd [ (x)=e* B COOTBETCTBYIOULMX TOYKAX NpPHUBEJEHBl B CJeLYIOULHX
TabJaMLaX]

Ta6auua snagennii K;;

N 0 112 1

0 0,5000 1
—;— 0 0,6420 1,6487
1 1,3592 2,7183

Ta6nnua sHauyeHni f;

X 0 1/2 1

I 1 1,6487 2,7183
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Hcnoassys xBagparypHyio ¢opmyay CumncoHa (cm. [18])
1
1 1
SF (xdr=gF [F(0)+4F (5) +F (l)].
[}

ANst onpefeneHuss NPUGAMXKEHHBIX 3HadeHnd Y, (i=1, 2, 3) pewenus y(x)
B y3Jjax x; moJydyaeM CHUCTEMY
yl=l,

y2+% (0,5000Y , +2,5680Y 5+ 1,3592Y 5) = 1,6487,

y3+% (V| + 6,5948Y ,2,7183Y ;) =2,7183,

MM, Tocje YMpoWeHHH,

yl = l,
1,4280Y ,+ 0,2265Y 3= 1,5654, } (12)
1,0991Y,+1,4531Y 3=2,5516.

Pewas cucremy (12), Haxoaum: Y;=1; Y,=0,930, Y3=1,053. IIpuGauxeutoe
pelieHHe MOXHO BBIPa3uTh GopMy.JIoit
X

Y =" —£01 +3,720¢ ® 4 1,053¢%).
3ameTuMm, 4TO TOUHOe pelieHue ypaBHenus (11) ects y(x)=1, KaK Jerko
NPOBEPHTb HEMNOCPEACTBEHHO.
§ 6. MeTon BHIPOXAEHHBIX fALEp
Onpenenenue. flapo K(x, s) Ha3biBaeTca B6ip0oKcOeHHbLM, €CNH

OHO MOXeT OuiThb NpeACTaB/]E€HO B BHAE KOHEYHOH CyMMH MapHHX HRpO-
u3BeneHui:

K(®, s)= 3a,(x) By (s), (1)

rne yukuuu o, (x), Tak we kak m Pymkunu B;(s) ({=1, 2, ..., n),
MOXHO CYMTATh JHHEHHO He3aBUCHMBLIMH.
Ins Takux saep HHTErpajabHoe ypasHenue PpearosnbMa BTOPOro poma

b
y) =@ +r{ K sy ds 2)

pemaerca BecbMa mpocto. HeficTBHTe/nbHO, moAcTaBadga Bupaxenue (1)
B ypaBnenue (2), 6ymeM HMeTb

Y ) =f 0 +A Sea (x), 3)

=1
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rae
b
o=y ©ds  (i=1,2 ..., n (4)

— HEeKOTOpHe NocTosHHue K03(pduuHenTr. Ecam B Bepaxcenue (4) noxn-

craBuTh ¢opmyay (3), To mas onpenenenHs koaduuMeHTOB ¢;

(i=1, 2, ..., n) noayuum anre6panyecKyio CHCTeMy JHHeHHHIX ypas-
HeHuN

b b
ci=§ﬂi(s)f(s)ds+k§ B;(s) gcja,(s)ds (i=1, 2, ..., n)

H/IN

ci—')" .zc/?ij'——fi’ (9)
rre 1=1

b b
fi=(Bi ) f()ds,  vy={a;(s)B,(s)ds. (6)

CucteMy (5) MOXHO 3amucaTb B BHIE
n
2(61'/—}"?/1) c/=fl' (i= 1, 2’ ey ’l), (5/)
i=1

rae §;,—cumBon Kponekepa.
O6o3naynM uepe3 A (A) onpenenntens cucremu (5'):

L—Ayy  —Ryy, R
—Mn 1—4 e —A
A M) =det (8, —My,) = Y1z Vs V',,z

........... « o o o

— My, =My, ver 1—Ay,.

uuepes A, (A) (4, j=1, 2, ..., n)—anre6pauyeckue LONONHEHHS
coOTBeTCTBYIOUHX 3nemeHTOB §; —Ay,; onpeaeautens A (A).
Ecin A (M) 540, 1o Ha ocnoBawun npasuna Kpamepa [18] naxomum

1
2D My
cl._—_'.%—w—‘ (i=1’ 2, e o0y IZ).

CnenoBaTenbHo, B cHa1y (3) HHTerpanbHoe ypasHenHe (2) uMeeT
€IHHCTBEHHOE pelleHHe

y 0 =F 0 +3 2 X8 0, 0. (1)

i=1j=1
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Orciona, nMOACTaBAAsA BMECTO f; COOTBeTCTByloulee Bhipaxenne (6) u 3a-
MeHsisT CYMMy HHTerpajoB HHTerpanom CYMMBI, MOJIYYHM

() =f(x)+7~SA(z R b f(s) as, ®)

rae
A(x, s, M) =~21 2 0 (%) B, (s) A, (M.
t=17j]=1

W3 dopmyan (8) BeiTekaer, 4TO cpyHKunﬂ

A , A i
Rix, s, b = ot = =3 Yo, (s) B ) (9)

i=1j=1

ecTb Pe30JbBEHTA HHTErpaidbHOrO ypasHeHus (2).
CoGcTBennbie 3vauenns snpa K (x, §) onpenensioTcs M3 ypaBHeHHs

A (M) =0. (10)

Ecmm A, (B=1,2, ..., m m< n) ectb kopeHb ypasHeHus (10)
(ouesnnHo, A, =0), TO cooraercmyroume co6cTBeHnbie QYHKUHH @, (X)
supa K(x,s), T. €. HeTpPUBHA/IbHHE pPEUIEHHS OLHODOJIHOTO YypaBHEHH:

b
5 = S K(x, )9 (s) ds,
a
OyayT MMeTb BHI

o (X) =M, Zc(k)a.(x),

i=1

~(k)

rie ¢; — HeHyJeBble peweHdHs JAuHeAHOd OMLHOPOAHOH CHCTEMH

2(5,/—7»kv,,) W0 (i=1,2 ..., 0.

Ecmn k=lk ecTb coOcTBeHHoe 3HayeHne sigpa K(x, §), TO HeOdHO-

poaHoe ypaBHedue (2) WJH He uMeeT peuleHHH, UJAH MMeeT GECKOHEYHO
MHOI'O pelIeHuH.

[Ipumep 1. Pewnrs ypaBHenue
1
yw=x+1 (c+9y @ s (11

Anpo K (x, s)=x-s 3aecb, oueBHAHO, BeIpOXKIeHHOe. K3 ypaBHenus (11)
noJjyyaem

y(x)=x24A(crx+ca)s (12
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rue
1 1
c1=S y (s) ds, 02=S sy (s) ds. (13)
-1 -1
Moncrapnas seipakenne (12) B dpopmyan (13), GyneM HWMeTb CHCTeMy
2 2
= -3——}- 2cih, = T Acq; (14)
oTCI0a
2 4
c -———§ c ———-_6 7\.
1= 4 ’ 2= 4 ‘
— A2 —
1 3 A 1 3 A2

Cneposarenvno, u3 dopmyan (12), ecamn A2 ;é—::i, NnonyuaeM peulenne

2 503
y(x)=x2+w~ (15)

Mpn k’:% ypaBHenne (11) pewenuii He HMeeT,

Mpumep 2. Halitu cobcTBeHHHEe 3HayeHus, COGCTBEHHBIE (YHKUMH
n pesonbBeHTy fAApa K (x, s)=x-s B obaacti —l<<rx<<l, —1<<s<<]I,
Ha ocHoBaHHH OJHODOLHOrO ypaBHeHHS

1
y(x)=7»S (x+5s) y(s)ds

. -1
umeeM

y (=L (€x+cy), (16)
e KOS(pOHIHENTH €, H C, ONpeNeasioTcs 3 cucTeMbl (cp. (14))
-~ - 2,~  ~
¢3—2hcy =0, -3 Aey+cp =0. 17)
[IpupaBHuBas HYJIO ONPELENHTENb CHUCTEMBI
1 —2A
AM=| _2, | | (18)
3
noNy4ynuM ypaBHEHHE
4
— A=
1 3 A2 =0,

V;B H )\'2=—£§. Tax

M3 KOTOPOrO HaxXOJlAM COGCTBEHHLIE 3HAYEHHs: A= 5

Kak aapo K (x, §) cHMMeTpuuecKoe:
K (x, s)=K (s, x),

TO COGCTBEHHBIE 3HAueHUs] Ay M Ay DeHCTBUTENbHBI.
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U3 cucremnt (17) umeem
cP_Ne®=0 (k=1,9),
OTKyJa .
LY
A,
CnenoBarenbHO, Ha ocHoBaHuHU (16) coGcTBenHble (byﬂxuﬁu CyThb

@ @W=u, (V3x4+1),  @0)=uy, (—V 3 x+1),

rae uk=7»k5(k’ #0 k=1, 2),
Co6cTBeHHBIe yHKUIMH OOBIYHO HOPMHPYIOT, noJjaras
b

S Ppi(x) de=1 k=1, 2).
a
B HameMm cayuae uMmeeMm

1
ai § (£ V I+ de=uda=1
-1

Orciofa MOMHO NMPHHATH Uy=

) 1/, (k=1, 2), n, cnepoBartenbHO, HOPMHPOBAHHEIO
coGeTBeHHblE (DYHKUHH CYTh :

P1 (%) _—.-;- 14+xV3), ¢ (x)=%(l—x V).

N3 onpegenntens (18) noayuaem coorBercTBytOuiHe —anreGpauyecKue
JIONOJTHEHH A

2
Ay M=1, Ap®) =3 A, Agy A)=2A, Ay M=,
npuuem
4
AMN=1 -3 Az,
[MosToMy, yuuThIBasl, 4TO
K (x, sy =0y (x) By ()5 (%) By (5),

rie oy (x)=x, By (s)=1, ay, (x)=1, B, (s)=s, na ocHoBaHuu popmyJsl (9) HaXO-
IUM De30JIBBEHTY sjpa:

1 0 %k—l—(x—i—s) -+ 2hxs
R (x, s, )«)-——'—‘4— <x +-2?»xs+-§7»+s) =

e
132.

7 .
1—?5- A2
Pemenue mo60ro HeogHOPOLHOrO ypaBHEHHA

1

y(x)=f %)+ S (x+s)y (s)ds

-1
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2 . 9
npu A% £ 7 Bhlpaxaerca dopmy.oit

1
%A-}- (x4 s)+ 2hxs
y (=Lt +2r 7} L (s) ds.
l—-3— A2

-1

Ing npuGamKeHHOro pellenuss OOLIEr0 HHTETrPaJbHOrO ypaBHEHHS
b

y ) =7 () A § K(x, 5y () ds, (19)

rae ¢pynkunn f(x) u K(x, s) and npocToTe OGyaeM CYMTAThb HENpPephbIB-
HbiMH, Apo K (x, s) 3aMeHsIOT OJH3KMM K HeMy BLIPOXIEHHBIM SIAPOM

K™ (x, 5) = m2=0am (%) B (5)-

Ykawem HeckoJAbKO cnoco6oB Takoi 3amenbl. Ecan ampo K(x, s)
aHaMMTHYECKOe 1O X Ha oTpeske [a, b], TO B KauecTBe BLIPOWIEHHOrO
anpa K™ (x, s) MOXHO B35iTh KOHeYHHH oTpe3ok psma Teilnopa:

K(fl) (x, 5) 2 (x xo) K(m) (xo) S),

Tle X,—HeKkoTopas TOYKa oTpeska [a, #]. AHaNOTHMYHBLI} NPHEM MOXHO
NpUMEHHTh Takxke, ecan K(Xx, §) aHaJIMTHYHO MO S HAa oTpeske [a, b).
Ins  nocTpoeHust BHIPOXIEHHOTO SIAPA MOXHO TaKXe HCHOJIb30BaTh
KOHeyHH#t oTpe3ok mBo#Horo psma Teftnopa (cm. [20]):

K™ (x, ) =Y D @py (¥ —%0)7 (s—50)%,

pP=04g=0
rne
1 oF+9
apq PUI' axp ox? K(xO) So) (fo, Yo E [a’ b])'

[ycts /= b— a. HenpepriBoe simpo K (X, s) AonyckaeT annpoKcHMa-
UHI0O TPUTOHOMETpHYECKMM moauHoMoM nepuoma 2/ (cm. [20]). Hanpu-
Mep, MOXHO MOJIOXHTb

n
K™ (%, ) =5 ao(s)+ Y, a, %) cosPF, (20)
p=1
rae a,(s) (p=0,1,2, .. )—Koaq)c})nunemu dypne:

a,(s) =£ISK(x s)cos—dx (21)
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AnanornyHoe pasnoXeHHe MOJYHaeTCs, eC/IH NMOMEHATb POJAMH MepeMed-
Hhle X U S. MOXHO TaKKe HCIO0Nb30BATH KOHEuHmi OTPe30K ABOHHOrO
psna dypoe. Ilonarasn, uanpumep,

ap(s)z%apo_l-zapqcosqlﬁ’ (p=0, 1)23 ""n)

a=1

u3 ¢opmyn (20) n (21).Hmeem

~ 1
K™ (x, §)= “oo'l' 2 0¢:os l aJERE anqcos@

a=1

X 78
+ Ay, cos’l——cosq—l—,
p=14g=1
rae

K(x, s) cospl cos -‘ﬂs—dxds.

“L/'ae-

b
4
=7
a

Hakowuen, nonaras

h=

b—a
n b

x;=a-ih ({=0,1,2,...,n),

MOXHO BOCNO/b30BATbCS MEPBHM HHTEpPNOAsAuMOHHEM noauHoMoM Heio-
ToHa (cMm. [18]) mo x:

K™ (x, s) =K (x4, s)+ 2 E=xo) (f—xy) - (K= Xm1) Ampe (%o, §)-

mlh™
=1

AHaJIOTHYHO MOXHO B3fiTh MepBufl HHTepnoAsuMoHHHH noanHom Hbio-
TOHa MO §.

VHorza 1enecoo6pasHO HCIO/Ab30BATh HHTEPMNONALHMOHHBIA IOJNHHOM
HbioTona mns dyskiun nByx nepemensnlx [18]:

K™ (x, 8) =K"™ (x, %o) +

p+g=n
Alpd K (xo,
+ Z x’;?q'h(;:qx") (X—Xg) ooo (X=X, 1) (s—So). .. (s—5,_y),
p+g=1

rue x, €[a, b).

YnoTpeGasiioTCs: W LPYyrue NpHeMbl HHTEPNOJMPOBAHHUA M AMMPOKCH-
mupoBanusa saupa K(x, s).

Ecan K™ (x,s) ecTb nOpuGAMKEHHOE BLIPOKIEHHOE HAPO 145
ToyHoro anapa K(x,s) u dynkuus f,(x) Tawe Oamska K f(x), 1O
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pellienne z, (X) MHTErpajbHOr0 ypaBHeHHs
b
2,0 =f, () +A K™ (x, 9)2,()ds  (n=1,2,...) (22)

MOXHO paccMaTpuBaTh Kak npubiamikeHne pewenus y(x) ypasnesus (19).
Kax nokasanm JI. B. Kantoposuuy u B. U. Kpwnos [16], cnpasen-
JMBa CleNyIOIHasi OleHKa NOrpeIlHOCTH: NyCTh

b
(1K, ) —K™ (x, ) [ds <e,  |f(0)—F, ()| <B
u pesonbBenTa R, (x, s, A) nns ypaBhenus (22) TakoBa, 4TO
b
IR, (x, s, W) ds <M, (M)

npu @ < X <_b, nNpnuyeM BhINOJHEHO HEPABEHCTBO
g=[Me[1+[MM,M] <1
Toraa ypasuenne (19) umeerT eamucTBenHoe peineHue y(x) u

N
|y (0) —2, ()| <PLLELLYM B g, (23)

rie N=max|f(x)| Ha [a, b].

M3 ouenxn (23) BuTekaer, uto ecan, K (x, s) 3 K(x, s)
[ (%) = F (%) npn n — oo, npuuem M, (M) < M (M)<<-+ 00, TO 2,(X)
3y (x) na [a, 8]

Npumep 3. [Ipn6auxesHo pemuTh ypaBHeHHe

yx)—\ e=**2 y (s)ds=1. (24)

°‘-/1ul|—

Moab3ysAck W3BECTHHIM pasJiokenneMm, sapo K (x, s)=e~*** npu6numenso
3aMeHsieM BHIPOXKJIEHHHM SAPOM

4
K@ (x, s)=l—xzs2+%4 .

Orciopa BMeCTO ypaBHeHus (24) monyuaem ypaBHeHHe
1

z(x)=l+S(l—x2s2+%:)z(s) dz. (25)
0

CaenoBaTenbHo,
2 (1) =141t eprt oot (26)
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rae
1 L 2
) 3 12
6= S z(x)dx, cy= —S x2z (x) dx, c3= ) S x82 (x) dx. (27)
0 0 0
Ha ocnoBanuu ¢opmya (26) u (27) umeeM cHCTeMy
1,1 1 1
G1=5 t5 1t g5t 1gp %
1 1 1 1

|
=551 Tg0 €2 —ggg °s’ } (28)
)

11 1 1
€= 395355 1t 1792 2 + 5316 %

Pewnn cucremy (28), monyunm ¢, =0,9930; c,= —0,0833; ¢3=0,0007. Caeno-
BaTeJIbHO,

Y (v) = z (x)=1,9930— 0,0833x2+ 0,0007x* (0 < << —;-) . (29)

OlleHKY MOTPEeIlHOCTH NPHUG/IHKEHHOro peiieHHs (29) MOXHO NPOH3BECTH 1O
¢dopmyJe (23), HO BTO CBA33HO C FPOMO3JKHMH BBLIYHCJIEHHAMH.

§ 7. MeTon KoanOKaunA

PaccMoTpHM MHTErpajbHOE ypaBHEHHE
b
Rlyl=y x) =L K(x, )y (s)ds—f(x)=0. (1)

‘ByzneM uckaTb npuGamKenHoe pemienne ypasHesus (1) B Bume dynxunn
onpeneNeHHOro BHIa

Yn'=(1)(x: Cly Coy eeey Cn) (2)

co CcBOGOIHbIMH MapaMeTpaMH ¢y, €y, ..., C, (Heonpedesennsie Koagheu-
yuentot), Tloncrasnas suipaweniie (2) B ypaBaenne (1), nmoayuum nesssxy

b .
R[Y,)=Y,(x)—A{ K (x, )Y, (s)ds—F (x). (3)

‘Ecan y sABNSeTCS TOYHBIM pelleHHeM, TO, OueBHIHO, HeBsdka R([y]=0.
TlosToMy cTapaloTcsi moao6paTh napaMerps ¢y, €y, ..., C, TaK, YTOOH
nepsiaka R([Y,] Guina B onpenesnesHoM cMbcie BO3MOXHO MaioH. Munu-
MH3HPOBATh HeBs3Ky R[Y,] Moxuo pasnnunniMu cmoceGamu. Hanpumep,
MCNOAb3YIOT IMPHEMH, AHAJOTAYHBIE TEM, KOTOpHE NPUMEHSIOTCH Aias
pelllenHsi KpaeBHXx 3ajay AuddepeHumansbHuX  ypaBHenm#t (ra. 1V,
§§ 6—8). 3mecr u B manpHedwux naparpadax MbH PacCMOTPHM HEKOTO-
phie MeTONH MHHHMH3alHM HeBA3KH R[Y,], nmpuMenseMbie Ha mpaxThie.
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O6pYHO 19 NMPOCTOTH BLIKAALOK GepyT dyukumio V,, nuxefino 3aBucs-
myio OT napamerpoB ¢, C,, ..., ¢,. Haling napamerpn c;, ¢y, ..., ¢,
noNyvaloT NpubGaMKeHHoe pemeHue (2).

OrmerumM omno obcrosTenbctBo. Ecan Hessska R[Y,] nonyumnace
Manoif, To OoHa Gau3ka K HeBsiske R[y]=0, naBaeMoi TOuHbIM perue-
niem y. Ho ecim nsa onepatopa R([Y,] u R[y] umeor Gnnskue 3naue-
HUf, TO OTCIOAa, BOoOule roBOpsi, He cJjenyer, uTo dyHkuuu Y, u y
61M3KH MexIy co00# B OGBIUHOM CMbIC/IE (HampuMep, B CMbIC/JIe PaBHO-
wueptoro mnpubamxenns (ra. I, § 12)). [losTomy Bo3HHKaeT MaTemaTu-
ueckas 3ajaya: no HM3BecTHOH HeBsaske R[Y,] oOuenHTh mOrpemHocTh
|y — Y, | npubauxennoro peumenns Y,. drta TpydHas mpoGiema CBs3aHa
¢ ray GOKHMH TeopeMaMi (YHKLUMOHAIBHOTO aHanu3a (cM., Hanpumep, [16],
[22]), u MBI ee ocraBuM Ge3 pacCMOTPeHHs, OrPAHMYMBLIMCH JHIUbL He-
KOTOPbLIMH YKa3aHHSIMH YacCTHOTO XapakxTepa. :

Hpyro#t mMaTemaTHyeckn# BOMPOC, KOTOPHIK 3JeCh TaKke He 3aTpart-
BaeTCA,—9TO BONPOC CXOXHUMOCTH Y, K TOYHOMY pEIICHHIO ¥
RpH 71— 0O, T. €, BHIICHEHHe YCJOBHH, NIPH KOTOPHIX HMeeT MecTo
fipenesbHOE PABEHCTBO

lim Y, =y. (4)

n-—> o
Ecnu cnpaBennnBo paBeHCTBO (4), TO HAaHHEIM METOXOM pelleHHe Y
MOWHO HalTH C N10060H cTeneHbI0O TOYHOCTH, B3AB HOCTATOUHO
60/1b110E YHC/IO TAPAMETPOB €y, Cyy «.., C,.
[Tepefinem Tenepp K H3NOKEHHIO OJHOrO M3 KOHKPETHBIX METOIOB
NOCTPOeHHA MPHGIMKEHHOro pelieHHs Y.
Monoxum

Y, (X) =@ (%) + § ¢, (%), (5)

rne Q¢ (x), @;(x), ..., @,(x)—wussecTHoe ¢yHKUHH (K0OpPIuHATHbLE
pynkyuu) U ¢y, €,y ..., C,—HeONpeneleHHbe KO3DDHUIHEHTH, NpHYEM
dyukunu @; (x) (i=1, 2, ..., n) 1uHeliHO He3aBHCHMBbI. 3aMETUM, YTO,
B YaCTHOCTH, MOXHO nosnarath @, (x)==0. [loacrapndas Beipaxenue (5)
B JIeBYIO 4aCThb ypaBHeHHs (1), MmONyYHM HeBA3KY

R(Y,) =0 () + igl ¢, @; (x)—f(x)—
b

Kz, [0+ 3 ci0;(9)] ds
a i=1

78/978

R[Yn (x)] =‘lp0 (x’ }”)—l— [%71 Ci'lpi (xr }")t (6)
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rae

b
Po (£, 1) =g (0)—F () =2 § K (x, 5) g () ds,
b ¢ i (7
b (%, =0, (0) =2 [ K(x,9) g;(s)ds (i=1,2, ..., n). ]
a
Cornacio merody koarokayuu [23] (cp. ra. IV, § 9) tpeGyem,
uto6n HeBsiska R[Y,(x)] o6pamanach B Hyab B 3alaHHOM cucTeMe

Touek X; (j=1, 2, ..., n) us orpeska [a, &) (Touku xoarokayuu),
T. €. TIOJaraeM, 4To

R[Y,(x)]=0 (j=1,2, ..., n),

rle X, <Xp<lo.. << X, ,<<Xx,<0b

Orciona Ha ocHoBaHuu ¢opmynn (6) nAng ompendesnennss xo3dduumeH-
TOB €y, Cg, ++., C, TNOJNyyaeM anre6paHyecKyio JUHEHHYIO CHCTEMY
YypaBHeHHH

n
Do (x, M=—wp(x, M T(j=1, 2, ..., n). (8)
i=1
Ecn onpenenutens cucremn (8) D (A) =det[y; (¥, A)]=£0, To ua
CHCTeMH (8) MOXHO ONHO3HaYHO OMPENENHTb BEAHYHHH C;, Cg, ..., C,
H, CJel0BaTe/bHO, HAHTH npuGamkenHoe pewenne Y, (x) no gopmyie (5)
" pupaBuuBasi Hyao onpexeautenp D (A), nonyqum ypaBHeHue
D (A) =0, u3 xotoporo, BoOOLie roBOpsi, MOXHO HaHTH NPUGIMNEHHHEe
3Hauenns A, (k=1, 2, ..., n) nepBux co6cTBEHHKX Yncen anpa K (x, s).
Ecan nonowuts f(¥) =0, @, (x) =0, A=A\, To BMecTO cucreMu (8)
6GyzeM HMETb OIHOPOIHYIO CHCTEMY

n
X Py, (x, Ry=0 (j=1,2, ..., n. (9)
i=1
Haling neHyneBnie peluenus ¢ (i=1, 2, ..., n) cucremn (9),
nonyuum aas sppa K (x, s) npubiamixeHnHble cOGCTBEeHHHe (YHKUMH

PP )= cP g, (),
=1

OTBevalolie ero COGCTBEHHOMYy 3HauyeHHI0 A, & A,.

Ilpumep 1. Meronom Komoxamm pelIuTh ypaBHEHHe
sy (s) ;o _ l
Y (x)—S Ars ds=x arctg — (10)

ITonoxum Y (x)=¢; + cyx.
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[loacrasnsia 310 BhHipaxenue B ypasuenue (10), noayuum HeBssKy
o 1 1, x2 1 1
R[Y (x)]=cxarctg —x—-l-c, [x——z--l—.—z— In (H—;;)] —x arctg =
BriGupas ToukH KossoKamMu Xy =0, x,=1 n yuurniBas, 4to
1 A 1
lim —=0, lim x2In — )=
x—»oxarCtgx x>0 (1+x2) 0,

IJsi ompefesieHHs] KO3bDUUUEHTOB ¢; U ¢, 6YLAEM HMETh CHCTEMY
1

4 1 k)
0-c,—5 ¢c3=0, 7atgU+in2)e =7

Orciona noayuaem ¢, =0, ¢;=1. Takum o6pasom,
Y=1. (11)

HaitgenHoe npubauvkeHHoe pemenue (11), kak Jierko nMpoBepuTh, ABJSAETCSA
TOYHBIM. :

§ 8. MeTon HauMeHbLMHX KBAApPaTOB

IOaa ypasuenus
b
Rly]=y ) —h §K(x, 5)y(s)ds—f (x) =0, ()
aHanoruyHo Metoly koanokauun (§ 7), nonaraem

Y, (X) = @,(%) +,~§, ¢i9; (%), @)

rie Qg (X), @1 (%), .o., @, (¥) —u3BeCTHBE QYHKUHH H €y, Cyy oo .y €, —
HeonpeneneHHne Koapduuuentn, npuueMm @, (x) (i=1, 2, ..., n) nu-
HefiHO HE3aBHCHMKI.

loncrasnsa (2) B AeBylo uacTb ypaBsenus (1), nony4HM HeBsA3Ky

R[Y,]= 1, (¥, M+[§l cP; (%, M), 3)

rae Py (%, A) u qp,.(x; A (i=1, 2, ..., n) onpeneasiorcs opMmynamu
(n§.

Cornacto merody waumenowux xeadparos [16], [19], [24] (cp.
ra. IV, § 7) xosdduunentn ¢; ({=1, 2, ..., n) OTHICKHBAIOTCH W3
yCAOBMS MHHUMYyMa HHTErpasa

b b

(=S iRy, ax = [ 9o, M+ F epx M ]'ax. @)
i=1

a a
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1o Tpe6oBaHMe NMPUBOXMT K anreGpaHyecKol CHCTeMe ypaBHEHHH

al ,
50—/=0 (]“—'1’ 2, ... n); (5)

OTCIOfa Ha OcHOBaHuH (4), Auddepenuupys N0 napamerpam ¢, €y, ..., C,
noj 3HAKOM HHTerpana, Oylem HMETb

b n
7% S 005 1) o 5 M+§ e e, M| dx =0 (6)

=12, ..., n).
C nomouibi0 COKpauleHHbX 0603HaYeHui
b
(Wi b =§ ¥ %, M, (x, 1) dx (1)
a

cucteMy (6) MOWHO 3amucaTb B BHIE HOPMAAbHOL cucTemst cnocoba
Haumerbwux Keadparos (ra. I, § 6):

¢ (P V1) 6o (Oy, Po)+ovo ¢, (By, P,) = —(P;, Po)s
¢y (Par Py) 4¢3 (Var o) + o oo ¢, (Yo, P,) = — (Y3, Vo),

. . .

(8)
cl (‘pn’ ‘q)l) +c2 (q}n’ "‘p2) + LU + cn (‘l’,,' ‘Pn) = - ("P,,, 'lpo)«

3aMeTHM, 4TO ecmH @, (X¥) =0, T0 Py (X)= —f(X), B, caenosa-
Tenbio, — (P, $o) = (Y, ) (=1, 2, ..., n). Tak xax (¢; ¢,)=
= (P;, P;), TO MaTpuUa CHCTeMbl (8) cummerpuueckas.

BMmecTo MHTerpanabHOro MeTOfa HaWMEHbIIHX KBaApaTOB MOXHO BOC-
M0/b30BATHCA TOYEUHBIM CNOCO6OM HaWMeHbINMX KBadpatos (ra. I, § 3).

MeTon HauMeHbLIMX KBAaIPAaTOB NPHUMEHSETCH TaKwe N/ NPHOIHKeH-
HOrO HAXOXIEHHH COOCTBEHHbLIX 3HaueHMH M cOOGCTBeHHBX PyHKUHH flpa
K(x, s), aHanoru4so TOMy KaK 3TO AenaeTcs AAS METONA KOJJIOKA-
unu (§ 7). A umenno, nonaras f(x) =0 u ¢, (x¥) =0, orkyaa P, (¥)=0,
onpenenseM npuG/MiceHHble 3HayeHHs COOCTBEHHHIX yucen M3 anreGpau-
YeCKOro ypaBHeHHS

- det[(wl9 "P/)]=0- (9)

[ocne atoro npuO/HXKeHHbIe COOCTBeHHbIe (YHKLUHH HAXOXATCH U3 OJHO-
poaHoii cuctemb (8), rae BMecTo A MOACTaB/IEHO COOTBETCTBYIOLLEE NpH-
O/MKeHHOe 3HaYeHHue.

[Tpamep 1. MeTonom HaUMEHBWIMX KBAJAPaTOB HAHTH OPUGIHIKEHHOE
pelleHue ypaBHEHHS :

1

ywr=r+ {shet9)y (s ds. (10)

-1



358 MHTETPAJIbHBIE YPABHEHMS [ra. vi

Ians neporo npuGamxeHuns nosaraem Y =c; -+ c,x+x2. Orcrona

P1(X)=1, @(x)=x @ (x)=x2
YuuThiBas, uTO
1 1 1

S sh (x4 s)ds=ashwx, S ssh(x+s)ds=bshx, S s?2sh (x-}s)ds=cshx,
-1 -1 -1
rie a=2sh 1=2,3504; b=2¢"1=0,7358; ¢=6 sh 1 —4 ch 1=0,8788, na ocHo-
Banun gopmya (4) u (7) us § 7 umeem:
Y,=1—ashx, Py=x—bchx, P,=-—cshx.
Janee Haxoaum:
sh 2

(b1, P1)=2+a? (7—1) = 6,4935,

(Ps, 1l?:)=%+b2 (izz-i- 1) =2,1896,

(Y1, Pg)=—4(ae~ 14 bsh 1)=—8e~! sh 1 = — 3,4586,

($1, Po)=ac (%2-— l) =1,6800,

(Pg, Po) = —2ce™1= —0,6466.

Monyyaem cucremy ans onpenefeHdss KospdHIHEHTOB ¢y H ¢yt

6,4935¢, — 3,4586c, = —1,6800;  — 3,4586¢, - 2, 1896¢, = 0,6466.
Orciopa noayuaem: ¢;= — 0,5423; ¢,= —0,5613. Takum o6pasom,
Y = x2—0,5613x — 0,5423. 11

Tak kak pas ypasrenus (10) sapo
K (x, s)=sh (x+s)=shxchs4chxshs

BBIDOKJ€HHOE, TO JIETKO NOJYYUTh TOYHOE pelieHue

Yy (x)=x2+ashx+Pchx, (12
rae
_bshl—gehl oo gy (%..1 ):-0,5548.

- sh 2\2
2‘(7)
Wa cpasnenns dopmya (11) u (12) 3akaouaem, yTo npH6IHKEHHOe pelleHHe YV

6JIM3KO K TOYHOMY Y, ecaH | x |—MaJas BeanynHa. Ha konnax x=+ 1 pacxox-
Jenue |y—Y | LOBONIBHO 3HAYHTEJBHO.

§ 9. Meron momenToB

Mycte ,
Rlyl=yx) —A{K(x, )y (s)ds—F(x)=0. (1)

Ananornutio npenbiayiiemy (§ 8), 6ylaem uckate NpuOJIMXKEHHOE pelleHHe
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ypassenust (1) B BuIe KOHEYHOH CyMMbl
n
YV,()=F®)+ 2 co;(¥) (=12 ... n), @)
i=1

rae @;(x) (i=1, 2, ..., n)—HeKOTOpbe H3BECTHbLIE JUHEHHO HE3aBH-
cuvule GyHkuun (koopdunardeie (pynkyuw) w ¢y, €y, ..., C,— Heompe-
nenennnie koddduuuentn. [loncraBass Boipawenue (2) B JeBY0 4acTb
ypaBtenust (1), MOJTyYHM HEBA3KY

b

n b
R[Y,]= 2 ¢ [(p,(x)—h SK(x, s) @, (s) ds] —\ SK(x, s) f(s) ds. (3)
i=1 a

a

Cornacno merody momentros [16], [19], [24] xosapduumnentn ¢; (i =1,
2, ..., n) ONpelensilOTCA H3 YCAOBHS OPTOFOHANbHOCTH HEBS3KH KO
BCeM KOOPIMHATHBIM (yskuusm @, (X), @z (X), ..., ¢,(x). Idro naer
CHCTEMY YypaBHEHHIH

b

(RIVJo:max=0 (=12 ..., n

a
nau, B cuay (3),

c/(a,,—ivﬂi/)=h‘y, (=1, 2, ..., n), 4)

M:

]

=1

rae

b b b
aU=§ 9 (%) 9, (%) dx, ﬁ,-,=§ dx S K (x, s) 9 (%) @, () ds,

b o
ve=" dx (K (x, $) 9, () 7 (9) ds.

Ecnu onpepenutens cucremn (4) D (M) =det (a,/—hﬁu) OT/IHYEH OT
Hy/Jsl, TO M3 STOH CHCTEMbl MOXHO ONHO3HAYHO ONpPEAENHTb KO3(DDu-
UMEHTH Cy, €3, ..., C,. Toraa ¢opmyna (2) mact npubanxeHnHoe peuie-
uue uHrerpaibHoro ypasuewus (1). M3 ypasHenus D (A) =0 npubau-
KEHHO HAXOAATCA COGCTBEHHBIe 3HAaueHHs Ay, Ay, ..., A, ampa K(x, s).
Haiina Henyneseie pelienus ONHOPOAHOH AHHeHHOH cHCTeMH
n ~
,-—2‘ ¢ ay—MB)=0 (=1,2 ..., n),
nerko mocTpouTb (cM. § 6) npuGamiennbie coGeTBennne dynkuun y® x,
OTBEYAIOL(He JaHHOMY COOCTBEHHOMY 3HaueHHI0 A,. 3aMeTHM, 4TO MeTon
MOMEHTOB fI0 HAee coBnamaeT ¢ metoaom [anepkmua (ra, IV, § 8).
Moxno mokasatb [16], [19], uto MeTon MOMEHTOB paBHOCHAEH 3aMeHe
aapa K(x, s) nekoTopbiM BbipOxcaeHHbM agpom K™ (x, s). [lostomy
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[ra. vn

AAf NPHOMDKEHHOrO pelleHHs Y, (X) wuMeeTCa OllGHKAa NOTPeLIHOCTH

(cm. [16], [19]), ananoruusas npusenexnodt Buime (§ 6).

Mpumep 1. Haiitu nepBule 1Ba COGCTBEHHBLIX 3HAaUEHHS HHTErpaJbHOro

ypaBHeHHs
1

Rl =y® =1 Kx 9y (5 ds=0,
rae 0
5, ecqn sS<X,

X, ecJH S > X.

K (x, s)={

Ha ocuosanun (5) umeem
x 1
Rlyl=y (x)—h{s sy (s)ds+ S xy(s)ds } .
(1] X
ITonoxum Y =c;x+c,x2. Torna

3 4 "
R ([Y]=cx 4cox2—A [‘%—i—%-{—x (%—l—%)-— (% fﬁ;-)] =

3
2+
=0 [( l—%—) x+% x3] +c, [—-%x—i—x?—l——% x‘] .
Oproronanusupys HeBA3Ky R [Y], 6yneM HMeTb cHCTeMy
1 1
S R[Y]xdx=0, S R[Y]x*dx=0
0 0
Ham

A 1 A 1 Aol 1 A1
“ [( 1—5) "§+“€“5]+02 [“?'?+T+ﬁ'€

A | R | A1 1A 1
“ [( 1—?> T '?] e [—? Tt Tt T

[Tocne ynpouleHHs MOJYYHM CHCTEMY
¢; (120 —48A) + ¢, (90—350) =0, }
¢y (630 —245)) 4 ¢, (504 — 180A) =0.

©®)

©)

[lpupasuueas Hymo onpenenuTeJb cHCTeMbl (6), MOJy4YHM ypaBHEHMe Ans

onpejieJieHHst COGCTBEHHBIX 3HAueHHH:
120—48A 90 —35M .
630 —245% 504 — 180A
Orciona 65A2 — 1692\ - 2780 =0, uau
A2—26,03) - 58,15=0.
W3 ypasuenus (7) Gynem uMers
Ay =2,462; A, =23,568.
A cpaBHeHHS yKaxeM TOYHble COGCTBEHHEE 3HAUYEHHs)
n

2 2
A1=T=2,467 u A,:i;'—=22,206,

D (A= =0.

)
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nojayvyeHHble H3 pemeﬂuﬂ COOTBeTCTByIOLI.leﬁ KpaEBOﬁ 3aJlauyH:
y"+hy=0, y(0)=0, y' (1)=0.

TakuM 06pasoM, NOTPEWIHOCTb A, paBHa mnpuMepHo 0,20/, a Ay—6%/,.

B 3akaiouenue 3aMeTHM, YTO pPaCCMOTPEHHHE METOXbH MHHHMH3AUNK
nepaskn (§§ 7—9) npuMeHMMBl TaKXe K peIIEHHI0 HeJHHEHHHX HHTe-
rpanbHBIX ypaBHeHuit. ViMeloTcsi Takke JApyrue MeTOAb pelleHus HHTe-
rpajbHHX ypaBHeHwif, Hanpumep meToxm Moute-Kapno [25].
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OPUJNOXEHMHE 1

OPTOrOHAJIbHBIE TOJMHOMbI YEBbILIEBA
ISl n41 PABHOOTCTOSIIMX TOYEK (P (t) =P (0) Pe, n(¥))

n=>5 (6 Touek)

t 0 B, By (1) | N0 l By
0 5 5 5 1 |
1 3 —1 —7 —3 —5
2 1 —4 —4 2 10
3 —1 —4 4 2 —10
4 -3 —1 7 —3 5
5 —5 5 —5 1 —1
32y o | 8 180 2 252

n =6 (7 Touek)

¢ I B . | P, () Py B () By
0 3 5 1 3 1
1 2 0 —1 —7 —4
2 1 -3 —1 1 5
3 0 —4 0 6 0
4 —1 -3 1 1 —5
5 —2 0 1 -7 4
6 -3 5 —1 3 —1
b2 t) 28 84 6 | 1 | m

n=17 (8 Touek)

¢ B, B, B, I Bt | By )

0 7 7 7 7 7

1 5 1 —5 —13 —23

2 3 —3 -7 —3 17

3 1 —5 -3 9 15

4 —1 —5 3 9 —15

5 -3 -3 7 —3 —17

6 —5 1 5 —13 23

7 -7 7 —7 7 —7
QP 168 168 264 616 2184




TNPHJIOXKEHHUE 1

n==8 (9 Touek)

363

t Pt B, Pyt B, Py (t)
0 4 28 14 14 4
1 3 7 -7 —91 —11
2 2 —8 —13 —11 4
3 1 —17 -9 9 9
4 0 —20 0 18 0
5 —1 —17 9 9 —9
6 —2 -8 13 —11 —4
7 —3 7 7 —21 11
8 —4 28 —14 14 —4
D P 60 2772 990 2002 468
n=9 (10 Touek)
¢ B B, () By(t) Po) P (t)
0 9 6 42 18 6
1 7 2 —14 —29 —14
2 5 —1 —35 —17 1
3 3 —3 -3l 3 11
4 1 —4 —12 18 6
5 —1 —4 12 18 —6
6 —3 —3 31 3 —11
7 —5 —1 35 —17 —1
8 —7 2 12 —22 14
9 —9 6 —42 18 —6
VD) 330 132 8580 2860 780
n=10 (11 Toyek)
¢ Pt B, Py Pty Py (1)
0 5 15 - 30 6 3
1 4 6 —6 —6 —6
2 3 —1 —922 —6 —1
3 2 —6 —923 -1 4
4 1 —9 —14 4 4
5 0 —10 0 6 0
6 —1 —9 14 4 —4
7 —2 —6 23 —1 —4
8 —3 —1 22 —6 1
9 —4 6 6 —6 6
10 —5 15 —30 6 —3
3P 110 858 4290 286 156
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NPHUJIOXEHHE II
MEPBBIE 10 NMOJHUHOMOB JIEXXAHAPA P,(x)

n Pn(x)
0 1
1 x
2 | Lae—i
5 )
3 L (5x3—3x)
7 X

4 —;— (35x% —30x2 4- 3)

5 % (63%5 — 703+ 15x)

6 11—6(231x«—315x4+105x=—5)
7 %(429x7—693x5+315x3—85x)

B | o (643558 — 1201260 6930+ — 126013 4.35)

9 1_;8 (12 155x° —25 740x7 4 18 0185 —4620x3 -+ 315x)

10 5“5_5 (46 18910 — 109 3959 -+ 90 0909 — 30 030x* -+ 3465x2 —63)

NPUJOXEHHE Il

MEPBBLIE 12 NOJMHOMOB YEBBILUEBA 7,(x)
T,x)=x
2T, (x) =2x2—1
4T, (x) =4x3—3x
8T, (x) =8x*—8x2+1
16T (x) = 16x%—20x3 4 5x
32T (x) = 32x8—48x% 4 18x2 —1
64T, (x) =64x7 —112x5 561 —T7x
128T ¢ (x) = 128x8 — 2568 4 160x* —32x2 -1
256T, (x) = 266x? —576x7 |- 432x5 — 120x3 - 9%
5127 ¢ (x) =512x10— 1280x% 4 1120x%—400x* - 50x2 —1
1024T ,, (x) = 1024x1" —2816x° - 2816x7 — 1232x5 - 220x3 — 11x
2048T ;5 (x) = 2048x12 —6144x10 - 6912x8 — 358448 -{- 840x* —72x% -1



MPEJMETHbBII YKA3ATE/b

AnbTepHaHC yeObluieBCKHE 78
Annpoxkcumauus KsajpaTH4YHas 22
— — MHTerpaJjibHasa 40

— — TOYeyHas 22
AnnpoxkcCHMHpYIOUH#t nosnHom 12, 22

basuchHue pyukunu 232

BapraunonHas_3ajaua 308
— — , Metop Purua 321
BuluncanTenblbie WaGJOHB, MOCTpoeHHe 266

Tapmonnka 50

Fapmonundeckasi ¢pyHkuus 255, 256
TapmonudeckHii aHaau3 51
Cpanuua ceTkH 272

AnddepeHunajibHoe ypaBHeHHe BTOPOro IO-
pAAKa, NPHOJMHKEHHOE pelleHHe 187, 189
— — — — caMoconpsikeHHoe 312
- —|,5 KOHEYHO-Pa3HOCTHLI METOA peLleHHs
1

— —, Meroa Agamca 156, 159, 160

— —, — — J§Ja cucrembn 160

— —, — KpbuioBa nocjejoBaTesbHbBX COJIH-
Keuut 164, 167
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, — Otinepa 144, 145, 151

, METOJbl pellieHHsi OCHOBaHHbie Ha MpH-
MEHEHHH MPOH3BOAHLIX BBICIIHX TOPAAKOB
181, 182, 183, 184, 186

- —, MoaubuKauuu wMeroga Ofaepa 147,
148, 151 )

— — OOGBIKHOBEHHOE, MeTOoAb!

— — — mepBOro mnopsaka 121

— —, OlEeHKa TNOrpellHOCTH N PHUOIHXKEHHOro
pewenust 202

— —l, 2pe.menue ¢ nomoubio psgos 128, 130,
3

— —, CBfi3b C ypaBHeHHeM Bosbreppa 336

— —, yCOBEpIUEGHCTBOBAaHHbIH MeTO4A JOMa-
unix 147

- =, — — Diluiepa — Kown 148, 149

pemenus 127

Inddepennnanbioe ypaBHeHHE n-ro nopsg-
Ka, CBeleHHe K cHCTeme 122, 123

3agagua BapuaunonHas 308

HupuxJye 254, 255, 320

—, €JHHCTBEHHOCTb 256

—, KOPPEKTHOCTb 256

—, MeToJ, MopaeaHpoBawua 270, 271
—, — Monre-Kapao 272, 274, 275
—, — Purna 32

—, — ceToK 261, 262, 269

—, pelleHHe C TOMOILLIO
SJIeKTpOHHTErpaTopa 271
Kown 121, 122, 124, 249, 252
— KpaeBas, cM. Kpaesasa sadaua
— obmas 250

He#imana 254

0 COGCTBEHHBIX 3HauyeHHsAX 215
OCHOBHAafl BHeuHeH 6GajinCTHKH 125
cMellaHHas 251, 252

— KOPPEKTHO NocTaBJieHHas 252
— HEKOPPEeKTHO nocraBJieHHasn 253
Tpex Ten 126

FErrrrtd

CEeTOYHOr'o

Frerreren

Hurerpan Jupuxae 320

UHTerpanbHasi Kpupasi 123

— MOBEPXHOCTb 244

HHuTerpanbHoe ypaBHeHHe 332

— — Boabreppa BTOpOro posa 334, 335

— — — nmnepBoro poxa 334

— — JnuHeHiHOe 332

— — opearoaoma BTOporo poga 332. 335

— — — opHopoaHoe 332

— — — nepBoro pojga 332

HHTerpajibHble ypaBHEHHS, METOA BbiPOKAEH=
HbIX saep 345, 350

— —, — KOHe4YHHX cyMm 341

Hurfgnonauuonauﬂ nosivHoM Jlarpanxka 13,

— — HbloToHa 14

Unrepnonsinus (nHTepnosupoBaHue) 14, 23
— KBajpaTHYHas 14

— nuHefinan 14

— TPHrOHOMeTpHYecKas 17

Hcropua 6nyxnaanus 272

HrepupoBannoe sapo 339

KOHeuHO-pa3sHOCTHasl CXxeMa HeycTofiumBan 282
— — — ycroituupasi 281
KoHeuHo-pa3sHOCTHHHA onepatop 279
Koxcranta Jlumwuma 121, 124
KOppeKTHOCTb CMellaHHOH 3ajgadm 253
Koadpbuunentn dypoe 46
— — MOJHHOMa OTHOCHTEJbHO CHCTEMbl OpPTO-
TOHaJbHbIX QyHkumii 30



866 NPEIMETHHH
Koadpdunuentt dypbe  TpHUIrOHOMETPHYE-
ckue 50

KpaeBass sapaua 254

— BHeEIUHfS, BHYTPeHHAR 254
ABYXTOYeyHas npocrefimas 209

—, peaykuus K 3agase Kowmn 217
Ans ypaBHeHus Jlanjaca 317

— — Ilyaccona 317

— — 3JJUNTHYeCKoro Ttuma 253
JiuHeHasa 212, 213

— HeOAHOpOJHas, ogHopoxHas 213
312—. cBeJleHHe K BapHAallHOHHON 8ajade
— —, CBfi3b C HHTETrpaJibHbIM YPaBHEHHEM
dpearoasma 338

—, Meron lanepkuna 238, 241

—, — KoJuloKauuu 232, 241

-2—2.3— KOHEYHbIX pasHocred 219, 222,
-_ l_ HauMeHbLWIUX KBazparos 234, 238,
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et

, — OPTOTOHAJIbHBIX MNpoexkuuit 242

, — mnojo6nactefi 242

, — NporoHku 224, 225, 226, 229

, — mnpaMbix 294, 297

., — CeTok 261, 262, 269

, obobwieHHult Mmeron TanepkunHa 242
— obwas s auddepeHuHaNbHOrO ypas-
HeHus 209

nepsasi, Bropasi, Tperbst 254
npocreiimas apyxroyeunas 209

—, Metop Putua 322

cmemaHHan 210, 254

—, YCJIOBHSI YCTOHYMBOCTH 282
LrypMa—Jinysuansa 324

~— — — —, MeTop Purua 326

KpaeBble ycaosus 209, 247

~— — JABYXTOueuHble 213

— — JHHeHHBle 213

— — TOYe4yHO pasjefeHHble 217
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JleMma YanasiriHa o6 HHTerpajbHbHIX Hepa-
BeHcTBax 192

Jlunean 305

JlnHeitHas 3aBHCHMOCTb INepeMeHHHX 82

— — ¢yHKuHt 28

— He3aBHCHMOCTb QYyHKIH 28

JIuHeHAHU} auddepeHnHaNbHRBI
Top 306

Jlomanas Ditnepa 144

onepa-

Merton Aznamca ana auddepeHuHaNbHBIX ypaB-
Henuit 156, 159, 0

—, OlleHKa mnorpewHoctn 206

BapHAlHOHHBIA AN KpaeBbix 3axag 309

BBIGDaHHBIX TO4eK 93

BhIpaBHHBaHusA 85, 88

BHIPDOXKJEHHBIX silep YA HHTErpaJIbHHX

ypaBHeHH 345

TanepknHa s KpaeBhix safjau 238, 241

— o6oO0lIeHHn 242

rpadpuyecknii somanmx Jiisepa 128

KOJUIOKaL MK JJisl KpaeBBIX 3ajaua 232, 241

— — ypaBHeHHs ®pexarosbma 354

KOHEYHBIX pasHocTeli (Meroj ceTok) 261

— — pas auddepeHUHANbHBIX  ypaBHe-

HHH OGBIKHOBEHHHIX 151

— — — KpaeBbix 3ajau 219, 222, 223

— CYMM JUIl HHTerpaJjibHbIX ypaBHEHHH

341, 342, 343

— Kpbliopa noc/eoBaTENbHbIX COMHXKEHHA
164, 167

— JOMaHLIX yCOBeplIEHCTBOBaHHI 147
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YKA3SATEJDb

Meron Muana pewenus audbepeHunaNbRLIX
ypaBHeHHit 169, 170, 174

— MOAE/NHPOBaHHA AisA 3ajauu Jupuxjae 271

— MOMEHTOB JJis1 ypaBHenuss dpexarosbma 359

— Monre-Kapso ans 3agauu Oupuxje 272,
274, 275

— HauUMEHBIIHX KBajapaToB, cM. Cnoco6 Hau-
MeHbWUX Keadpamoe

— Hbilotona — KaHTOpoBHYAa AJiSi pelLeHHsA
3agaud Kown 201

— OOLHH ONpegeseHHs] NapaMeTPOB SMIHPH-
yeckoit dopmysnl 115

— OPTOrOHAJbHbLIX TpPOEKNHHHA JNA KpaeBhX
3anau 242

— mnopo6yacrefi Aas1 KpaeBbIX 3ajay 242

— noc.genonarenbuux npubmnxkennit 134, 137,

—_ —340—- JJIs1 MHTErpaJbHbIX ypaBHeHnit 339,

-— ;2; ANl KpaeBhIX 3ajau 224, 225, 226,

— — ] ypaBHeHHs TeNJIONpPOBOLHOCTH

285, 286

NpSAMBIX JJIA yPaBHEHHN 3JJIHNTHYECKOTO

THna 293, 297

— — ypaBHeHus Ilyaccona 297

PuTua pas BapuauMOHHON 3ajzaum 321

— — 3agauu JupuxJje 328

— — — IlItypma — JluyBnaaa 325

— — mnpocrefilie KpaeBoi safnagn 322

Pynra — KyTra gna peweHnns’ nuddepen-

UMaJbHBIX ypaBHeHH#t 151, 152; 153

— —, oleHKa norpemHoctn 206

CeTOK st 3ajaun JlupuxJje 261, 262, 269

— AN ypaBHEHRH rH11ep6OoNIHYECKOro

THRa 290

-~ CPeJHHX JJIs1 OTHICKAaHHS NapaMeTPOB SMITH-
puueckot dopMynn 94

— YanaeiruHa peweHus anddepeHnHaNbHEIX
ypaBHeHH# 191 ’ ’

— YHCJIEHHOTO HHTerpupoBaHusi Aaudpepen-
LHaJbHBIX ypaBHeHH} 140

— Ditnepa  pemwrenus’  auddepeHUHaNbHHEX
ypaBHeHuit 145, 147, 151 :

— — C HTepallUOHHOA 06paGoTKON OpAHHAT

— Slﬁl;pa—l(omn yCOBEpIIEHCTBOBAaHHbIA 148,

MHorounen — cM. IToarurom
MHOXeCTBO pacCyYeTHHX TOYEK
— byukuuit auHeAHoe 305

cBa3noe 263

HayanpHas Tabauua 184
Hayaabuble gaHHbne Kown 249
— ycaosust 247

Havanpubll orpesak 157
Hepsiska 92, 238, 240
HepapenctBo Beccens 47
Hopma BekTopa 175

— dyHkuun 27, 44

O6nacth 3ajaHus omnepatopa 305

— — dyukunonana 304

— onpejejeHuss GyHkuHoHana 304

— pgcnpocrpaﬂelma peuicHus 8ajaun Kown
51

Oneparop 305

— pubdepennupopanus 306
— Jlannaca 247, 306

— nuHeliHblll 306

— — nuddepenunnanpuuii 306
— TIONOXHUTeNbHbI 307

— cHMMeTpuuHbIt 307



NPEAMETHBIH YKASATEND

Onpenenurens Bangepmonna 13

Oproronanbuas cacrema pyHkuuit 27

OpTOroHa/NbHOCTh C BecoM 63

— CcHCTeMbl MHTerpupyembix OGyHKunft 44

OpToronajbHble nosuHombl YebbiureBa, TaG-
anua 362

— oyukunn 27

OproHopMupoBaHHas cHcrema QyHkuu# 27

Oco6bie TOUKH pe3osibBeHThl 339

OCTaTOYHBIH YJIeH HHTEePHOJIILHOHHOrO IOJIH-
Homa Jlarpanxa 15

OTtkJjioHeHHEe aBCoMIOTHOE OGOGLIEHHOro MoJn-
HOMa OoT GYHKUHH 73

— cpeanee KBajgpaTtuyHoe dbyHkuu#t 71

Ouenka norpewHocTH MeToxa Anamca 206

— — — Pynre—Kyrra 206

— — npuGaumxkenHoro peuwedus nuddepen-
LHAJIbHOrO ypaBHeHusa 202

OwnGka anmpokcuMauuu 279

MorpeuwHocTs MeToma 204

— Tekywmasa 204

TMoauHOM amnpokcumupyoouuit 12
HHTEpPNoNALHONHbIK 13

— Jlarpauxa 13, 15

— Herorona 14

HAWyyliero PpaBHOMEPHOro TPHOGJHKe-
HUA

HauMeHee OTKJOHSWWHIACA oT Hyaa 75
— — oT dyHKkuunu 74

oGoGIueHH eIl 12

. Pa3JioOKeHHe MO CHCTeMe OPTOrOHAJIbHBIX
byHkunit 29

TpuronoMerpuyeckuft 12, 17

dypbe 33

— TpuroHoMerpuuecknit 50

YeGouiwesa, KOpHH 68

— — opToroHanbHbift 34, 35

INonunomn Jlexauapa 56, 364

— —, npoussogsamas byHkuHsa 60

—, pekyppeHnTHass dopmynaa 61

—, YCHJIeHHOe CBOHCTBO ODTOr'OHaJIbHOCTH

59

Yeowimena 65, 75

—, MakKcHMaJIbHOe 3Ha4yeHHe MOAyJd 69
— oproroHaJsbhbie 34, 35

— — HOpMHpOBaHHble 35

—, pekyppeHTHEle GopMyJBl 66

—, CBOHCTBO OpPTOrOHaJIbHOCTH 66

—, 3KCTpeMaJibHOe CBOHCTBO 68

l'Iopﬁz%ciK TOYHOCTH IPHGIHKEHHOIO MeToja
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ITpubnumxeHne HHTErpajbHoe 12

— pasHOMepHOe PYHKUMH OGOGUIEHHBIM ITOJIH-
HOMOM 73

— Toue4yHoe 12

— HKU Ui, TMOCTAHOBKA 3ajaun 12

TIpuOMMIKeHHOEe pellieHHe BapHaUMOHHON 3a-
nauu 321

— — nubpdepeHuHAJBHBIX ypaBHEHHN, CM.
Hupgepenyuaronoe ypasuenue, memcd

— — KpaeBbix 3aja4, cM. Kpaesan sadaua,
memod

IIpyHUHD MaKCHMyMa
dyukuHii 255

— Pynre 205

TIpouecc ycpenuenus Jlu6mauna 265, 266

AJIA  TAPpMOHHYECCKHX

PasencrBo IlapceBans 48
Pacyerubic To4Kn 263
PesonbBenra ypasHeuus Pdpegronnma 339

367

Peltenne cucreMbl OBBIKHOBEHHBIX audibepen-
UHaNbHbIX YypaBHeHHIT 123

— YpaBHEHHS C YaCTHHIMH ITPOH3BOAULIMH 214

Pag dypbe Tpuronomerpuueckuit 51

CaMoconpsiAeHHBI! BuA JuHeHHOro audide-
PeHLHAaJIbHOro ypaBHeHHs 312

CerouHas o6sacth 261

CumBost Kponekepa 44

Cucrema MHTerpupyeMblx GyHKUUuA opTtoro-

HanbHas 44

— — OpPTOHOPMHpOBaHHas 44

HOpMaJibHasi JIMHEHHLIX ypaBHeHHH 96

OGLIKHOBEHHBIX JHdepeHIHalbHbIX ypan-

HeHu#

OPTOrOHAaJIbHBIX  IIOJIHHOMOB

HOpMHpOBaHHas 35

— ¢GyHKUHHK HenoJsiHas 48

— — nmoJHas 48

YypaBHeHHt MeToja MpsMBIX 295

YCJIOBHbIX ypaBHeHul# 116

yHKUHUT opToroHaabHas 27

— — c BecoM 63

— — OpPTOHOPMHpOBaHHas 27

CkansipHoe mpon3BejeHue byHKuuf 307

Choit ¢pukTuBHEIA 290

CnyuvafiHoe GanyxJaHHe paBHOMepHoe 272

Co6crBeHHas ¢yHkuus 215

Co6crBenHoe 3HaueHue 215

Co6cTBeHHble 3HAueHHs (YMCJIA) 3ajaun
rypma — JlnyBuans 324

— — HHTEerpajbHoOro ypaBHeHHs 333

—_ %emel-ma sagaud llrypma — Jlnysuaas

Yeb6buluiena

bt

— xt-g'&xuuu sagaun llIrypma — Jluysunas

— — HHTerpaJbHoro ypaBHeHHs 333

Cnoco6 HaMMeHbIUHX KBAaJAPaTOB JJIsi Kpaenbix
3ajau 234, 235, 241

— — — maa caydass OGOGLIEHHOro MoJK-

HoMa 25

— — JaJaa ypaBHeHusa ®dpejrosbma 356

— — I/ SMIIHPHYECKO# dopmyant 96, 97

— — HHTerpaJbHbifi 40

— — ToveuHbI#i 22, 23, 24

CxeMa BbIuMC/IeHHH HeycTofiuuBas 206

— — ycroiiyusas 206, 0

— HesiBHas 286

— fiBHasa 279

Teop;ra Befiepmrpacca annpokCHMayuonnas

— eJMHCTBEHHOCTH TPHIOHOMETPUYECKOro no-

JuHOMa 1

Hefimana 256

0 KOpHAX NoJIHHOMAa JlexxaHzapa 60

— — — UeGbimeBa 68

o monnHoMe YeGblmesa 75

O CBO/iCTBE OPTOrOHAJIbHOCTH THOJHHOMOB

Yebblinena 66

o%fprorouanbnocm nostuHOMOB Jlexcanapa

06 3KCTPEMaJIbHBIX 3HAYEHHSIX IOJHHOMOB

Yebuuena 68

— CyIeCTBOBAHHSl H eJHHCTBEHHOCTH IIOJH-
HOMa, OGJIAJAIOLIEer0 MHHHMAJIbHLIM OT-
KJIoHeHHeM 75

— — — — peleHus 3aaaqu Kowwu 124

— UYeGoiweBa 06 anbTepHance 77

TeopeMbl OCHOBHble BapHALLHOHHOIO MeETOJA
pelleHusi Kpaepoii 3agaun 309, 310

— ®pearosasMa 333

Toukn kosyokauuu 233, 355
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TpaekTopus yacTHubl 272
TpuroHomerpuyeckut nosuHom &ypre 50
— pap dypne 51

Y3ea BHyTpeHHHil 262

— TrpaHRYHBI 263

— WTEepHnoANpoBaHHa 13

— 1epBOro, BTOpOro psifa 263

¥Y3nbl ceTKn cocepnHe 262

YKJaoHenHs1 (HeBa3KH) 92, 93

Ypasiienne AGess oGo6uieHHoe 334

— BOJIHOBOe 246

—_ B:;)énb'reppa nepsoro, BTOporo popa 334,
5

, METOA KOHeuHbIXx cymMm 341, 343

—_—

—.0— MOC/JEAOBATENBHLIX  NPHUONIKEHHHA

34

~ —, CBsA3b c anpdepenuHanbHbiM ypaBHe-
ureM 336

rinepéosHyeckoro THMa, MeToj CeToK 290
nuTerpasbHoe, cM. MumezpaabHoe ypas-
HeHue

KoJe6GaHHii CcTPpyHH 246

— —, MeToj ceToK 290, 292

Jlannaca 247, 306

— B KOHEYHBIX pasHocTaAx 257
napaGoNHYecKoro THMa, pelleHHe METOAOM
CeToK 278

Ilyaccona 247, 297, 306

—, MeToj npsiMbix 297

€ 4acTHBLIMH TPOH3BOAHBIMH BIOJIHE JIH-
Heiinoe 244

— — — runep6osiHYeckoro Tuma 245

— — —, Knaccuduxkauua 245

— - napaGosuyeckoro THma 245

— — CMewanHoro THNa 245

— — — 3JJANTHYeCKOro THna 245
TENJIONPOBORHOCTH 245

—. PelleHHe MeTOJAOM MpPOroHku 285, 289
—, YCTOHYHBOCTH KOH@UHO-pa3HOCTHOR
cxembl 281 :
dpenronbma 332, 338, 345

» METOX BLIPOXKACHHBIX fAxep 345

— KOJIIOKauuu 354

— KOHeuHHIX cymMm 342, 343

— MOMeHTOB 359

— HauMeHbIUNX KBajgpaToB 356
—5.38— TIOC/IEI0BATC/bHBIX [ PHOJTHK EHHIT

XapaKTepUCTHK 246
uacror 3apayn lIrypma — Jluysuans 325
3.'213;mmqecxoro THMa, METOA NpAMHX 293,
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VYpapuenust ycnosubie 116
VYeaosue Jlunwuua 121, 124

— I110JIHOTLI CHCTeMbl 48

— JJHMNTHYHOCTH 294

Ycnonnus Kpaesbie 247

- Hauaabubie 121, 122, 124, 247

NPEAMETHHH YKA3ATEJD

®opmyna Anamca SKCTpamoasunonnas 157

— TODH30HTaJbHON CTPOKH 164

JIOMaHoOii CTpPOKH mneppasi, BTopas 164

MnnHa KOHTpoJbHast 172

— mnepsasi, BTopas 171

HaKJOHHOH CTPOKH 164

Poapura 56

Tuna Pywre—Kyrra 152

— 3mnupHyecKas 80

dyHKI A 6asHcHBIe 232

— KoopauHaTHble 328, 354

— JIHHEeHHO 3aBHCHMble 28

— — He3aBHCHMbie 28

— OpTOroHajbHble 27

dynKunoHaa 304

— JHHeliHB# 305

DyHKUHS BAHAHHA 337

— rapMoHHueckas 255, 256

— TI'puua 337

— ponycrumasi 304, 305

— MnepHOAHYECKasi, HHTEePNOJHPOBaHHE TPH-
FOHOMETPHUECKHM TOJHHOMOM 17

e

XapaKTepHCTHKH YypaBHEHHS! C YACTHBIMH NpPo-
H3BOAHLIMM 246

XapaKTepHCTHUECKOE ypaBHeHHe
Wrypma — Jlnysuana 325

— yueno 215

Xon MeToja NPOroHKH oGpaTHB 225, 287

— npsmo#n 225, 287

sagaun

YeOuiuIeBCKHA anbTepHaHe 78

SMnupHuecKas ¢opMmyJsa, KBaapaTHuHas (na-
pa6oJsnueckas) 3aBHCHMOCTb 89, 91

— —, KpuTepHii IpAMOJHHEHHOCTH PAAA TO-

yex 83

—, JNHHeHAHas 3aBHCHMMOCTb 82

—, METOX BBIGPaHHLIX Touek 93

—, - BHIpaBHUBaHus 85, 88

—, — HaHMeHbUIMX KBajapaToB 96, 97

—~—, — CpeAHHX 94

—, OGUIHH MeTOX OMNpefie/IcHHs NapaMer-

po 113

—, omnpepesienne napamerpos 92, 93, 94, 96

—, nocrpoeHxe 80

—, ApoBepka mnpurogHocty 103

— ¢ JByMsa napamerpamu 101

— ¢ TpeMs napamerpamu 108, 109

—, yTO4HeHHe 112

MIHpHueckHe dopmyan 102

—, Tnpocreiliine  Heo6GXOANMbIC

102, 103

ity

ycaosna

SIAPO HMHTErpasibHOrO YpPaBHEHHS BbiPOXK/ACH-
Hoe 345

— — — CHMMeTpHYHOe 333
— HTepupoBaHHoOe 339
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